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Abstract

In the paper, logical axioms, inference rules, semantics, and some specific properties including the completeness theorems of
four kinds of fuzzy type theory are presented. This theory is a higher order fuzzy logic that can be used for precise formalization,
for example, of the theory of computing with words, fuzzy IF-THEN rules, approximate reasoning, and others.

I. I NTRODUCTION

Successful development of the mathematical theory of fuzzylogic started in 1979 by the seminal paper of J. Pavelka [14].
He developed a propositional fuzzy logic that has been extended to first order by V. Nov́ak in [9] (see also [13]). It is specific
for this logic (calledfuzzy logic with evaluated syntaxand denoted by EvŁ) that it makes possible to consider axioms that
are not fully convincing. Consequently, both semantics as well as syntax of EvŁ are evaluated. The concept of provability is
generalized and the completeness theorem stating that the provability degree of a formula is equal to its truth degree isproved.

After the seminal book of P. H́ajek [7], mathematical fuzzy logic achieved a rapid development. Many formal systems
covering both propositional as well as predicate logic and differing in the structure of truth values appeared.

To be able to capture semantics of natural language, with thegoal to develop a formal theory of human reasoning (the, so
called, fuzzy logic in broader sense), fuzzy logic penetrated also into higher order, and a formal theory of fuzzy type theory
(FTT) has been developed (see [10], [11]). This theory follows the development of classical type theory, as elaborated by A.
Church [4] and L. Henkin [8], and later continued by P. Andrews in [1].

Because of a large variety of possibilities, a discussion about, what is fuzzy logic, is now in progress. Based on the expressive
power and various experiences, several distinguished kinds of fuzzy logic took privilege over the other ones. Such logics are
Łukasiewicz logic, Basic fuzzy logic (BL), and LΠ fuzzy logic. All these logics have propositional as well as predicate versions.

It turns out that also fuzzy type theory can be developed in parallel ways. The original theory in [10] has been developed on
the basis of IMTL∆-algebra that is, a residuated lattice with prelinearity and double negation extended, moreover, by a special
unary operation of Baaz delta. In this paper we will present fuzzy type theories based on four different structures of truth
values, namely IMTL∆, Łukasiewicz∆, BL∆ and LΠ algebras. All these theories enjoy the generalized completeness property
(i.e. completeness w.r.t. generalized models). It should be stressed that the fundamental connective in all of them is afuzzy
equality. Because of essential importance of this connective, the resulting theory is elegant and philosophically interesting.

II. T RUTH VALUES

All above discussed fuzzy logics are based on extensions of residuated lattice

L = 〈L,∨,∧,⊗,→,0,1〉. (1)

In this lattice, we define negation by¬a = a → 0. Another important operation isbiresiduationdefined by

a ↔ b = (a → b) ∧ (b → a).

The residuated lattice (1) is an IMTL-algebra if it is prelinear, i.e.

(a → b) ∨ (b → a) = 1, a, b ∈ L, (2)

and the double negation¬¬a = a holds true for alla ∈ L. It is a BL-algebra if it is prelinear (2) and divisible, i.e.

a ⊗ (a → b) = a ∧ b, a, b ∈ L. (3)

A Π-algebra is a BL-algebra fulfilling

¬¬a ≤ (a → a ⊗ b) → b ⊗ ¬¬b, a, b ∈ L.
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An MV-algebra is a BL-algebra fulfilling the law of double negation.
Finally, ŁΠ-algebra is the algebra

L = 〈L,∨,∧,⊗,⊙,
Ł
→,

Π

→,0,1〉 (4)

where

(i) 〈L,∨,∧,⊗,
Ł
→,0,1〉 is an MV-algebra,

(ii) 〈L,∨,∧,⊙,
Π

→,0,1〉 is a Π-algebra,
(iii) a ⊙ (b ⊖ c) = (a ⊙ b) ⊖ (a ⊙ c)

holds for alla, b, c ∈ L where

a ⊖ b = a ⊗
Ł
¬ b

Ł
¬¬¬ a = a

Ł
→ 0.

We will further define
Π

¬ a = a
Π

→ 0 and∆a =
Π

¬
Ł
¬¬¬ a. The algebra of truth values iscompleteif its lattice reduct is complete.

