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Abstract

Fuzzy inference systems are studied from the point of view of systems of fuzzy relation equa-
tions. A fundamental interpolation condition is considered to be a crucial point of study in choosing
proper inference method as well as a proper interpretation of a fuzzy rule base. The paper aims at
additive interpretations and investigates their utilization from a theoretical point of view while their
approximation abilities are already justified.

1 INTRODUCTION

Fuzzy inference systems are very frequently used in many areas of applications e.g. decision making,
control or pattern recognition. A typical feature of the fuzzy inference systems is the fact that they deal
with imprecisely given information. In fact, there are two main parts of the fuzzy inference systems - an
imprecise (say expert) knowledge about a modelled system which is coded in the form of a fuzzy rule base
and a rule determining the way how to deduce conclusions from imprecise observations which is called
inference mechanism.

A fuzzy rule base is given by a set of n fuzzy rules

IF x is Ai THEN y is Bi i = 1, . . . , n (1)

where the linguistic expressions Ai,Bi are represented by fuzzy sets Ai ⊂∼ X,Bi ⊂∼ Y , respectively.
An inference mechanism, roughly said, is understood as a mapping which assigns to a fuzzy set A ⊂∼ X

a conclusion B ⊂∼ Y defined as an image of A under a fuzzy relation R ⊂∼ X × Y interpreting fuzzy rule
base (1). Mostly, the image is defined by the sup-∗ composition

B = A ◦∗ R (2)

which comes from the compositional rule of inference (CRI) i.e.

(A ◦∗ R)(y) =
∨

x∈X

(A(x) ∗ R(x, y)) (3)

where ∗ is an arbitrary left continuous t-norm.
Another possibility, how to define the image under a fuzzy relation is the inf→∗ composition

B = A �∗ R (4)

given as follows
(A �∗ R)(y) =

∧

x∈X

(A(x) →∗ R(x, y)) (5)

where →∗ is a residuation operation derived from a t-norm ∗.
Fuzzy rule base (1) defines a partial mapping from F(X) to F(Y ) and therefore either we deal with

composition (2) or composition (4), the fundamental interpolation condition claiming that from Ai we
deduce exactly Bi should be kept.

This task leads to the problematic of systems of fuzzy relational equations which aims especially
at investing solvability conditions of the systems of fuzzy relation equations, see [4]. However, besides
solutions given by

R̂∗(x, y) =
n∧

i=1

(A(x) →∗ B(y)),

Ř∗(x, y) =
n∨

i=1

(A(x) ∗ B(y)),

searching for appropriate solutions R has not been focused so much yet [9]. Moreover, there are many
fuzzy inference techniques which were proposed either heuristically or because of good approximation
abilities but still not well studied from the fuzzy interpolation point of view.
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This contribution focuses on systems using the so called additive interpretations [12] of fuzzy rule
bases which are motivated by Takagi-Sugeno models [13], singleton models, fuzzy transform [10] or some
neuro-fuzzy systems. A formalization of such additive interpretations can be seen in the additive normal
form introduced in [11] and then studied in [1, 2].

The main goal of the paper is to search for a solution of (2) or (4) in the following form

R⊕
∗ (x, y) =

n⊕

i=1

(Ai(x) ∗ Bi(y)) (6)

where ⊕ is the �Lukasiewicz t-conorm. It means that we search for specific conditions related to operations
in inference mechanisms and fuzzy sets in a rule base which ensure keeping the interpolation condition
and so a proper use of the additive interpretations.

2 PRELIMINARIES IN FRE’s

This section focuses on systems of fuzzy relation equations and recalls basic results especially from [3, 5, 7].
Interpolation condition leads to the following systems of fuzzy relation equations

Ai ◦∗ R = Bi i = 1, . . . , n (7)

and
Ai �∗ R = Bi i = 1, . . . , n. (8)

Now, we recall necessary and sufficient conditions of the solvability of the previous systems of fuzzy
relation equations.

Theorem 1 The system
Ai ◦∗ R = Bi i = 1, . . . , n (9)

is solvable if and only if R̂∗ is its solution and then R̂∗ is its greatest solution.

