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1 Introduction

In general fuzzy set theory several categories are important as a natural generalization of classical [0, 1]-
fuzzy sets. A special position among these categories has the category SetF(Q) of Q-fuzzy sets A = (A4, 6),
where Q = (L,A,V,®,—,0,1) is a complete MV-algebra, A is a set and § : A x A —  is a similarity
relation. A morphism f : (4,d) — (B, ) in this category is a map f : A — B such that

f(y)

(a) (Vo,y € A) B(f(2), f(y)) = d(x,y),
(b) Vze A) B(f(x), f(z)) = b(x, ).

This category was (in a little more general form) introduce by U.Hohle [5]-[9]. He observed that this
category (although it is not a topos) can be used for interpretation of some part of fuzzy logic. This
property of the category SetF({2) is connected with some special fuzzy sets and subobjects of (A,9d) €
SetF(Q). Recall ([13],[14]) that a map s : A — Q is called extensional set (s C (4,0), in symbol) if

(a) (Vze A) s(z) <o(z,x),
(b) (Vz,y € A) s(x) @ (0(z,2) — d(x,y)) < s(y)-

Moreover a subset S C A is called complete (see [13]) in (4, 9) if

S={acA:\/daz)=0daa)}

€S

Complete subsets in (4, §) then define some closure system X +— X. Principal properties of the category
SetF(Q) can be then described by some special contravariant functors

Sub, Sub®, S, Hom(—, Q") : SetF(Q)°? — Set,
where for a morphism f : (A,0) — (B, ) in the category SetF(Q2) we have
(a)
Sub(A,d) = {(S,0): S C A},
Sub(f) : Sub(B,3) — Sub(4,9d),
Sub(f)(T., 8) = (f~(T),d), for (T, ) € Sub(B,p),
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Sub‘(A,d) = {(S,d) : S C A is complete in (A4,d)},
Sub®(f) : Sub®(B,3) — Sub®(4,4),
Sub“(f)(T,B) = (f~(T),6), for (T, ) € Sub’(B,p),

S(A,8) ={s:s5C (4,0) is an extensional set},
S(f) : S(B,B) — S(4,9),
S(f)t) =t.f, fort € S(B,B),

Hom((4,6),Q") ={g: (A,0) —L— (Q*, ) is a morphism in SetF(Q)},
Hom(f) : Hom((B,3),Q") — Hom((4,4),Q"),
Hom(f)(h) = h.f, where h € Hom((B, ), ")
Here we have

Q"= {(a,p) e LX L|a>p},p),
p((a, Br), (a2, B2)) = a1 @ (B1 — P2) Aaa & (B2 — Br)-

In [13] we introduced several natural transformations between pairs of these contravariant functors. The
fact that all these functors are contravariant could be interpreted as some disadvantage of these functors.
In fact, one of the most important tools in classical fuzzy set theory is Zadeh’s extension principle. It
enables to extend any map f: A — B into a map F(f) : F(A) — F(B) where, for every set X, F(X)
denotes the class of fuzzy subsets of X, i.e. maps s : X — Q (in case we consider 2-fuzzy sets instead of
[0, 1]-fuzzy sets only). Namely,

FHo =\ s,

a€A, f(a)=b

for s € F(A) and b € f(A) C B. Hence, by using this principle we can obtain a covariant functor
F : Q — fuzzy sets — Set,

(here we do not specify a category of corresponding §2-fuzzy sets).

Unfortunately the same approach cannot be used in the category SetF({)), where the extensional sets
s C (A,0) play the role of Q-fuzzy sets. In fact, if f : (4,0) — (B, ) is a morphism in the category
SetF(Q) and s C (A, ) is an extensional set then F(f)(s) is not an extensional set in (B, 3), in general,
as the following example shows.

Example 1.1

Let Q be a complete MV-algebra such that there exists o € Q such that o> =a®@a® a < a® a = a?.
Let A ={a1,a2} and define 6,5 : A x A — § such that

6<x,y>—{1’ e 6(m,y)—{1’ e

. ) .
0, otherwise, «, otherwise.

It is clear that (A,0), (A, ) € SetF(Q) and that f =1id : (4,0) — (A, 8) is a morphism in this category.

Let s: A — Q be defined such that

s(a1) = o, s(ag) = a?.



