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Overview to MSW models

� If we come out from AR(p), then 

where {εt} - process i.i.d. ≈ N(0, 1).

� special case of discrete first order Markov process
(important is only the actual and the previous state) 
=> regime qt depends only on the regime qt-1

� state transition probabilities from one state to 
another:
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Overview to MSW models

� B – the (N x N) matrix of transition probabilities for
the ‘time-reversed’ Markov chain that moves back in 
time
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Since

the ‘backward’ transition probability matrix B is 
related to the ‘forward’ transition probabilities as 
follows:
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First order MSW model

a) Simple autoregressive MSW model

b) State-dependent autoregressive MSW
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First order MSW model

Let’s have simple autoregressive MSW model

then for state-dependent mean value holds

After substituting into the basic model we get

and after substituting backwards we obtain
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Derivation of the second central 

moment

� From the assumption {εt} - process i.i.d. ≈ N(0, 1) and from 
independence between εt-1 and qt for i = 0, ±1, ±2,... => all
covariances = 0 =>
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Derivation of the second central 

moment
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Derivation of the second central 

moment

� In the proof we use that and ππππ′ is vector of 

steady-state probabilities, where .
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2. 2. cecentralntral moment moment 

The simple state-independent first-order

autoregressive MSW model
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The second central moment of MSW 

model for 3 states (case b)

From

where is first-order autoregressive
coefficient for state qt-1. After substituting 
backwards we get
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Derivation of the second central 

moment

From the assumption {εt} - process i.i.d. ≈ N(0, 1) and from 
independence between εt-1 and qt for i = 0, ±1, ±2,... => all
covariances = 0 =>
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Derivation of the second central 

moment

Label , ΦΦΦΦ is 3 x 3 diagonal matrix of

autoregressive coefficients (φ)i, r=1,2,3

Thus

( )[ ] ( )[ ] ( )

( )[ ] 2
3

1

1
2

1
2
,1

2
1

3

1

1
2

1
2
,1

2

11

11

ε

ε

σµφ

σµφµ

+⋅=−=

=+==⋅=∩=−==−

∑

∑

=
−−

−

=

−−

−−

−−

ij

j

tqtq

tt

j

ttqtqtqt

bjqXE

iqjqPiqjqXEiqXE

tt

ttt



















=
2

2

2

2

ε

ε

ε

ε

σ
σ
σ

σσσσ

( )[ ] ( )[ ] 222
qΦBq εµ σσσσ+−⋅=− −− − 11

2

1
| tqttqt tt

µXEXE



Derivation of the second central 

moment

� We assume stationary process {Xt} =>

and thus
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State-dependent first-order autoregressive 

MSW model
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2. 2. cecentralntral momentmoment
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