A very important operation for the development of fuzzy typetheory is theBaaz delta operation, which is a unary operation
on L fulfilling the following properties:

∆a ∨ ¬∆a = 1, ∆(a ∨ b) ≤ ∆a ∨ ∆b,

∆a ≤ a, ∆a ≤ ∆∆a,

∆(a → b) ≤ ∆a → ∆b, ∆1 = 1.

For the details concerning properties of the above structures of truth values, see [5], [6], [7], [13].

A. Examples

Typical (standard) examples of the above introduced algebras have the supportL = [0, 1] so that the residuated lattice is
complete and has the general form

L = 〈[0, 1],∨,∧,⊗,→,0,1〉. (5)

Example of IMTL-algebra is (5) where

a ⊗ b =

{

a ∧ b, if a + b > 1,

0 otherwise
(nilpotent minimum)

a → b =

{

1, if a ≤ b,

¬a ∨ b otherwise
(residuum)

¬a = 1 − a (negation)

a ↔ b = (¬a ∧ ¬b) ∨ (a ∧ b). (biresiduation)

The Baaz delta operation is

∆(a) =

{

1 if a = 1,

0 otherwise.
(Baaz delta)

Example of BL-algebra is any residuated lattice (5) where⊗ is a continuous t-norm. For the case when⊗ is product or
minimum, we get

¬a = a → 0 =

{

1 if a = 0,

0 otherwise,
¬¬a =

{

0 if a = 0,

1 otherwise.

Łukasiewicz MV-algebra is a residuated lattice (5) where

a ⊗ b = 0 ∨ (a + b − 1), (Łukasiewicz conjunction)

a → b = 1 ∧ (1 − a + b). (Łukasiewicz implication)

Furthermore,¬a = 1 − a, anda ↔ b = 1 − |a − b|.
Example of ŁΠ-algebra is

L = 〈L,∨,∧,⊗, ·,
Ł
→,

Π

→,0,1〉
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where

a
Ł
→ b = 1 ∧ (1 − a + b), a ⊗ b = 0 ∨ (a + b − 1),

a
Π

→ b =

{

1 a ≤ b,
b
a

otherwise,

Ł
¬ a = 1 − a,

Π

¬ a =

{

1 a = 0,

0 otherwise,
a ⊖ b = 0 ∨ (a − b).

All these examples are algebras considered in fuzzy logic theory. It has been proved that IMTL, BL and Łukasiewicz
propositional fuzzy logics are standard complete, i.e. their formulas are provable iff they are true in all the above standard
algebras.

B. Fuzzy equality and extensionality of functions

Important fuzzy relation is that of a fuzzy equality
.
=: M × M −→ L

which must fulfil the following properties:

(i) reflexivity [m
.
= m] = 1,

(ii) symmetry [m
.
= m′] = [m′ .

= m],
(iii) ⊗-transitivity [m

.
= m′] ⊗ [m′ .

= m′′] ≤ [m
.
= m′′]

for all m,m′,m′′ ∈ M where[m
.
= m′] denotes atruth valueof m

.
= m′.

Example of a fuzzy equality onM = [u, v] ⊂ R with respect to IMTL∆-algebra is

[m =ǫ n] =















1, if m = n,

1
v−u

((v − m) ∧ (v − n))

∨((m − u) ∧ (n − u)),

m, n ∈ [u, v].
Let F : Mα −→ Mβ be a function and=α,=β be fuzzy equalities in the respective domainsMα and Mβ . Then F is

extensional w.r.t=α and=β if there is a natural numberq ≥ 1 such that

[m =α m′]q ≤ [F (m) =β F (m′)], m,m′ ∈ Mα

where the power is taken with respect to⊗. We say thatF is strongly extensionalif q = 1. It is weakly extensionalif

[m =α m′] = 1 implies that [F (m) =β F (m′)] = 1.

This equivalent to the condition
∆[m =α m′] ≤ [F (m) =β F (m′)].

It is easy to prove that each fuzzy equality=α (as a binary function) is strongly extensional w.r.t. itself and ↔. The↔ is a
fuzzy equality onL strongly extensional w.r.t. itself;∧ is strongly, and∆ is weakly extensional w.r.t.↔.