Then s C (A,d) and F(f)(s)(a;) = s(a;); ¢=1,2. On the other hand we have

o? = F(f)(s)(a1) @ (B(a1, a1) — Blar,az)) £ F(f)(s)(az) = a?,

and it follows that F(f)(s) is not extensional set in (A4, ).

The principal aim of this paper is to introduce some generalization of Zadeh’s extension principle for
objects which are of some interest from fuzzy set theory point of view and which could be derived from
objects of the category SetF(Q). For any object (A, ) € SetF(Q) there are three principal sets of such
objects:

(a) aset C(A,9J) of all extensional sets s C (4, 9),

(b) aset sub(A4,J) of all subobjects of (A, d) which are of the form (S, §), where S C A, and

(c) aset hom(A,0) of all morphisms from (4, ) to Q*.
Elements of all these sets then represent some generalized fuzzy sets in a category SetF(2). It means
that generalizations of Zadeh’s extension principle to the category SetF(Q)) are based on those covari-
ant functors C, sub, hom : SetF(®) — Set, respectively. In this paper we introduce these functors

and we investigate some natural transformations between pairs of these functors. Finally we derive a
generalizations of Zadeh’s extension principle based on these covariant functors.

2 Complete sets and extensional sets in SetF((2)

Let Q = (L,A,V,®,—,1q,0q) be a complete MV - algebra, i.e. a complete residuated lattice, where
(a — b) — b=aVb holds for every a,b € L. By an Q-fuzzy set we mean (A,d), where A is a set and
0:AxA— Qisamap such that

(a) (Vz,y € A) O(z,y) < 6(z,2) Ny, y),

(b) (Vz,y € A) 6(z,y) = d(y,x),

(c) (Va,y,z€ A) d(z,y) @ (8(y,y) — 0(y,2)) < o(x, 2).

Moreover, a Q-fuzzy set (A, «) is called separated if it satisfies the axiom
a(z,z)Valy,y) <olz,y) =z =y.

The category SetF () of Q-fuzzy sets then consists of separated Q-fuzzy sets as objects and morphisms
between objects (4, a), (B, ), which are maps f : A — B such that

(a) (Vo,y € A) B(f(2), f(y) > alz,y),
(b) (Vz e A) oz, z) = B(f(x), f(x)).

The composition of morphisms is the usual composition of maps. In this category SetF({2) a special object
(Q*, ) exists (see the definition from the introduction) which is an analogy of a subobject classifier in a
topos but only for some special subobjects. These subobjects are connected with extensional sets of an
O-fuzzy set A = (A,9) (s C (A,0), in symbol), i.e. with maps s : A — € such that

(a) Vz e A) s(x)<i(z,z),
(b) (Vo,y € A) s(x) ® (6(x, ) — d(x,y)) < s(y).

In [13] we introduced a contravariant functor S : SetF(Q2)°? — Set such that S(4,0) = {s:s C (A4,9)}.
This functor then represents a contravariant generalization of classical Zadeh’s extension principle which
could be defined as a covariant functor F : SetF(Q2) — Set, where F(A4,0) ={s:s: A — Qis a map }.
As we observed this covariant functor does not respect the fact that s is extensional set in (A4,¢), in
general. In the following definition we do the first step to derive a generalized Zadeh’s extension principle
for extensional sets in a category SetF(Q2), i.e. we will define a map S(A,d) — S(B,3).



Definition 2.1 Let f : (A,0) — (B,3) be a morphism in a category SetF (). Then the map f:
S(A,0) — S(B, ) is defined such that for s € S(A,J),

beB, fs)b) =\ s@) A0 f(x)).

z€A

This definition is correct, i.e. f(s) € 8(B, ). In fact, we have f(s)(s) < B(b,b) and for b,c € B,

Recall that a subset S C A is called complete in (A4, 9) if

S=8S={ac A:6(a,a) \/5ax

z€eS

Then X +— X is a closure system (see [13]) which is used for some functors construction. It could be
observed that any extensional set s C (A,¢) is then (in some sense) continuous with respect to the
closure system in the full subcategory SetF(£2)y of SetF(£2) which consists of Q-fuzzy set (A,d) such
that 6(x,x) = 1q for all © € A. In fact, on the value MV-algebra Q a similarity relation w can be defined
such that w(«, ) = a < [. Then the following simple lemma holds.

