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Mathematical model of Optimal Location Problem

ZdiU,' — min
iel
T — min
SY S trZy+ > op Y, — min
reR jed lelL jed
STVi+U >t viel
jeN;
>l =W
jed
pLv; < T vjed
>z =aV; vied, viel
rer
V; € {0, 1} vjied
U € {0,1} viel
T>0
er,go Vre R, Vjed, VlielL
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Multi-objective Linear Programming Problem (MOLP)

Yo(X) = Co1X1 + Co2X2 + ... + CoXx — mMin

Y1(X) = C11X1 + CiaXo + ... + C1xXx —> min

yn(X) = Cni Xy + CpoXo + ... + Cpx Xk — Min

D- i X1 + apXo + ... + Xk Sbj; j=1,...,m,
x; > 0, = 1,...,k.

We suppose that D is non-empty bounded set.
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Bilevel Linear Programming Problem (BLPP)

PY — upper level problem,
PL = (PL, P, ..., PL) — lower level problems:

PY . yo(X) = Co1 Xy + CoaXo + ... + CopXx — Min

P1L N (X) = C11Xy + C12Xo + ... + C1xXx — Min

PL . ya(X) = Chi X1 + CnaXa + ... + CoxXx — miN

) apnXxt + @pXe + ... + A Xk < bj, j=1,....m,
' X/ZO,/Z“,...,k.
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Example (Part [)

__min

Yo(X) = =Xz — min -,

y1(x) = =3V3x; + 3x2 — min
¥2(x) = 3v3xy 4 3x, — min
3v3x; +3xx < 183 .

D: —3\/§X1 +3x <0
X1 >0,x%>0 ¥, 002y,

Yo=Y,

3

2N
N
~
o

\m
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Individual solutions
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Example (Part Il)
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Fuzzy numbers

A fuzzy subset of a set X isamap p: X — [0, 1].

A fuzzy set z : R — [0, 1] is called B. Hutton’s fuzzy number, if it
satisfies:

@ Z is monotone;
@ limz(t)=0;
t—o0
o Ilim z(t)=1;
t——o0
@ zis a left semi continuous map:

lim z(t) = z(f) for all t, € R.
t—1t—0
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Membership functions of objectives

yimin:minyi(x)v yimaxzmaxyi(x)’ i:07""n’
xeD

xeD
1’ t< yimin’
(1) = Ljrnax min < t < ymax
Zi(t) = yimin_yimax’ Yirm Sty
0, t> ymx.

0
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min max
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Method for solving MOLP

We denote:

ui(x) = z(yi(x)), i =0,n.
Using the notation above it is reasonable to rewrite the problem:

min i(X) — max
ie{O,...,n}'u’( ) xeD’

which can be reduced to the linear programming problem
(H.J. Zimmermann, 1978):

o — Mmax
X,0

po(X) = o

pin(X) = o
xeD

Let us denote by (x*, oc*) the optimal solution.
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Pareto optimal solution

Xx* is said to be a Pareto optimal solution if and only if there
does not exist another x € D such that y;(x) < y;(x*) for all i
and y;(x) # y;(x*) for at least one j.

It means that any improvement of one objective function by
changing decisions can be achieved only at the expense of at
least one of the other objective functions.

An optimal solution x* of the problem is a Pareto optimal
solution if it is an unique optimal solution.
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Parameters of BLPP solving algorithm

Parameters §, A;, Ay are introduced to describe criteria of the
solution (x**, 0**) for BLPP (M. Sakawa, I. Nishizaki, 2002):
@ 1uo(x) > o _
to(X**)

minui(x) —  max
i=1,n X€D, po(x)=6
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Analysis of parameters of BLPP solving algorithm

Yo(X) = —Xo — min

y1(x) = —3v3xy 4+ 3%, — min
Yo(x) = 3v/3xy + 3xp — min

{3\/§x1 +3x, < 18v/3
D

—3‘\/5)(1 +3X2 S 0
X1 20,% >0
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Aggregation operator designed for solving BLPP

To study in details the parameters of BLPP solving algorithm, a
special aggregation has been constructed. The aggregation
observes objective functions on the lower level considering the
classes of equivalence generated by a function on the upper

level.
ANO(IJ’17H27"‘7/’LH)(X) = max min(u1(u)7H2(u)7"'7:“’!7(“))7
po(X)=po(U)
where

x,u e D,

1o, 41, -y in - D — [0, 1] are fuzzy subsets of D.
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Factoraggregation

Equivalence relation \ \
generated by 4q: 5N, \\Vo(x)
\ \
Urpg V= po(U) = po(V). 4 \ \
\ u
\ u~ll \
Relation ~,,, factorizes D \ !
. V
into the classes of ) \
equivalence: \\
D

D* = {x € Dluo(x) =a}.