Theorem 2 The system
Ai �∗ R = Bi i = 1, . . . , n (10)

is solvable if and only if Ř∗ is its solution and then Ř∗ is its least solution.

The following theorem collects solvability conditions of system (7) from [5] and of system (8) published
in [8].

Theorem 3 Let Ai, i = 1, . . . , n, be normal. Then Ř∗ is a solution to (7) and R̂∗ is a solution to (8)
if and only if the following semi-partition condition

∨

x∈X

(Ai(x) ∗ Aj(x)) ≤
∧

y∈Y

(Bi(y) ↔∗ Bj(y)), i, j = 1, . . . , n (11)

holds.

3 ADDITIVE SOLUTIONS TO

Let us recall a definition of the generalized orthogonality [11] which will be very useful in the latter.

Definition 1 We say that Ai ⊂∼ X, i = 1, . . . , n keep the orthogonality condition if

n⊕

i=1
i�=j

Ai(x) = 1 − Aj(x). (12)
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At first, we consider an additive solution to the inf→∗ composition.

Theorem 4 Let (8) be solvable, Ai, i = 1, . . . , n be normal and keep the orthogonality condition. Then
R⊕

∗ is a solution to (8).

proof: Let j ∈ {1, . . . , n} be an arbitrary fixed subindex and let

B(y) =
∧

x∈X

(Aj(x) →∗
n⊕

i=1

(Ai(x) ∗ Bi(y)))

then

B(y) ≥
∧

x∈X

(Aj(x) →∗
n∨

i=1

(Ai(x) ∗ Bi(y)))

and if (8) is solvable then Ř∗ is its solution i.e. B ⊆ Bj . On the other hand, because of the antitonicity
of residuation operations and because of the orthogonality (see [11]) the following

∧

x∈X

(Aj(x) →∗
n⊕

i=1

(Ai(x) ∗ Bi(y))) ≤
∧

x∈X

(Aj(x) →∗
n∧

i=1

(Ai(x) →⊗ Bi(y)))

where ⊗ is the �Lukasiewicz t-norm, holds. Let x′ ∈ X such that Aj(x′) = 1 then

∧

x∈X

(Aj(x) →∗
n∧

i=1

(Ai(x) →⊗ Bi(y))) ≤ Aj(x′) →∗ (Aj(x′) →⊗ Bj(y))

which yields B ⊇ Bj .
�

Corollary 1 Let Ai, i = 1, . . . , n be normal and semi-partition condition (11) holds. If Ai keep the
orthogonality condition then R⊕

∗ is a solution to (8).

Now, we recall the definition of a stronger t-norm, see [6].

Definition 2 Let ∗ and � be t-norms. Then we say that � is a stronger t-norm than ∗ (∗ ≤ �) if
∀x1, x2 ∈ [0, 1] : x1 ∗ x2 ≤ x1�x2.

Theorem 5 Let (8) be solvable, Ai, i = 1, . . . , n be normal and keep the orthogonality condition. Then
R⊕

� where ∗ ≤ � is a solution to (8).

proof: The proof is analogous to the proof of Theorem 4 and therefore it is omitted. �

Corollary 2 Let Ai, i = 1, . . . , n be normal and semi-partition condition (11) holds. If Ai keep the
orthogonality condition then R⊕

� where ∗ ≤ � is a solution to (8).

A possibility of taking an additive interpretation of a fuzzy rule base together with the inf→∗ com-
position as an inference method was partially clarified by the previous theorems and corollaries. In the
latter, we investigate a possibility to connect an additive interpretation of a fuzzy rule base to the sup-∗
composition, which is a bit more complicated. As a tool of verifying this potentiality we again use the
systems of fuzzy relation equation, particularly system (7).