Lemma 2.1 Let s C (A,9) be an extensional set and let X C A. Then s : (A,§) — (Q,w) is a morphisms
in SetF(Q)g and s(X) C s(X

)
Proof. Since s(x) ® d(x,y) < s(y)), we have §(z,y) < w(s(x),s(y)). Further, for y € X we have
\/s(m)es(X) ( ( ) ( )) >\/ cX (ya )_1

In SetF (), for s C (A, d) any a-cut of s is closed, i.e. for s, = {z € A: s(xz) > a} we have 55 = s,.
In fact, let a € 55; ie. V 5(am)—5(aa)—1 Since s(a) > s(z) ® §(a,x) for any = € A, we
have

z€A,s(z)>a

s(a) > \/ s(z) ®d0(a,z) > a® \/ d(a,2) = a®d(a,a) = a.

TESq TESq

Hence, a € s,.
It could be observed that this statement does not hold true in SetF(f2), in general. Let us consider
the following example.

Example 2.1

Let Q be such that there exists o with the property o? < a. Let A = {a1,as}, 6(a1,a1) = o, §(az, az) =
§(ai,az) = a?. Then (A,d) is Q-fuzzy set and for s : A — Q such that s(a1) = «, s(az) = a® we have
Sa ={a1}, 3a = {a1,a2}. R

The following lemma describes some analogy of this property of a-cuts of the map f.

Lemma 2.2 Let f : (A,0) — (B, 3) be a morphism in SetF(Q) such that 3(b,b) =1 for allb € B and
let s € S(A, ). Then for any o € Q we have

~

f(sa) € ((s))a-



Proof. Let b € f(sa), then we have 8(b,b) = \/ ., B(b, f(z)) and it follows that

F5)0) =\ s(@) @ 8(f(2),0) = \/ s(x) @ B(f(x),b) >

T€EA TESq

a® \/ B(f(z),b) =a®p(bb) =a.

TESq

It could be observed that the opposite inclusion in 2.2 does not hold, in general. In fact, let (4, 4),
(A,5) and s C (A, ) be the same as in Example 1.1. Then for f =id : (A,§) — (A, ) we have

o~

f(s)a) =(a®a)V(*®a)=aq,
F(5)(az) = @® @ 1)V (@ ®a) = a?.

~ [

Hence, we have (f(s))a2z = {a1,a2} and on the other hand f(s,2) = {a1} = {a1}.

Proposition 2.1 Let f: (A,5) — (B, ()
).
= f(s) vV f(t), where (s V t)(a) = s(a) V t(a).

be a morphism in SetF ().

(a) If s <t in S(A,0) then f(s) <
(b) For any s,t € S(A,8), f(sVt

~—

Proof. Tt is clear that sVt € S(A4,d

~—

. Moreover, for b € B we have

flsve)d) = \/ (s Vi) (@) @ B(f(x),b) =
T€EA
= \/ (s(z) @ B(f(2), b)) V (t(x) © B(f(x),b)) =

z€A

~ ~ ~ ~

= f(s)®) vV f(#)(0) = (F(s) V £(2))()-

Lemma 2.3 Let f : (A,d) — (B, ) be a morphism in SetF(Q) and let C C A. Then f is continuous
with respect to the closure systems in (A,0) and (B, 3), i.e.

f(C) C f(O).

Proof. Let a € C. Then we have

B(f(a), f(@) =\ B(f(a), f(2)) = \/ d(a,2) = d(a,a) = B(f(a), f(a)
zeC zeC

and it follows that f(a) € f(C).
The closure operator X — X in (A,¢) has some importance for functors and their natural transfor-
mations in the category SetF(2). The following proposition shows when this closure space is discrete.

Proposition 2.2 The closure operator in (A,0) is discrete if and only if the following condition is sat-

isfied in (A,0):
(Va € A)(3a, < 0(a,a))(Vx € A,z #a) §(a,z) < ag. (1)

Proof. Let the closure operator be discrete and let us assume by contradiction that there exists a € A such
that for any a < 0(a, a) there exists z, # ain A with é(a,z,) > . Weput X = {z, : 0 € Q,a < 0(a,a)}.
Then a ¢ X and we have d(a,a) = \/,cxd(a,z). In fact, if \/ .y 0(a,2) = ag < 0(a,a), we have
ZTo, € X and it follows that ag < d(a,a) < ag, a contradiction. Hence, a € X, a ¢ X and the operator
is not discrete. Conversely, let (A,d) satisfy the condition (1) and let X C A. For a € X we have
6(a,a) =\, cx 0(a,z). If a ¢ X then according to (1) we have §(a,r) < a, for all 2 € A. Therefore,
Vaex 0(a, ) < aq < d(a,a), a contradiction.



