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A POLYNOMIAL CHARACTERIZATION OF CONGRUENCE CLASSESRadim BìlohlávekInstitute for Research and Applications of Fuzzy ModelingUniversity of OstravaBráfova 7, 701 03 Ostrava, Czech Republice-mail: belohlav@osu.czandDepartment of Computer ScienceTechnical University of Ostravatø. 17. listopadu, 708 33 Ostrava-Poruba, Czech RepublicIvan ChajdaDepartment of Algebra and GeometryPalacký University OlomoucTomkova 40779 00 OlomoucCzech Republice-mail: chajda@risc.upol.czAbstractLet V be a regular and permutable variety and A = (A;F ) 2 V . Let ; 6= C � A. Weget an explicite list L of polynomials such that C is a congruence class of some � 2 ConA i�C is closed under all terms of L. Morevover, if V is of a �nite similarity type, L is �nite. Ifalso A 2 V is �nite, all polynomials of L can be considered to be unary. We get a formula forthe estimation of cardL. The problem of deciding whether C is a congruence class is a �nitealgebra is in NP but for A 2 V it is in P .1991 Mathematics Subject Classi�cation: 08A30, 08A40, 08B05, 68Q25Let A = (A;F ) be an algebra, let ; 6= C � A. It was proved by A. I. Mal'cev [5] that C is a class ofsome � 2 ConA if and only if either �(C) \ C = ; or �(C) � Cfor any translation of A. Let us recall that by a translation is in [5] meant a unary polynomial. Althoughthis characterization is simple and very useful thourough general algebra, its disadvantage is that analgebra A = (A;F ) can have an in�nite number of unary polynomials even if A or F are �nite. Weare going to give another polynomial characterization of congruence classes for algebras of regular andpermutable varieties where for F �nite we need only a �nite set of testing polynomials.Recall that an algebra A = (A;F ) is regular if � = � for �;� 2 ConA whenever they have acongruence class in common. A is permutable if � � � = � � � for every �;� 2 ConA. A variety V isregular or permutable if each A 2 V has this property.The following Mal'cev type characterization was derived independently in [2], [3].



Proposition. A variety V is regular and permutable if and only if there exist n � 1 ternary termst1; : : : ; tn and a (3 + n)�ary term q such that(�) ti(x; x; z) = z for i = 1; : : : ; nx = q(x; y; z; t1(x; y; z); : : : ; tn(x; y; z))y = q(x; y; z; z; : : : ; z) :Throughout the paper all refered terms t1; : : : ; tn; q are those of (�).Theorem 1. Let V be a regular and permutable variety, let A = (A;F ) 2 V and ; 6= C � A. Then C isa class of some � 2 ConA if and only if the following conditions hold:(A) if ti(aj ; bj ; c) 2 C for c 2 C, i = 1; : : : ; n, j = 1; : : : ;m and f 2 F is m�ary thenti(f(a1; : : : ; am); f(b1; : : : ; bm); c) 2 C;(B) if c; d 2 C, a 2 A and ti(a; d; c) 2 C for i = 1; : : : ; n then a 2 C;(C) if c; d 2 C then ti(d; c; c) 2 C for i = 1; : : : ; n.P r o o f : Consider A 2 V , ; 6= C � A, c 2 C and suppose (A), (B), (C ). We prove that C is a class ofsome � 2 ConA.Introduce a binary relation � on A as follows:(��) ha; bi 2 � i� t1(a; b; c) 2 C; : : : ; tn(a; b; c) 2 Cfor the terms t1; : : : ; tn of (�). Since ti(a; a; c) = c 2 C, � is re
exive. By (A) we easily infer that � is alsocompatible with any m�ary operation f 2 F . Hence, by [6], � 2 ConA.Let x 2 [c]�. Then hx; ci 2 � and, by (��), ti(x; c; c) 2 C for i = 1; : : : ; n. By (B) we infer x 2 C, i.e.[c]� � C.Suppose x 2 C. Using (C) we get ti(x; c; c) 2 C (i = 1; : : : ; n). By (��) we have hx; ci 2 � thus x 2 [c]�.Hence C � [c]�. We have proved that C is a congruence class of �.Conversely, let C be a class of some � 2 ConA and c 2 C. Suppose ti(aj ; bj ; c) 2 C for j = 1; : : : ;m,i = 1; : : : ; n and let f 2 F be m�ary. Then hti(aj ; bj ; c); ci 2 � and, by (�), we obtainaj = q(aj ; bj ; c; t1(aj ; bj ; c); : : : ; tn(aj ; bj ; c))bj = q(aj ; bj ; c; c; : : : ; c)whence haj ; bji 2 �. Applying compatibility of � we conclude hf(a1; : : : ; am); f(b1; : : : ; bm)i 2 �. Thushti(f(a1; : : : ; am); f(b1; : : : ; bm); c); ci == hti(f(a1; : : : ; am); f(b1; : : : ; bm); c); ti(f(b1; : : : ; bm); f(b1; : : : ; bm); c); ci 2 �by (�) of Proposition. Hence, (A) holds.Now, let ti(a; d; c) 2 C = [c]� for some d 2 C and i = 1; : : : ; n. Then hti(a; d; c); ci 2 � and, by (�),a = q(a; d; c; t1(a; d; c); : : : ; tn(a; d; c))d = q(a; d; c; c; : : : ; c) :Hence ha; di 2 �. However, d 2 C = [c]� thus also a 2 C proving (B).If c; d 2 C = [c]� then hti(d; c; c); ci = htj(d; c; c); ti(c; c; c)i 2 �thus ti(d; c; c) 2 C as required in (C ). 2Let us introduce the following concept. If p(x1; : : : ; xn; y1; : : : ; ym) is an (m + n)�ary term of analgebra A = (A;F ) and C � A, we say that C is y�closed under p if p(a1; : : : ; an; c1; : : : ; cm) 2 C forany a1; : : : ; an 2 A and any c1; : : : ; cm 2 C.Theorem 2. Let V be a regular and permutable variety, let A = (A;F ) 2 V and ; 6= C � A. Then C isa congruence class of some � 2 ConA if and only if C is y�closed under the following terms:3



