Department of Mathematics, University of Latvia

On F-transtorms with spline based
cseneralized tuzzy partitions

Irina VavilCenkova

13TH INTERNATIONAL STUDENT CONFERENCE ON APPLIED
MATHEMATICS AND INFORMATICS

Malenovice, Czech Republic, May 10-13, 2012



This talk is devoted to F-transform (fuzzy transform). The core idea of fuzzy
transform is inwrought with an interval fuzzy partitioning into fuzzy subsets,
determined by their membership functions. In this work we consider polynomial
splines of degree m and defect 1 with respect to the mesh of an interval with some
additional nodes. The idea of the direct F-transform is transformation from a
function space to a finite dimensional vector space. The inverse F-transform is

transformation back to the function space.



Fuzzy partitions

Let A, = {x{, X5, ., Xp|x; < x5 < -+ < x,,} be a fixed mesh of [a, b], such that
Xy =a,x, =bandn = 2.

We consider two types of fuzzy partitions:

e usual (fuzzy partition)

which consists of membership functions A, with support [x;_1, Xx+1]1N[a, b]
for k=1,..,n;

e generalized (fuzzy m-partition)
which consists of membership functions A}E’“) with support
(X — XpemlN[a, b] for Kk =—m+2,...,n+m —1;
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Classical fuzzy partition

We say that fuzzy sets A4 A4,,...,A,, identified with their membership
functions A4 (x), A (x), ..., Ay (x) defined on [a, b], form fuzzy partition of [a, b]

if they fulfill the following conditions fork =1, 2,...,n :
1) Ag:la,b] = [0,1], Ax(xy) = 1;

2) Ai(x) =0, if x & (x5,_1,x+1) where for the uniformity of denotion,
weput xp =aunx,,; = b;

3) Aj i1s continuous;

4y Ag, if k= 2,...,n, strictly increases on [x;,_q, x;,] and Ay,

k =1,..,n—1, strictly decreases on [x;, Xj1]:
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5) forallx € [a, b] Z A (x)=1;

k=1
6) A (xp,—x)=A (x. +x), forallx €[0,h], k=2, ..,n;
T Ay(x)=A,_1(x—h), forall k=2,..,n—1andx€E [x,X;1]
and A, 1(x) = A(x—h), forall k=2,...,n—1andx € [x;_,,x;].

The membership functions A4, 45, ..., 4, are called basic functions.



In this talk we consider splines of degree m and defect 1 with respect to
Ay (A 18 an extension of A,,) as basic functions of the fuzzy partition

e S Apn )k = 1,2,...,0.

The first degree splines (m = 1) are triangular shaped basic functions.
Next we will also consider the second and the third degree splines. And
through this talk we are going to slightly modify notations by adding the
degree of a spline used for constructing basic functions in superscript.
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An uniform fuzzy partition of the interval [0, 9] by fuzzy sets with
triangular shaped membership funcions n=7
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Polynomial splines

LetA,,, =1{ty,ts, ... tyla=t; <t, <...< ty =b} bea given
mesh for the interval [a, b].

Sm,l(ﬂm,ﬂ) is the space of polynomial splines of degree m and defect 1
with respectto 4, .

SE S, 1(Apn):

e 5 isa polynomial of degree m on each interval [t;_y §;].1 = 2,...,N;
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Quadratic spline membership functions
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An uniform fuzzy partition of the interval [0, 9] by fuzzy sets with quadratic
spline membership funcions n=7



Cubic spline construction

Ab(X)




Cubic spline membership functions

(9(x — xp_1)° h]
2}13 1 ! XE[Xk—p Xk—1+§_:
h h\’

1 Q(X_Xk_l_j) Q(Jf—xk_l—?) h 2.}1-
E + A — hE ’ X € XL—1 +§; XL—1 +? »
9(x — x;.)3 2h ]
1+ ( 2 , xElxk_1+—, Xk,
2K’ 3 _

A0 ={_  9kx—x)? h
1— 2h3 s X E X Ik+§ ’
h n’ |

1 Q(x—xk—ﬁ)_i_‘}(x—xk_l—j) E- +h +2h'
E h hE ’ X _xk §; X T_!

9(x — xp+1)? [ 2h

2h3 . x & X +?; XE+1]

. 0, x € [x1, x5_1]U x4, x3,)



-

A3 () =4

Ai(x) = X

0,

— 3 h
l—g(x ::1) , X E X1, x1+§:
2h _
h h\’
oot oo o
1 _ X€E |[x1+5,x1+—5|,
2 4h h ’ 3 .
.33
_9(x—x7) | XE|x;+—5,%1,
2h° -
kl:]’ X € [XZJ x?’l]:
(9(x— x,-1)° h]
2h3n : * € [xnl’ xn_l+§_’
h hy’
1 9("’_ n-1 _?) g(x_ -1 _7) h 2h]
A S |
9(x — x,)3 2h ]
1+ ( 3?‘1) , XE|[Xpq +—,  Xpf,
2h 3

X € [xq1,Xp_1],



0.2

0.6 -

\ / %

I:I T T T T T T T T T T
0 1 2 3 4 S

An uniform fuzzy partition of the interval [0, 9] by fuzzy sets with cubic
spline membership funcions n=7



On additional nodes
Generally basic functions are specified by the mesh:
A, ={x,%,, . x,la=x; < x, < - <x, = b},

but when we construct those functions with the help of polynomial splines we use
additional nodes, this extended mesh:

A =1ty o tyla=1t, <t <...<ty = b},

where N directly depends on the degree of a spline used for constructing basic
functions and the number of nodes in the original mesh

N=m(n—-1).