Proposition 2.3 Let the closure operator in (A,0) be discrete. Then there exists an extensional set
s C (A, ) which is sub-normal, i.e. s(z) < d(z,x) for all z € A.

Proof. According to 2.2, for any a € A there exists a, < d(a,a) satisfying the condition (1). Then the
map s : A — Q can be defined such that s(a) = «, and for any z,y € A,z # y we have

s(z) ® (8(a,a) — 6(z,y)) < s(2) @ (s(z) — b(2,y)) =

= s(x) No(x,y) < s(z) Aag Aay < s(y).
Hence, s C (4,9).

Lemma 2.4 Let (A,0) € SetF(Q) anda € A, X C A. Then

\/ d(a,x) = \/76(a x)

zeX

Proof. We have
\ d(a,y) = \/ d(a,9) Aoy, y) =
€xX

Y yeX
— Vs n(\ 8w.2) =\ \ da) Adly, 2) <
yeXxX zeX yEX 7€X
§\/\/(5ay (y,y) — d(y, 2) \/5az
yeX Y zeX

3 Covariant functors in SetF ()
In [13] we introduced several contravariant functors
S, Sub, Sub®, Hom(—, Q") : SetF(Q)°? — Set.

In this part we want to introduce covariant analogy of these functors which have the same object
functions as the original functors. Nevertheless covariant versions of these functors will be defined for some
full subcategory SetF(2)g only, which consists of Q-fuzzy set (A, J) which are normal, i.e. §(a,a) = 1g
for all @ € A. These covariant analogy of functors &, Sub and Hom are introduced in the following
definition.

Definition 3.1 Let f: (A,9) — (B, ) be a morphism in SetF(Q)y. Then we set
(a)

C(f) : C(A,8) — C(B,B), C(f):=F.

(b)
sub(A, d) := Sub(4,4),
sub(f) : sub(A4,d) — sub(B, ),
(¥(5,0) € sub(A,8))  sub(f)(5,) = (f(5), ).

(c)
sub®(4,0) := Sub®(4,9),
sub®(f) : sub®(A4,d) — sub®(B,[3),

(V(S,0) € sub®(4,8))  sub®(f)(S,9) := (f(5),5)-



hom(A,d) := Hom((4,7d),Q%),
hom(f) : hom(A,d) — hom(B,f3),
(Vu € hom(A,d),b€ B) hom(f)(u)(d):= (1q, f(prg.u)(b)),

where pry : QF — € is the second projection map.

From the next lemma it follows that the definition of hom is correct.

Lemma 3.1 Let (A4,6) € SetF(Q) and let u : (A,0) — (2%, u) be a morphism. Then pro.u is an
extensional set in (A,9).

Proof. Let s = pro.uw and a € A. We set u(a) = (u1,u2) € Q*. Then we have 1g = d(a,a) = u; and
s(a) < é(a,a). Moreover, for a,b € A we have

d(a,b) < p(u(a),u(b)) < d(a,a) @ (s(a) — 5(b))

and it then follows that

s(a) ® (0(a,a) — é(a,b)) <

< s(a) ® (6(a,a) — (6(a,a) @ (s(a) — s(b)))) =
= s(a) ® ((s(a) — s(b)) V =é(a, a)) =

= (s(a) ® (s(a) — s(b))) V (s(a) ® =d(a,a)) <
< s(b) V (§(a,a) ® —d6(a,a)) = s(b).

Hence, s C (4,9).

Theorem 3.1 C, sub, sub® and hom are covariant functors SetF(2)y — Set.

