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Overview to MSW models

o If we come out from AR(p), then
XZL :¢09Qt +¢l,tht_1 +"'+¢p,tht_p +(9t fOI' qt :1,2

where {¢g} - process i.i.d. = N(O, 1).

o special case of discrete first order Markov process
(important is only the actual and the previous state)
=> regime ¢, depends only on the regime q,_,

P(Clt:Sth—l:Si):pij

o state transition probabilities from one state to
another: N



Overview to MSW models

o B - the (N x N) matrix of transition probabilities for
the ‘time-reversed’ Markov chain that moves back in
time

N
Plg,=S;1g1=5)=b; 0<b;<1 Y b=I
j=1

Since
P(% =5, MN¢ :Si):P(Clm =5, 14, :Sj)P(% :Sj):

:P(Clt :Sj | g1 = Si)P(%'Jrl = Si)
the ‘backward’ transition probability matrix B is
related to the ‘forward’ transition probabilities as

follows: 7
bij =Pji| —

JT.

l



First order MSW model

a) Simple autoregressive MSW model

X =@, +OX, 1+ &

b) State-dependent autoregressive MSW

Xt = ¢qt T ¢qt,1Xt—l T &



First order MSW model

Let’s have simple autoregressive MSW model
X;=¢, +oX, 1 +¢&
then for state-dependent mean value holds

’u% :¢% +¢l’u%—1
After substituting into the basic model we get
Xt — :uqt + ¢1(Xt—l o 'u%—l )+ &y (1)

and after substituting backwards we obtain

00

Xy =y = Z¢115t—i

i=0



Derivation of the second central
moment

B\, - P )= Elly, - P + 20—y, P v et ]
+ 2¢|C0v(,uqt — X~ My )+ 2Cov [,uqt — ,u,gt)+
+ 2¢|Cov(X -1~ Mg, ,gt)

o From the assumption {g} - process i.i.d. =
independence between ¢._; and g, fori =0, *
covariances = 0 =>

E{(Xt _,U)Z‘: E_E_(Xt _ﬂ)2‘| %‘:

N(O, 1) and from
1, £2,... => all

= E.E_(ﬂ% _/U)Z T ¢12(Xt—1 —Hyq,, )2 + gfzh qu:



Derivation of the second central

moment
2 2
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Derivation of the second central

moment
- ; e
H—H H—H | O] O¢
: 2 2 2 2
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#oi
_ 42
H—H H—H 2¢12 0-62"
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M3 — H M3 —H ¢120?% O¢
h—qﬂ
o In the proof we use that Z‘ﬁ— and n' is vector of

steady-state probabilities, wihere P =1t



The simple

autoregressive MSW model

state-independent

first-order

2. central moment
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The second central moment of MSW
model for 3 states (case b)

From
X ’u%_l_ﬁa%l( -1 ’u%l)_l_gt

where ﬂ,%_l is first-order autoregressive
coefficient for state g, ,. After substituting
backwards we get

)(t _'u% | Iﬂ%—] t—j &
[=1\ j=l




Derivation of the second central
moment

B —uP = B, P+, (Y=, P2l ]
+2C0L('u(]; _ﬂ’gf)+2co‘(ﬂ% _'u’¢l,qt_1 )(f—l ~Hy,, ))+

+2C 0\(¢1’th (X -1~ My, ), gt)

From the assumption {g} - process i.i.d. ~ N(O, 1) and from
independence between ¢, and g, fori =0, 1, £2,... => all
covariances = 0 =>

E\X, - P = Ellug, - uf + 82, (X0 =1y, P +7]

E[(Xt —H 9 )z‘qt‘:EKﬂ%qH (Xt—l —H %-1)2 +2ﬂa%—1 (Xt—l —H L ' )gf +gf2 )qt‘



Derivation of the second central
moment

[(t :uqt)2|%_l] ZE[%” X,y — uqtl)zlq” =jNg, = ]P(Qtl g =i)+o? =

-3 A s P

Label o2 = , ® is 3 x 3 diagonal matrix of

qm% mqw

M

autoregresélve/ coefficients (¢); (=123
Thus

EKXt — Hy, )2 | Qt‘: B- (I)ZEKXt—l ~ My, )z‘ql‘—l‘_l_ o}



Derivation of the second central

moment

We assume stationary process {X,} =>
I | I qd,1 =
i =
i =

q, =
El X,|\q, =

qg. =

and thus
El(x, - up )=

=El X

t-1

|

_E_(Xt - ﬂ)2‘| %‘:
£ .((/”qf —H )2 + ¢12,qt_1 (X -1~ Hg, )2

H—H
1t~ |®
M —H

MH—H
HH—H

s —H

H,
=| H,
Hs

1

1
+ D (13 —Bcbzf

2

+ &

So S A

]|%]

+T

ooty |




State-dependent first-order autoregressive
MSW model

2. central moment

Hh— U
E[()(t —#)2]=n’ 1o~ |® t—pt |+ @ (Is—BCDZ Tl
=) \t5—H, IR




Thank you for your attention



