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Term half-linear is motivated by the fact that the solution space of half-linear
equation has just one half of the properties which characterize linearity,
namely homogenity (but not aditivity).

General second order half-linear differential equation is in the form of
(1) (rH@("))" + c(t)®(x) =0,

where r, ¢ are continuous functions and r(¢) > 0.
The half-linear Euler differential equation

@) (@()) + 5 2() =0, 2(x) = " x,

p>1, vyeR.

The second order Sturm-Liouville linear differential equation
3) (r()x) +c(x =0

is a special case for p =2 in (1).
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Then, given 1y, xo, x1 € R, there exists the unique solution of (3) satisfying
initial conditions x(¢) = xo,x"(t0) = x1, which is extensible over the whole
interval where the functions r, ¢ are continuous and r(z) > 0.

If we rewrite (2) into the first order system (substituting u = r®(x’)), we get
the system

(4) X =T (), o =—c()®(x),

where g is the conjugate number of p (; + ; = 1), and @~ " is the inverse
funciton of ®. The right hand-side of (4) is no longer Llpschitzian in x, u,
hence the standard existence and uniqueness theorems do not apply directly
to this system.
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The half-linear Euler differential equation (2) can be solved explicitly.

If we look for a solution of (2) in the form x(r) = r*, substituting into (2) we find
that A\ has to be a solution of the algebraic equation

p-—D2N)A=1)+~v=0.
F(A) :== (p— 1)®(X)(A — 1) has a global minimum at \* = ”p%l and its value is
_\7
FOY) = == — ()"

The equation F()) + v = 0 has two real roots if v < ~,, one double real root if
Y = 7, and no real root if y > .
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Equation (2) is a particular case of the general half-linear second order
differential equation (1)

(2) is nonoscillatory if and only if v < ~,.
(2) with the critical coefficient v = ~, serves as a comparison equation for the
Kneser-type (non)oscillation test.
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(1) with r(r) = 1 is oscillatory provided

liminf#¢c(z) > ~,

— 00

and nonoscillatory if
limsup #c(1) <

1— 00

The Kneser test does not apply when lim,—, o #c() = .
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We suppose that equation (1) is nonoscillatory and we consider its
perturbation

5) [(r(e) + 7)) 2()) + (c(t) + &(r))(x) =0,

—

7, ¢ are continuous functions such that r(r) + 7(r) > 0 for large z.

Let x be a solution of (1), x(¢) # 0, then w = r®(x /x) is a solution of the
Riccati type differential equation

wtcet)+ (- Dr'@)w!=0, ¢q:= pii <

Equation (1) with Ac(7) is said to be conditionally oscillatory if there exists a
constant )\ such that this equation is oscillatory for A > X\, and nonoscillatory
for A < Xo.

o is called the oscillation constant of (1).
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We consider the equation
(6) [(r(0) + XF(1)) ()] + (c(r) + pe(1))@(x) = 0.

We say that (6) is conditionally oscillatory if there exist constants a, 3,w € R,
a # 0, 8 # 0, such that (6) is oscillatory for aX + S > w and nonoscillatory
for al + fu < w.

(7) Kl + 1022;) @(x')} 4 BT‘ + lggzj B(x) =0

—1
(7) is oscillatory if p — Ay, > pp := % (’%‘)p and nonoscillatory if

w— Ay, < pp. (7) is nonoscillatory also in the limiting case

(8) =AY = -

Hana Haladova
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We derive the modified Riccati equation. Let i(z) # 0 be a differentiable
function, denote

9) G(1) := r(n)h(n®(K (1))

and let Q(r) := (1 + ;Eg)G(t) . Define the function

(10) G(1,2) = |2+ Q@) — ¢@~ (Q))z + |20)|
and put

=W (w—wy) — ;Gzhpw—G—é,
where w is a solution of the Riccati equation associated with (5)

W+ c(t) + () + (p — D) (r(t) + 7)) " |w|? = 0,

wy = r®(h' /h), and G = 7h®(h'). Then z is a solution of the so-called
modified Riccati equation

(11) 2+ () + (p = D(r(0) + (1) ~*h~"(1)G(1,2) = 0,

where

(12) C(1) = (@) [((r(1) + FD) (R (1)) + (e(1) + 2(1))2(h(1))].
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Theorem 1

Let h be a positive differentiable function such that i’ (t) # 0 for large t.
Denote

(13) R(1) = (r(r) + F(0) )W (1) | ()P,

and Suppose that
/ — = 0 / C(f) dt is convergent
( ) =] s g )

where C is given by (12), and liminf,_, (r(f) + 7(2)) h(2)|W' (£)[P~" > 0.

If
14 li s)d <
Ok mw [ 75 |~ e
and

. Yds [ 3
(15) htrggjlf/ m/; C(s)ds>—2

then equation (5) is nonoscillatory.
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Theorem 2

Suppose that (8) holds. Then the perturbed Euler equation with the critical

coefficient
Kl+ A )@(x’)}IJr[ﬁJr - ]@(x):o.
log® ¢ v wlog’t

is nonoscillatory.
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We rewrite (7) into the form

A NN u—up]
16 1 [ - 4+ ——— + —L | P(x)=0
(16) [( logzt) (x )} + [tP + log?t + log? t ()

and we use the previous computation with (1) = 1, 7(¢) = mg%

_ p=1 1
o(ty=2 + ﬂ’logzt’ o(t) = :T:{t, h(t) =1t 7 logr t.

We have
—1
W= ﬂlopt< >
P £ = )logr

o= (52 o)

+0(log™ )]

=il
(@) =1 1og'" |, - 2
log t
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Similarly,

A A\ <p—1)"‘1 TR { p—1 2 4 ]
dH)) =x("—) Trlog i |-E—— - = 4 o(log”" ¢
<log2t ( )) p . p logt ( £ )

Hence, in the limiting case (8) it holds

1

() + 20 (] = -2 Flog ™ F (1 + o(1)

as t — oo. Consequently,

B[(FR(H)) + c®(h)] = O(r ' log " 1)

as 1 — oc. )
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Now we use Theorem 1. In this theorem
R=(r+ A2 =tlogt(1 +o(1)) ~ tlogt

(here f(r) ~ g(t) for a pair of functions f, g means lim;— o )s

, p—1\"" 1 !
=rh®(h') = | — logt {14+ ——+—
6= ) = (P32 st (14 G yega)

and using the previous computations
C=h[((r+"0H)) + (c+)®(h)] = Ot ' log 1)

as t — oo, i.e., there exists a constant M > 0 such that |C(7)| < M.
Now, by a direct computation

t [e'e]
lim ‘/ R™'(s) ds/ C(s)ds
t—00 '

so by Theorem 1 equation (7) with A and p satisfying (8) is nonoscillatory. [

SMﬁmM:O

—oo logt ’
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