Proof. Let f: A =(A,§) — (B,5), g: (B,v) — (C,7) be morphisms in SetF(£2)o.
(1) To prove that C is a functor we have to show that C(1a) = l¢(a) and C(g.f) = C(g).C(f). Let
s€C(A,6),ae A. Then

s(a) = s(a) ® §(a,a) < \/ s(z) ®d(a,z) < s(a).

z€A

Let ¢ € C. Then we have

Clg)C()s)e) =\ \/ s(a) @ B(f(a),b) ©1(g(b), ) <

beEB acA
\/ V s@) @v(gf(a), 9(b) @ y(g(b), ) <
beEB acA
< \/ s(a) @ 7(gf(a),c) = Cg.f)(s)(c)-
a€EA

On the other hand we have

Clg)-C(f)(s)e) =\ \ s(a) @ B(f(a), fa) ®(gf(a),c) =

a’€EAacA

> \/ s(a") @7(gf(a’),c) =Clg.£)(s)(0).

a’€A

Hence C is a functor.
(3) Let (C,0) € sub®(A,0d). Then according to Lemma 2.4, we have

sub®(g.f)(C,6) = (9-£(C),7) = (9(f(C)),7) = sub®(g). sub®(f)(C, ).

8



(4) Let uw: (A, d) — Q* be a morphism. For simplicity we set @ := hom(f)(u) : B — Q*. We have to
prove that @ : (B, ) — (2, 1) is a morphism. Let b,¢ € B. Then

u(@(®),a(c) = \/ proaue) ® Bf(2),5) = \/ prau(z) @ BUf(2),<).

T€EA zeX
We have
Bb,0) @ \/ (pro-u(z) @ B(f <\ pra.u(@) ® B(f(x), )
T€EA z€A

and it follows that

¢) < \/ prau(@) @ B(f(x),0) = \/ prau(z) @ B(f(2), ).

z€A zEA

By using the symmetry of 5 we obtain 8(b,c) < u(t(b),u(c)). Moreover, by simple computation we can
show that hom(g.f) = hom(g). hom(f). The rest of the proof is trivial.

In [13] we introduced several natural transformations between pairs of contravariant functors S, Sub, Hom.
The following are principal of these transformations.

S Hom(—, Q") < S —Z Sub,
where for A = (A,9),s € S(4,6),u € Hom(A,Q*) we have

Cal(s)(@) = (0(z,2),5(x)), weA (2)
Ca' (u) = pra.u, (3)
oa(s) = ({a€ A:s(a) =6d(a,a)},9). (4)

Moreover, if SetF(£); is a subcategory of SetF(Q) with the same objects and with morphisms f :
(A,0) — (B, ) such that f is surjective and B(f(z), f(y)) = d(z,y) for all x,y € A then according to
[13]; 3.3, there exists a natural transformation

1[) : Sub1 — 81
v)=\/ d(z,y); x€A4, (5)

yeS

where Sub; and S; are restrictions of Sub, S onto SetF(2);, respectively.
In the next proposition we show the existence of some natural transformations also between covariant
extension functors.

Proposition 3.1 The object 1 = {a : A € SetF(Q)o} is a natural transformation sub — C, where
Ya are defined by (5).

Proof. According to [13];3.3, ¥a (5, d) is a extensional set in (A, d) for any S C A. We have to show only
that for any morphism (4, §) _r (B, ) in SetF(Q)o the following diagram commutes.

sub(A4,8) —YA C(A,0)

subml lcm

sub(B, 8) —22— (B, 3).
Let (S,0) € sub(4,¢) and b € B. Then we have

C(f)¥a(S,0)(b \/V&zx@ﬁ (2),b),

r€Az2€S

¥p. sub(f£)(S,0)(b) = \/ B(f(y),b)

yes



On the other hand we have

\/\/5295 ® B(f

r€Az€S

< \/ V BUG). f@) @ B(f(x),b) <

T€A2€S

\/ ﬁ(f(y)7b) = \/ (5(;10,:1:) ®ﬁ(f(x),b) <

yeSs zeS

<\ V deo) @ B(f(a),b) <

z€S z€S

< \/ V 8(z.2) @ B(f (), b).

T€A2€S

The following proposition is then an analogy of subobject classification theorem [13]; Proposition 3.1,
for generalized Zadeh’s extension principle C.

Proposition 3.2 The objects ( = {a : A € SetF(Q)o} : C — hom and (7' = {(a : A € SetF(Q)o} :
hom — C are mutually inverse natural transformations, where (o and (5" are defined by (2) and (3),
respectively.