III. SYNTAX AND SEMANTICS OF IMTL-FTT

A. Syntax

a) Basic syntactical elements:Let ǫ, o be distinct objects. ThenTypesis the smallest set of symbols fulfilling the conditions

(i) ǫ, o ∈ Types,
(ii) If α, β ∈ Typesthenαβ ∈ Types.

Each formula in the fuzzy type theory is assigned a typeα ∈ Typeswritten as its subscript. Then we introduce primitive
symbols, that are variablesxα, . . ., special constantscα, . . ., ιǫ(oǫ), ιo(oo) (description operators), the symbolλ and various
kinds of brackets. Among special constant we putE(oα)α (equality), C(oo)o (conjunction) andDoo (Baaz delta).
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b) Formulas: the set of formulas is the smallest setForm fulfilling for all α, β ∈ Typesthe conditions

(i) xα ∈ Form,
(ii) cα ∈ Form,
(iii) if Bβα ∈ Form andAα ∈ Form then (BβαAα) ∈ Form,
(iv) if Aβ ∈ Form thenλxα Aβ ∈ Form.

Let us remark that formulas are also calledlambda-terms, especially in fuzzy type theories developed for the applications in
computer science (cf. [2] and elsewhere).

To simplify the notation, we will often writeA ∈ Formα to stress thatA is a formula of typeα (without writing explicitly
its type as a subscript).

The following are basic definitions of symbols of FTT:

(a) Fuzzy equivalence/fuzzy equality
≡ := λxα (λyα E(oα)α yα)xα.

(b) Conjunction∧∧∧ := λxo (λyo C(oo)o yo)xo.
(c) Baaz delta∆∆∆ := λxo Doo xo.
(d) Representation of truth⊤ := (λxo xo ≡ λxo xo)

and falsity ⊥ := (λxo xo ≡ λxo ⊤).
(e) Negation¬¬¬ := λxo (⊥ ≡ xo).
(f) Implication⇒⇒⇒ := λxo (λyo ((xo ∧∧∧ yo) ≡ xo)).
(g) Special connectives

∨∨∨ := λxo(λyo(((xo ⇒⇒⇒ yo) ⇒⇒⇒ yo) ∧ ((yo ⇒⇒⇒ xo) ⇒⇒⇒ xo))), (disjunction)

&&& := λxo(λyo(¬¬¬(xo ⇒⇒⇒¬¬¬yo))). (strong conjunction)

(h) General quantifier(∀xα)Ao := (λxα Ao ≡ λxα ⊤).

B. Semantics

Semantics of FTT is a generalization of the semantics of first-order fuzzy logic. LetD be a set of objects andL be a set
of truth values. Abasic frameis a system of sets(Mα)α∈Types whereMǫ = D is a set of objects,Mo = L is a set of truth
values and ifγ = βα thenMγ ⊆ MMα

β . A frame is a system

M = 〈(Mα,=α)α∈Types,L〉

whereL the algebra of truth values; namely either of IMTL∆, Łukasiewicz∆, BL∆ or ŁΠ-algebra depending on the concrete
fuzzy type theory (see further explanation). Furthermore,=α is a fuzzy equality onMα and for α 6= o, ǫ, each function
F ∈ Mα is weakly extensional.

A general modelis a frame such that every formulaAα, α ∈ Types, has interpretation in it (i.e. there is an element in the
corresponding setMα of the frame that interpretsAα).

Because of lack of space, we will omit precise definition of interpretation of formulas. The reader may find it in [10]. Let
us remark only that the formula of the formλxα Aβ is in M interpreted as a function assigning to everym ∈ Mα an element
from Mβ that is obtained as an interpretation ofAβ in which all occurrences ofxα are replaced by the correspondingm. For
example, interpretation ofλxα Ao is a fuzzy set onMα determined by the property represented by the formulaAo.

IV. L OGICAL AXIOMS AND INFERENCE RULES OFIMTL-FTT

In this section, we will overview logical axioms of IMTL-FTTthat have been in details presented in [10]. Logical axioms
of the other three FTT will be obtained as a modification of them and presented in the next section.

The logical axioms of IMTL-FTT are divided into several groups.