Theorem 6 Let Ai, i = 1, . . . , n be normal, Ai keep the orthogonality condition and let ∗ ≤ ⊗ where ⊗
is the �Lukasiewicz t-norm. If the semi-partition condition holds then R⊕

∗ is a solution to (7).
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proof: By direct assignments one gets B ⊇ Bj . On the other hand

∨

x∈X

(Aj(x) ∗
n⊕

i=1

(Ai(x) ∗ Bi(y))) ≤
∨

x∈X

(Aj(x) ∗
n∧

i=1

(Ai(x) →⊗ Bi(y))) ≤

≤
∨

x∈X

(Aj(x) ∗ (Aj(x) →⊗ Bj(y))) ≤
∨

x∈X

(Aj(x) ⊗ (Aj(x) →⊗ Bj(y)))

and because a ∗ (a → b) ≤ b for any ∗ and its residuation operations → we immediately get B ⊆ Bj . �
Theorem 6 requires to use a t-norm which is even weaker than the �Lukasiewicz one while it is already

a very weak t-norm, see [6]. So, for practical applications, perhaps only the case when ∗ = ⊗ worths
mentioning. In this case, the �Lukasiewicz t-norm is used for both, the sup-⊗ composition as an inference
method and for the interpretation of a fuzzy rule base by the fuzzy relation R⊕

⊗. Of course, the t-norm
⊗ has to appear in the semi-partition as well.

The result is strengthened by the following one.

Theorem 7 Let Ai, i = 1, . . . , n be normal, Ai keep the orthogonality condition and let ∗ ≤ ⊗ as well
as ∗ ≤ �. If the following semi-partition condition

∨

x∈X

(Ai(x)�Aj(x)) ≤
∧

y∈Y

(Bi(y) ↔� Bj(y)) (13)

holds then R⊕
� is a solution to (7).

proof: Based on the fact that for ∗ ≤ � semi-partition condition (13) w.r.t. � implies semi-
partition condition (11) w.r.t. ∗ we observe that Ř∗ is a solution to (7). And since R⊕

� ⊇ Ř∗ we conclude
B ⊇ Bj .

The other side is proved analogously to the proof of Theorem 6. �
Theorem 7 allows us to deal with a t-norm weaker or equal to the �Lukasiewicz one only in the sup-∗

composition as an inference method but the interpretation of a fuzzy rule base can be build w.r.t. a
t-norm � which is stronger. The cost we have to pay for it is that the semi-partition condition has to
be kept also w.r.t. the t-norm � what is a stronger assumption of the semi-partition condition for the
stronger t-norm.

To demonstrate an influence to real applications of the results introduced above, let us consider a
simple example. Let Ai, i = 1, . . . , n keep the Ruspini condition

n∑

i=1

Ai(x) = 1, ∀x ∈ X (14)

which is very often required for antecedent fuzzy sets when constructing a fuzzy rule based systems. Then
fuzzy sets obviously keep the orthogonality condition as well as the following semi-partition condition

∨

x∈X

(Ai(x) ⊗ Aj(x)) ≤
∧

y∈Y

(Bi(y) ↔⊗ Bj(y)) (15)

since on the left hand side there is always 0 for distinct fuzzy sets Ai and Aj . Then because of Corollary
2 it is enough to add the normality of fuzzy sets Ai and to take a stronger t-norm than the �Lukasiewicz
one e.g. product to be sure that the following interpretation of a fuzzy rule base

R⊕
� =

n⊕

i=1

(Ai(x) � Bi(y)) =
n∑

i=1

Ai(x)Bi(y) (16)

will keep the interpolation condition while we use inf→⊗ composition as an inference method. Moreover,
if the fuzzy sets Bi are such that the following semi-partition

∨

x∈X

(Ai(x) � Aj(x)) ≤
∧

y∈Y

(Bi(y) ↔� Bj(y)) (17)

holds, then due to Theorem 7 the interpolation condition will be kept even with the sup-⊗ composition
as an inference method.
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4 CONCLUSION

The paper dealt with the so called additive interpretations of fuzzy rule bases which is a formalization
of various fuzzy approximation techniques. A theoretical investigation of the additive interpretation
connected to two most often used fuzzy inference method was introduced and conditions yielding a
proper use of the additive interpretations were obtained. As a tool for a verification of the proper use,
systems of fuzzy relation equations were studied. This lead to a retrieval of new solutions of systems of
fuzzy relation equation while up to now, usually only two main solutions R̂ and Ř were studied.
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