Proof. In [13] it was proved that (s and C;l are defined correctly. Hence, we have only to show that the
corresponding diagrams commute for any morphism f : (A4,§) — (B,[) in SetF(Q)y. Let us consider
the following diagram.

C(A,8) —2— hom(4,d)
e | home)

C(B,) —=— hom(B, f).
Let s € C(A,0) and b € B. Then we have

hom(f).Ca (5)(b) = (Lo, pra-Cals)(h)) =
(1o, \/ s(@) @ B(f(x),)) = ¢B-L(f)(5)(b).
z€EA
It can be shown analogously that the diagram for ¢~! commutes.

Proposition 3.3 The object 1 = {1pa : A € SetF(Q)o} is a natural transformation sub® — C.
Proof. Let f: (4,6) — (B

diagram commutes.

, 3) be a morphism in SetF(Q) and let (S,d) € sub®(A4, ). Then the following

sub®(A4,8) —2— C(A,0)
subc(f)l Jcm

sub®(B, ) —"2— C(B, §).
In fact, according to 2.4, we have

YaL(f)(S.6)(b) =\ \/ 6(z.2) @ B(f(x),b) =

r€AzES

\  By,b) = ys. sub®(f)(S,6)(b).
yef(S))

\/ By.b) =

yef(S)

Let SetF(€)o,1 be the full subcategory of SetF(Q2); with objects from the category SetF(Q), and
let Co1 and subg ; be restrictions of C and sub, respectively, on the category SetF (£2)o 1.

Proposition 3.4 The object 0 = {oa : A € SetF(Q)o1} is a natural transformation Co1 — subg 1.

10



Proof. Let f: (A,d) — (B, 3) be a morphism in SetF () 1. Then the following diagram commutes.

Co)l(A,é) U—A> Sllb(),l(A75)

Co,l(f)l l subg .1

Co1(B,B) —=— subg(B,f).

In fact, let s C (A,d). Then we have

oB.Lo(f)(s)=({beB: \/ s(x ,b) =1a}, ),

z€A

subg.1(f).ca(s) = ({f(a) : a € A, s(a) =10}, 8).

Let a € A be such that s(a) = 1q. Then 1o > \/ ., s(x) ® B(f(a), f(x)) > s(a) = 1q. Conversely, for
b= f(a) € B we have

1o = \/ s(2) @ B(f(a), f(x) = \/ s(z) ®b(a,2) < s(a) < Lo

z€A z€A

We present now some relationships between contravariant functors S, Hom, Sub, Sub® on one hand
and their covariant versions C, hom, sub, sub®on the other hand. Let f : (A4,9) — (B, ) be a morphism
in SetF()g, G be one of the above contravariant functor and let G, be its covariant version. Then we

obtain two maps

Feov(f) F(f)
—_— e

F(A,0) F(B,p) F(A,d):

In the following proposition we present some properties of their compositions.

Proposition 3.5 Let f: (A,d§) — (B, ) be a morphism in SetF(Q)o.
(a) For any s C (A,9), we have s T S(f).C(f)(s).

(b) If f is surjective, then C(f).S(f) =id.

(¢) Hom(f). hom(f) > id.

(d) If f is surjective, then hom(f). Hom(f) = id.

(e) If [ is surjective, then sub®(f). Sub®(f) = id.

(1) id C Subt(f). sube(f).

Proof. We will prove (d) and (e) only since the rest is straightforward.
(d) Let v € Hom((B, 3),Q*),b € B. Then we have

hom(f) Hom( )(v)(b) = hom(f)(v-f)(b)Z
(1q, \/ pra.u( ® B(f(z),b) < (1q, \/ pra.u( v(b),

z€A z€EA

as follows from the fact
pro.v(b) ® B(b, ¢) < pra.v(c)
for any b,c € B. On the other hand, we have

\ praw(f(x)) @ B(f(x),b) = pra.v(b) @ B(b,b) = pra.v(b).

z€A

(e) Let (T, 8) € Sub®(B, ). Then

sub®(f). Sub®(f)(T, 8) = (f(f~1(T)),8) = (T, B) = (T. ).
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4  Zadeh’s extension principle in SetF(2)

Zadeh’s extension principle can be used to extend any map h : [[,.; A; — A, where A; and A are sets,
into a map F(h) : [[,c; F(Ai) — F(A). This property is the most important for applications. In this
section we want to present similar properties of our generalized extension principles C, sub, sub® and
hom.