Fundamental equality axioms
(FTI1) ∆∆∆(xα ≡ yα) ⇒⇒⇒ (fβα xα ≡ fβα yα)

(FTI21) (∀xα)(fβα xα ≡ gβα xα) ⇒⇒⇒ (fβα ≡ gβα)
(FTI22) (fβα ≡ gβα) ⇒⇒⇒ (fβα xα ≡ gβα xα)
(FTI3) (λxαBβ)Aα ≡ Cβ

whereCβ is obtained fromBβ by replacing all free occurrences ofxα in it by Aα, provided thatAα is substitutable
to Bβ for xα (lambda conversion).

(FTI4) (xǫ ≡ yǫ) ⇒⇒⇒ ((yǫ ≡ zǫ) ⇒⇒⇒ (xǫ ≡ zǫ))

Truth structure axioms
(FTI5) (xo ≡ yo) ≡ ((xo ⇒⇒⇒ yo)∧∧∧ (yo ⇒⇒⇒ xo))
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(FTI6) (Ao ≡ ⊤) ≡ Ao

(FTI7) (Ao ⇒⇒⇒ Bo) ⇒⇒⇒ ((Bo ⇒⇒⇒ Co) ⇒⇒⇒ (Ao ⇒⇒⇒ Co))
(FTI8) (Ao ⇒⇒⇒ (Bo ⇒⇒⇒ Co)) ≡ (Bo ⇒⇒⇒ (Ao ⇒⇒⇒ Co))
(FTI9) ((Ao ⇒⇒⇒ Bo) ⇒⇒⇒ Co) ⇒⇒⇒ (((Bo ⇒⇒⇒ Ao) ⇒⇒⇒ Co) ⇒⇒⇒ Co)

(FTI10) (¬¬¬Bo ⇒⇒⇒¬¬¬Ao) ≡ (Ao ⇒⇒⇒ Bo)
(FTI11) Ao ∧∧∧ Bo ≡ Bo ∧∧∧ Ao

(FTI12) Ao ∧∧∧ Bo ⇒⇒⇒ Ao

(FTI13) (Ao ∧∧∧ Bo)∧∧∧ Co ≡ Ao ∧∧∧ (Bo ∧∧∧ Co)
(FTI14) (goo(∆∆∆xo)∧∧∧ goo(¬¬¬∆∆∆xo)) ≡ (∀yo) goo(∆∆∆yo)
(FTI15) ∆∆∆(Ao ∧∧∧ Bo) ≡ ∆∆∆Ao ∧∧∧∆∆∆Bo

Quantifier axiom
(FTI16) (∀xα)(Ao ⇒⇒⇒ Bo) ⇒⇒⇒ (Ao ⇒⇒⇒ (∀xα)Bo) wherexα is not free inAo.

Axioms of descriptions
(FTI17) ια(oα)(E(oα)α yα) ≡ yα, α = o, ǫ

c) Inference rules and provability.:There are two inference rules in all the discussed fuzzy typetheories.

(R)
Let Aα ≡ A′

α and B ∈ Formo. Then, inferB′ where
B′ comes fromB by replacing one occurrence ofAα,
which is not preceded byλ, by A′

α.

(N) Let Ao ∈ Formo. Then infer∆∆∆Ao from Ao.

V. FORMAL THEORIES IN IMTL-FTT

A theoryT over FTT is set of formulas of typeo (truth value). The provability in the theoryT is defined as usual;T ⊢ Ao

means thatAo is provable inT .
The following theorems summarize some of the important properties of IMTL-FTT. For the precise proofs of them see [10].

Theorem 1
(a) If ⊢ Ao then⊢ (∀xα)Ao (Rule of generalization).
(b) ⊢ (∀xα)Bo ⇒⇒⇒ Bo,xα

[Aα] (Substitution axioms).
(c) If T ⊢ Ao andT ⊢ Ao ⇒⇒⇒ Bo thenT ⊢ Bo (Rule of modus ponens).

It can be proved that IMTL-FTT includes formal system of the first-order IMTL-logic.

Theorem 2 (Deduction theorem)
Let T be a theory,Ao ∈ Formo a formula. Then

T ∪ {Ao} ⊢ Bo iff T ⊢ ∆∆∆Ao ⇒⇒⇒ Bo

holds for every formulaBo ∈ Formo.