~ Additional nodes for splines with degree 1,2,3,
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Nd
= We consider additional nodes as parameters of fuzzy partition: the shape of
basic functions depends of the choise of additional nodes
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_—— Direct F — transform

Let AT, A%, ..., A be basic functions which form a fuzzy partition of [a, b] and
f be any function from C([a,b]). We say n-dimensional vector F™[f]=

(FT.F}..., FT)givnby
2 o 4ap () dx

[7 A7 (x)dx

L

is the F-transform of f with respect to AT, A5, ..., A"

If partition AT, A%, ...,Ay of [a,b] is uniform then components of the

F — transform F} may be simplified

X2
2
=+ | feoar@ax
1 X1
A= f FO)AM)dx,  k=2.m—1,
Xp—1

2 [
Fn :E jf(x)iqn (x)dx.

Tn—1



Inverse F-transform

Let AT, AY, ..., A;" be basic functions which form a fuzzy partition of [a, b] and
f be any function from C([a, b]). Let F"[f] = (F{',F5,..., F) be the F - transform

of f with respect to AT, A5, ..., A . Then the function
n
fomn() = ) FPAT ()
k=1

is called the inverse F - transform.



Inverse F-transforms of the test function f(x)=sin(xmr/9)
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Extension of the original mesh

To extend A,, let us take 2(2m — 1) additional nodes outside the interval [a, b]
and denote@ = X_,, ., andb = x,,,, ;. Ournew mesh:

(m) _ = _ _h
4, = [I—2m+21' X _zma3s s Xnaozm1 @ = X_omio <X pmia <o <Xpyomq = b}-



Generalized fuzzy m-partition

We say that fuzzy sets 47, 4" A", identified with their

-m+2'3-m+3 - Fnem-1/
membership  functions A(_":g k)i A(_mm) A s 5 Ag_?_)m_l(x) (n+2m—2

continuous functions) defined on [&,b], form uniform fuzzy m —partition of
a, b] if they fulfill the following conditions fork = —m + 2, ..,n + m — 1:

1) A™[ab] - [01], 4l (x,) =1:

2) AT (x) = 0 forx & [Xy_m Xgaml;

3) Aﬁm) is a continuous function:
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4) A( ) is decreasing on [x,,x,. ]
5) A( s i increasing on [x,_.., %]
6) A[ }(x —x)= A[m}(xk + x), forallx € [0, mh]:

7) ATV (x) = AT (x — h), forall X € [ Xpaml, if
k=—m+3, .., n+m—1;

n+m-—1
8) forallx € [, b] Z A™ (x) = m.

k=—m+2



In this talk we consider fuzzy m-partition described by splines of degree m and
defect 1 with respect to ﬂ::lm} (d::.lm} - an extension of A,).

A€ S, (207 ) k= —m+2,.,n+m—1.
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An uniform fuzzy partition and a fuzzy m-partition of the interval [0, 9] based
on gquadratic spline membership funcions, n=7, m=2
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An uniform fuzzy partition and a fuzzy m-partition of the interval [0, 9] based
on cubic spline membership funcions, n=7, m=3



Direct and inverse F-transform with respect to the fuzzy
m-partition

The direct F-transform (of integer bandwidth m = 1) based on the given
generalized — fuzzy  m-partition s defined by  the  wvector

FM[f] = [F{mj F:?{mj,...,F{mj ). where

—m+2 n+m—1

Lf:‘: FOA™ (x)dx
fj‘_ﬂ“ﬂfﬂm:' (x)dx

fork=—m+2,...,n+m—1.

Correspondingly. the inverse F-transform function (of bandwidth m) is

n+m-—1

1
=1 ), EPAR M.

k=—m+2



= Numerical examples
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Inverse F—transtorms of the test tunction f(x)=sin(xz/9) in case of quadratic spline
basic funcions, n=20, m=2
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Approximation of derivatives
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Inverse F—transforms of the test function’s f(xX)=sin(xz/9) first derivative in case of
guadratic spline basic funcions, n=20, m=2



Inverse F—transforms of the test function f(x)=sin(xz/9) in case of cubic spline basic
funcions, n=20, m=3
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Inverse F—transforms of the test function’s f(x)=sin(xz/9) first and second derivative in
case of cubic spline basic funcions, n=20, m=3
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Estimations of approximation of derrivatives

e F —transform based on quadratic splines, generalized m-partition;

Let f be a continuously differentiable function on [@, b]. Then foreachx € [a, b] the
following estimation hold

700 - (£2) )| = w(ahf1).
e [ —transform based on cubic splines. generalized m-partition;

Let f be two times continuously differentiable function on [@, b]. Then for each
x € [a, b] the following estimation hold

70 - (£2)' 0| = w6 £,

where w(6, g) = max,_,- 51g(x) — g(¥)|, is the moduls of continuity of g on
[a, b].