Let (A;,04),i € I, be objects in the category SetF(Q)o and let (J],c; A4i,0) = [[;c;(A:,0:) be a
product in this complete category, i.e. d(a,b) = A,.;d(as, b;), where a = (a;);, b = (b;);. Generalized
Zadeh’s extension principles G = sub, sub®, C, hom, introduced in Theorem 3.1, enable then to extend
any morphism f : [[;.;(4i,d;) — (B, 3) in SetF(Q)o to a map G(f) : G(I[;,c; Ai,d) — G(B,5). Never-
theless to be able to use this principle in applications we need (analogously as we do for classical Zadeh’s
extension principle) to extend a morphism f to a map

ar () - [[6(Ai,6:) — G(B, ).
i€l

It is clear that [[,.; G(Ai, d:) # G(I1;cs As,0), in general, and it follows that this map Gy (f) has to be
defined newly. In this part we will show how to define this map and we investigate some properties of
this map.

For definition of gy we need to introduce in a specific way a map

ug : [[9(Ai.0:) — G([ (4. 0:)).
icl iel
If such a map is defined than the map Gyj(f) can be defined as follows:
V(X € [[9(A1,6:),  Gr(H)((Xi)i) = G(f)(ug((X:)s).
iel
In the following definition we introduce some examples of a map ug for our generalized extension functors.

Definition 4.1 Let (A;,d;) € SetF(Q)o forie I.
(a) Let G = C and let s; € C(A;,0;) for i € I. Then uc((s;);) is defined such that for all a = (a;); €
[I;c; Ai, we have
uc((si)i)(@) = J\ si(ai).

icl

(b) Let G = sub and let (C;, ;) € sub(A;,d;) for i € I. Then

waun((Ci, 61)i) = (] G 0).

iel

(¢) Let G = sub®. The definition of u gype is then formally the same as for sub.
(d) Let G = hom and let g; € hom(A;,d;) for i € I. Then for any a = ((a;);) € [[,c; Ai we put

U hom ((9i)i)(a) = /\ gi(a;).

iel
We show that this definition is correct. We have to prove firstly that uc((s:)i) € (I[;c; As,0). In fact,

ue((si)i)(a) @ 6(a,b) = (/\ si(a:)) ® (N d;(a;,b)) <

iel jeI

< N silai) @ 6i(ai, bi) <\ si(bi) = ue((s:)i)(b).

i€l i€l
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Further we have to prove that if C; is complete in (A;, ;) for any i € I, then [] is complete in

(ILics As,0). Let a = (a;); € [[;c; Ci- Then we have

\/(5ax \/ /\5@1,1

zEI

x€]] C; x€]] C; i€l
<AV dilaz) =/ (a2 <
JeEI xel] C; jel xzeC;
< \/ 5 a’j? <1Q7
zeCj

for all j € I. Hence, aj € C; = C; and a € [[,.; Ci.

Finally we show that for ((g;):) € [[;c; hom(As, 0:), v nom((9i)s) : (I1; Ai, ) — (2F, 1) is a morphism.
Let a,b € [, 4;. For g;(a;) = (¢/,a) we have 1g = 6;(a;,a;) = p(gi(a;), gi(a;)) = o and it follows that
gi(a;) = (1a, ®;),9:(b;) = (1q, B;). Then we have

b) = A diai, bi) < )\ plgi(as), 9:(bi) =

i€l i€l
= Au((lg,an (10,8) = (i < B;) < /\az (\Bi) =
el 7

/\gz ai), /\gz 1)) = (W hom ((96)i) (@), U nom ((94)i) (b))
For any morphism £ : [[,(A;,6;) — (B, 3) in SetF() we obtain maps
) ITecss) —cs,9),
subrp (f) : [] Su};(Aia‘Si) — sub(B, ),
subfy (f) : HlSUbC(Aia(Si) — sub®(B, ),

hompy (f) : H hom(4;,9;) — hom(B, 3).

Then Cpp(f) is clearly a generalization of Zadeh’s extension principle since for any sets A;,i € I and B
we can define trivial similarity relations §; on A; and § on B such that §;(x,x) = 1g and d;(z,y) = Oq,
otherwise (and similarly for 0). Then C(A;,d;) = F(A;) and Cy(f) coincides with classical Zadeh’s
extension of a map f: [[, 4; — B.