Theorem 3 (Equality theorem)

⊢ ∆∆∆(xβ ≡ yβ) ⇒⇒⇒ ∆∆∆((fαβ ≡ gαβ) ⇒⇒⇒ (fαβ xβ ≡ gαβ yβ))

Theorem 4 (Description operator theorem)

⊢ ιγ(oγ)(E(oγ)γ yγ) ≡ yγ

holds for every typeγ ∈ Types.

Note that interpretation ofpoα is a fuzzy set. It can be demonstrated that interpretation ofια(oα)poα is a typical element
(prototype)of poα, namely, an arbitrary but fixed element from its kernel (if this fuzzy set is subnormal then there is no such
element).

Let T be a theory of IMTL-FTT.

(i) T is contradictory if
T ⊢ ⊥.
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Otherwise it isconsistent.
(ii) T is maximal consistentif each its extensionT ′, T ′ ⊃ T is inconsistent.
(iii) T is completeif

T ⊢ Ao ⇒⇒⇒ Bo or T ⊢ Bo ⇒⇒⇒ Ao.

holds for every two formulasAo, Bo.
(iv) T is extensionally completeif for every closed formula of the formAβα ≡ Bβα, T 6⊢ Aβα ≡ Bβα implies that there is

a closed formulaCα such thatT 6⊢ AβαCα ≡ BβαCα.

Theorem 5
Every consistent theoryT can be extended to a maximal consistent theoryT which is complete. To every consistent theoryT

there is an extensionally complete consistent theoryT which is an extension ofT .

Theorem 6 (Completeness)
(a) A theoryT of fuzzy type theory is consistent iff it has a general modelM.
(b) For every theoryT and a formulaAo,

T ⊢ Ao iff T |= Ao.

VI. OTHER FUZZY TYPE THEORIES

In this section, we will present systems of logical axioms ofthe other three fuzzy type theories, namely Ł-FTT (Łukasiewicz
fuzzy type theory), BL-FTT and ŁΠ-FTT. Their syntax and semantics is essentially the same. They differ in some of the
definitions and by logical axioms that are obtained as modification of the logical axioms of IMTL-FTT.

A. Łukasiewicz-fuzzy type theory

This is another important kind of fuzzy type theory that differs from IMTL-FTT by the definition of disjunction:

∨∨∨ := λxo(λyo(xo ⇒⇒⇒ yo) ⇒⇒⇒ yo).

Logical axioms of Ł-FTT are (FTI1)–(FTI17) and, further, the axiom
(FTŁ18) (Ao ∨∨∨ Bo) ≡ (Bo ∨∨∨ Ao).

There is also simpler alternative which uses Rose-Rosser implication axioms for characterization of the structure of truth
values. Then, axioms (FTI7)–(FTI10) should be replaced by the following axioms.

Implication axioms
(FTŁ7) Ao ⇒⇒⇒ (Bo ⇒⇒⇒ Ao)
(FTŁ8) (Ao ⇒⇒⇒ Bo) ⇒⇒⇒ ((Bo ⇒⇒⇒ Co) ⇒⇒⇒ (Ao ⇒⇒⇒ Co))
(FTŁ9) (¬¬¬Bo ⇒⇒⇒¬¬¬Ao) ≡ (Ao ⇒⇒⇒ Bo)

(FTŁ10) (Ao ∨∨∨ Bo) ≡ (Bo ∨∨∨ Ao)

Completeness of Ł-FTT formulated in Theorem 6 is provable.

B. BL-fuzzy type theory

Recall that BL stands forbasic fuzzy logicdeveloped by P. H́ajek in [7]. Since the law of double negation does not hold in
BL-algebra, we must introduce a new special constantSo(oo) interpreted by the operation of supremum. Moreover, we must
introduce the following definition of the disjunction connective:

∨∨∨ := λxoλyo(S(oo)o yo)xo.