0.75 0.5 a 025

0 D =D
0 1 \2 A 4 \5 6
\ \ \
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General aggregation operator

General aggregation operator is denoted: Z\(m S 42y ey fin),
where yu1, pia, ..., un € [0, 1]P are fuzzy subsets:

HAy oo B - D— [07 1]

Definition

(A. Takaci, 2003) A mapping A([0, 1]°)" — [0, 1]° is called a
general aggregation operator if the following conditions hold:
(A1) A(Q©,...,0)=0;
(A2) A(1,...,1)=1;
(A3) Vs, i, ooy s T, 125 -+, 7 € [0, 2 y

{pi 2 mi, i=1,n} = {A(p1, -, pn) S A, - .,1n)}-

Here 0, 1 are indicators of @ and X respectively.
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Analysis of parameters of BLPP

Denoting 5
AMO(:“"I 9 :U’27 ceey Hn)(X) = H(X)7

2(yo(x)) = u(x),
t = yo(x),
we consider the figures o = zy(t) and o = z(t) :
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Analysis of parameters of BLPP

@ = zo(l)
08

08r

07

LTS PY: z(x)= 8xy X% > min
PL. z(x) = 3% — 2x, — min
o4l F’QL o Z2(X) — X1 — X2 — min

03 —X; +3x < 21
X1+ 3xp <27

D:ddxy +3x <45
3x; + X < 30

—DSEI 25 20 -15 -10 B Elt Xj ‘2 O.X2 2 O

02

01
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Analysis of parameters of BLPP

& Pé": Zo(X) = Xy — X2 — min

o a — z)(t) P zy(x) = 3%, — 2x; — min

P,LE: Zo(Xx) = —3xy — Xg — min
08+
—X{ +3x0 < 21
*
a = - — X1+ 3x2 < 27
"l D:{ 4x1+3x2 < 45

3x1+x2 < 30
05 X1 >0, >0
04
03

0.2

01

1
-6 -4 -2 0 2 4 B g 10 t
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Properties of function z(t) obtained by the

factoraggregation

@ o* = min{z(t*), zo(t*)}, where t* = yo(x*).
e max z(t)=z(t").

te[ymin t*]
@ Function z is monotone on interval [y§™, t] :

vt', 2 e[y ]t < 2 = z(t') < 2(£?).

@ Function z is convex on interval [y, t*].
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Analysis of parameters of BLPP

yo(xr) = ry — T9 — min

y(z) = —0.22) — 19 — min

yo(xr) = T9 —* min

03 —
ol 8 =0.6764

|
|
|
|
|
|
015k .
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Mathematical model of Optimal Location Problem

ZdiUf — min
iel
PL: T — min

Z Z Ztr,j,Z,,-, + ZOijf — min

reR jed leL jed
STVi+U =1 viel

JeN;

SV = w

jed

pLv; < T vjed

> Zp=ay; vjedJ, VieL
reR

Vi € {0,1} vjied

U € {0,1} viel

T>0

Zj >0 vreR,Vjed, VieL
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Numerical example data

1=)= | 1] 2 3 4] 5] 6] 7 8 9 10
R= | 1 7 B 4] 5] g

D= | 550] 950] 750] 580] 882 695] 550] 500] s00] 700|
A= | 150] 150] 200] 250 100] 150] 150] 100] 150] 2s0|
PT= | 14] 36] 28] 3 34| a2 a2 26] 18] 27|
op= | 550] 500] 546] 851] 550] 559 850] 565] s00] 900|
5= [1.751772 [1.470759 [1.553435 [2.145118 [1.69329 [2.476794 [1.378829 [1.905565 [1.384255 [1.508837 |
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Numerical example data

DT=

TR=

0

1.29443438)

1.3465438|

0.7079721]

2.065761

0.5743347|

2.038723

0.7757845

2.072512

2.13459263

2.1568812]

0

0.8114536|

0.6235684]

1.630472

1.2049564]

1.6685582]

1.288409

2.020143

1.8865061]

1.8233544

1.431371

0

1.3942606|

1.472506

1.4226399

0.9525999

24531135

1.597618

2.0918023

2.110518

0.9763891

2.462184

0

2.422386

1.5915836|

0.5176596)

1.1948526|

1.484514

1.4315101]

1.0411216)

2.2438542|

0.9209467|

2.2831905

=

0.6268405

1.9892725

1.3227986|

1.324131

2.4132678|

0.7322807|

1.4504811]

2.3340591)

1.2803333

1.981185

0

1.9266907)

0.6291684]

1.219934

2.4775985

0.6719005

2.3651323

0.6466632)

1.7435931]

2.351354

1.4030028|

0

14847138

1.610082

24547413

1.6957376|

2.110361

2.2529788|

2.3173106|

2.136109

1.9152288|

1.808521

0

2.0458829

2.1360651]

1.7812104

0.5504434

0.691735

1.4291347|

1.234546

0.605377

1.2717766)

0.5658483

=

0.5131684

1.9768812]

1.2667223

2.3130064]

1.4875493

1.133137

0.7390524]

1.8422769

2.3184107|

1.388832

0

23.97388

37.76728

33.25608

18.65846

11.13965

36.53304

25.96655

36.37172

16.43025

31.01209

28.00973

29.4132

33.28828

25.00592

24.61955

23.11504

34.31485

29.28181

27.29868

28.26903

17.39327

18.75648

19.91189

31.52574

18.18374

34.96356

25.46274

31.65748

49.17829

27.06982

25.36817

30.97285

20.48736

19.32344

25.79524

17.45432

25.98798

29.29086

45.76908

24.08064

24.2461

20.1284

29.02453

11.3684

18.36425

28.00202

17.96694

13.19316

27.58653

32.42413

31.67597

10.08487

20.48307

14.50817

19.23274

15.279

38.761

10.065928

34.5559

35.88458
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Analysis of numerical example

T T T T T
0 500 1000 1500 2000 2500 3000

A =06, Ay=07

1o(X) = 0.7727, i1(x) = 0.5, a(x) = 0.7491, A — —o

0.7727
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= 0.6471




Thank you for your attention!
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