In the previous section we presented several natural transformations between pairs of functors C,
sub, sub® and hom. In this last section we show that similar relations exist also between maps i (f),

subry (f), subp(f) and homyy(f).

Proposition 4.1 Let A; = (A;,0;) be objects in SetF(Q) fori eI andlet f:[[,A; = B=(B,3) bea
morphism in this category.

(a) If A;,i € I,B and f are objects of the category SetF(Q)o 1, then the following diagram commutes.

I1, sub(Ay) 9 (B

IT; %Z’Ali l"/’B

[Lea) 2 ¢y,

where Y was introduced in 3.3.

13



(b) The following diagram commutes.
I, C(As) C(B)

I1; CMJ{ J/CB

[I; hom(Ay) G EN hom(B),

()
—

where ¢ was introduced in 3.2.
(c) If A;,i € I,B and f are objects of the category SetF(Q)o,1, then the following diagram commutes.

subf
[1, sub®(A;) ﬁ sub®(B)

I1; d}Ail le

mem) 2 ¢,
(d) If A;,i € I,B and f are objects of the category SetF(Q)o 1, then the following diagram commutes.
me@) 12 cm)
1o -
I, sub(A;) 1Y By,

where o was introduced in 3.4.

Proof. (a) Let A;,B and f are objects of the category SetF(Q)o for any ¢ € I and let ((C;,9;);) €
[I; sub(A;). Then for any b € B we have

¥B. subpp (£)((Ci, 0:)i) (0) = ¥B( sub(f)(u sun((Ci, 6:)))) (b) =

(rqIea.mm =\ 8. 1)

ze[] C;
Let b = f(a), then we have
H¢A (Ci;6:)i)(b) = C(f)(uc((¥a.(Ci, 6:)))(b) =

V(N va(Cir8)) () @ B, f(x)) =

x€[[ A; ¢
=V Ava o) @s@x) < \/ (Ava,(Cid))ia) =
x€[] A; @ x€[[ A; ¢
= N@a.(Ci,8)(a)) = N\ dilzi,a:)) =
i iz, €C;
\/ (Adiza)) = \/ 6az) =
ze[[ C; 7 z€][ C;
= \/ B0 f(2).
z€[] C;

On the other hand we have

HwA (Ci, 6:)i)(b) =
=\ /\\/cm, )@ B(b, f(x)) >

x€[[ A; 1 z€C;

\ (Adilane) @80, fx) =\ B, ).

x€[[C; i x€[] C;
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(b) Let (s;); € [,C(A;), b € B. Then we have

(B-Cr1(f)((5:)i)(b) = (1a,Cry (f)((s:)i)(b)) =
= (la, \/ (/\Si(xi))®ﬂ(b,f(x))).

x€[] A; @

On the other hand we have

homn(f)-HCAi((Si)i)(b) = hom(f)(u nom((Ca,(s:))i))(b) =
= (lo, \/ (pro-unom((Ca,(s:)):)(x) © B(b, f(x))) =

x€[] A;
— (o, \ pra(Ale, i) @ A(b, £(x))) =
x€[] A; 7
=(la, \/ (AGsi) © B(b, £(x)))).
x€[[ A; ¢

Hence, the diagram commutes.

(c) It follows from (a) and Lemma 2.4.

(d) Let A;,B and f be objects from the category SetF(Q)o 1 for all i € I. Let (s;); € [[; C(A;). Let
(X, 8) = oB.Cr1(f)((s0):), (Y, 8) = subpp(f).I; 0a,((si)i). Then we have

X={peB: \/ ucl(s:):)(x) @B f(x) = 1o},

x€e[] A;

Y = f(J[{z € Ai : si(z) = 1a}).
Let b € Y, then b = f(a), where s;(a;) = 1q for all i € I and we obtain

o>\ ucl(s))(x) @ Bb. () >

x€[] A;

> ue((s:)i)(a) = N\ si(ai) = 1.

%

Hence, b € X. Conversely, let b = f(a) € X, then

lo=\ ucl(s)i)() @B, f(x) =\ uel(s)i)(x) @ d(a,x) <

x€]] A; x€e[] A;

<V ouel(s)i(@) = A si(a) < 1o

x€[] Ai i

Hence, s;(a;) =1g forallie I and be Y.
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