Obviously this is a formula of type(oo)o. In the same spirit as above, we will writexo ∨∨∨ yo instead of(∨∨∨xo)yo.
Axioms of BL-FTT are (FTI1)–(FTI17) and, moreover,

(FTBL18) (Ao ∧∧∧ Bo) ⇒⇒⇒ A&&&(Ao ⇒⇒⇒ Bo)
(FTBL19) ⊢ Bo,xα

[Aα] ⇒⇒⇒ (∃xα)Bo.
(FTBL20) (∀xα)(Ao ⇒⇒⇒ Bo) ⇒⇒⇒ ((∃xα)Ao ⇒⇒⇒ Bo)
(FTBL21) (∀xα)(Ao ∨∨∨ Bo) ⇒⇒⇒ ((∀xα)Ao ∨∨∨ Bo)

On the basis of Theorem 5, it is possible to prove the following lemma:

Lemma 1
Let T be an extensionally complete theory of BL-FTT. Then it is Henkin: if T 6⊢ (∀xα)Ao holds for a closed formula(∀xα)Ao

then there is a closed formulaCα such thatT 6⊢ Ao,xα
[Cα].

This lemma enables to prove completeness of BL-FTT in the form of Theorem 6. However, the item (a) holds w.r.t.safe
general models, that is, models in which all the necessary suprema and infimaexist (cf. [7]). The reason is that completion of
the structure of truth values is not generally possible.
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C. ŁΠ-fuzzy type theory

In this case, we must consider two fuzzy equalities, namely
Ł
≡ and

Π

≡. Further, we will consider a new special constant
P(oo)o interpreted by the special product⊙ (in the case that the support of truth values isL = [0, 1] then⊙ is the ordinary
product of reals).

Let τ, ν ∈ {Ł,Π}. The following are definitions of special symbols:

��� := λxo (λyo Pooyo)xo

τ
⇒⇒⇒ := λxo λyo · xo ∧∧∧ yo

τ
≡ xo,

τ
¬¬¬ := λxo (xo

τ
⇒⇒⇒ ⊥)

&&& := λxo λyo ·
Ł
¬¬¬(xo

Ł
⇒⇒⇒

Ł
¬¬¬ yo)

∆∆∆ := λxo ·
Π

¬¬¬
Ł
¬¬¬xo

∨∨∨ := λxo λyo · (xo
Ł
⇒⇒⇒ yo)

Ł
⇒⇒⇒ yo,

G
⇒⇒⇒ := λxo λyo ·∆∆∆(xo

Ł
⇒⇒⇒ yo)∨∨∨ yo,

(∀xα)Ao := (λxα Ao

Ł
≡ λxα ⊤),

D. Logical axioms

The following are logical axioms of ŁΠ-FTT where againτ, ν ∈ {Ł,Π}.

Fundamental equality axioms

(FTŁΠ1) ∆∆∆(xα

τ
≡ yα)

Ł
⇒⇒⇒ (fβα xα

ν
≡ fβα yα),

whereτ 6= ν,
(FT2ŁΠ1) (∀xα)(fβα xα

τ
≡ gβα xα)

Ł
⇒⇒⇒ (fβα

τ
≡ gβα)

(FT2ŁΠ2) (fβα

τ
≡ gβα)

Ł
⇒⇒⇒ (fβα xα

τ
≡ gβα xα)

(FTŁΠ3) (λxα Bβ)Aα

τ
≡ Cβ

whereCβ is obtained fromBβ by replacing all free occurrences ofxα in it by Aα, provided thatAα is substitutable
to Bβ for xα (lambda conversion).

(FTŁΠ4) (xǫ

τ
≡ yǫ)

τ
⇒⇒⇒ ((yǫ

τ
≡ zǫ)

τ
⇒⇒⇒ (xǫ

τ
≡ zǫ))

Truth structure axioms
(FTŁΠ5) (xo

τ
≡ yo)

Ł
≡ ((xo

τ
⇒⇒⇒ yo)∧∧∧ (yo

τ
⇒⇒⇒ xo))

(FTŁΠ6) (Ao

τ
≡ ⊤)

Ł
≡ Ao

(FTŁΠ7) (Ao
τ
⇒⇒⇒ Bo)

τ
⇒⇒⇒ ((Bo

τ
⇒⇒⇒ Co)

τ
⇒⇒⇒ (Ao

τ
⇒⇒⇒ Co))

(FTŁΠ8) (Ao
τ
⇒⇒⇒ (Bo

τ
⇒⇒⇒ Co))

Ł
≡ (Bo

τ
⇒⇒⇒ (Ao

τ
⇒⇒⇒ Co))

(FTŁΠ9) ((Ao
τ
⇒⇒⇒ Bo)

τ
⇒⇒⇒ Co)

τ
⇒⇒⇒ (((Bo

τ
⇒⇒⇒ Ao)

τ
⇒⇒⇒ Co)

τ
⇒⇒⇒ Co)

(FTŁΠ10) (
Ł
¬¬¬Bo

Ł
⇒⇒⇒

Ł
¬¬¬Ao)

Ł
≡ (Ao

Ł
⇒⇒⇒ Bo)

(FTŁΠ11) Ao ∧∧∧ Bo

Ł
≡ Bo ∧∧∧ Ao

(FTŁΠ12) Ao ∧∧∧ Bo
Ł
⇒⇒⇒ Ao

(FTŁΠ13) (Ao ∧∧∧ Bo)∧∧∧ Co

Ł
≡ Ao ∧∧∧ (Bo ∧∧∧ Co)

(FTŁΠ14)
Π
¬¬¬

Π
¬¬¬Ao

Π
⇒⇒⇒ ((Ao

Π
⇒⇒⇒ Ao ��� Bo)

Π
⇒⇒⇒ (

Π
¬¬¬

Π
¬¬¬Bo ��� Bo))

(FTŁΠ15) Ao ���(Ao
Π
⇒⇒⇒ Bo)

Ł
≡ Ao ∧∧∧ Bo

Quantifier axiom
(FTŁΠ16) (∀xα)(Ao

Ł
⇒⇒⇒ Bo)

Ł
⇒⇒⇒ (Ao

Ł
⇒⇒⇒ (∀xα)Bo)

wherexα is not free inAo

Axioms of descriptions
(FTŁΠ17) ια(oα)(E(oα)α yα)

Ł
≡ yα, α = o, ǫ

The inference rule (R) from Section IV is formulated only forτ = Ł. Similarly as in the case of BL-fuzzy type theory,
completeness Theorem 6 holds w.r.t.safe general models.

VII. C ONCLUSION

In this paper, we have formed four kinds of fuzzy type theories as fuzzy logics of higher order. These logics are necessary
when we want to model natural human reasoning which is specific by the use of natural language. Because of the complexity
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of the latter, first-order (fuzzy) logic is not sufficient. However, fuzzy type theory is extremely powerful formal system which
can be used in arbitrary mathematical model.

The reason why we confined just to IMTL-FTT, Ł-FTT, BL-FTT andŁΠ-FTT lays in their potential for various kinds of
applications. The IMTL-FTT should be taken as fundamental fuzzy type theory so that the other ones are obtained as specific
extensions of it. The most powerful is ŁΠ-FTT which, on the other hand, is the most complicated. Therefore, if the product
connective��� is unnecessary, it is better to confine to Ł-FTT only. If our main task is the fuzzy approximation theory then
BL-FTT is convenient. Its drawback, however, is the lack of the law of double negation that is very important when modeling
natural human reasoning. Note that ŁΠ-FTT contains all the other three fuzzy type theories. Let usalso remark that a slightly
different formal system of ŁΠ-FTT that is not based onλ-notation has been developed in [3] with the goal to establish formal
background for fuzzy mathematics.

It is probable that we can develop more kinds of FTT than the above four ones. This should be done, however, only when
there is essential substantiation for them.
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[7] Hájek, P.,Metamathematics of fuzzy logic. Kluwer, Dordrecht, 1998.
[8] Henkin, L., Completeness in the theory of types.J. Symb. Logic15(1950), 81–91.
[9] Novák, V.: On the syntactico–semantical completeness of first–order fuzzy logic. Part I. Syntax and Semantics, Part II. Main Results. Kybernetika

26(1990), 47–66, 134–154.
[10] Novák, V.: On fuzzy type theory.Fuzzy Sets and Systems149(2005), 235–273.
[11] Novák, V.: From Fuzzy Type Theory to Fuzzy Intensional Logic. Proc. Third Conf. EUSFLAT 2003, University of Applied Sciences at Zittau/Goerlitz,

Germany 2003, 619–623.
[12] Novák, V.: Descriptions in Full Fuzzy Type Theory.Neural Network World13(2003), 5, 559–569.
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