(a) ti(f(q(x1; x01; y; y11; : : : ; y1n); : : : ; q(xm; x0m; y; ym1; : : : ; ymn));f(x01; ; : : : ; x0m); y)for each m�ary f 2 F and every i = 1; : : : ; n;(b) q(x; y; y0; y1; : : : ; yn)(c) ri(y1; y2) = ti(y1; y2; y2) for i = 1; : : : ; n .P r o o f : Let ; 6= C � A be y�closed under the terms of (a), (b) and (c). By Theorem 1 we have to showthe validity of (A), (B) and (C).Let ti(aj ; bj ; c) 2 C for i = 1; : : : ; n, j = 1; : : : ;m and f 2 F be m�ary. By (a) and (�) of Propositionwe haveti(f(a1; : : : ; am); f(b1; : : : ; bm); c) == ti(f(q(a1; b1; c; t1(a1; b1; c); : : : ; tn(a1; b1; c)); : : : ;q(am; bm; c; t1(am; bm; c); : : : ; tn(am; bm; c))); f(b1; : : : ; bm); c) 2 Cproving (A).Suppose ti(a; d; c) 2 C for some c; d 2 C, a 2 A and i = 1; : : : ; n. By (b) and (�) we obtaina = q(a; d; c; t1(a; d; c); : : : ; tn(a; d; c)) 2 C ;whence (B) is evident.Clearly, from (c) we infer (C).By Theorem 1, C is a class of some � 2 ConA.Conversely, if C is a congruence class of some � 2 ConA then the closeness under terms listed in (a),(b) and (c) follows immediately from (�) and the substitution property of �. 2Corollary 1. Let V be regular and permutable variety of a �nite similarity type, let A = (A;F ) 2 V,; 6= C � A. Then C is a congruence class of some � 2 ConA if and only if C is y�closed under a �nitenumber h of terms of (a), (b),(c); especially, if k = cardF then h � n(k + 1) + 1 where n is taken fromProposition.Examples. Let V be a variety of quasigroups, i.e. a variety of type (2; 2; 2) satisfying the identitiesx � (xny) = y (y=x) � x = yxn(x � y) = y (y � x)=x = y :Then V is regular and permutable sincet1(x; y; z) = y=(znx)q(x; y; z; u) = z(uny)are the terms of (�) of the Proposition. Let Q = (Q; �; n; =) 2 V and ; 6= C � Q. By Theorem 2, C is acongruence class of some � 2 ConQ if and only if C is closed under the following terms (see also [1]):p1(x1; x2; y1; y2; y3) = (x1x2)=(y3n[(y3(y1nx1))(y3(y2nx2))])p2(x1; x2; y1; y2; y3) = (x1=x2)=(y3n[(y3(y1nx1))=(y3(y2nx2))])p3(x1; x2; y1; y2; y3) = (x1nx2)=(y3n[(y3(y1nx1))n(y3(y2nx2))])p4(y1; y2; y3) = y1(y2ny3)p5(y1; y2; y2) = y2=(y2ny1) :4



Remark. Let us note that in the just presented example, n = 1, k = 3, the upper estimation of numberof terms is 1 � (3+ 1)+1 = 5 so the upper bound is reached. Consider a variety V of groups. V is regularand permutable, one can take t1(x; y; z) = xy�1zq(x; y; z; u) = uz�1y :Following Theorem 2 we get the termsp1(x1; y1; y2; y3) = y1y�13 x1y2y�13 x�11 y3p2(x1; y1; y2) = x�11 y2y�11 x1y2p3(y1) = y1p4(y1; y2; y3) = y3y�12 y1p5(y1) = y1 :If a subset of a carrier set of a group is y�closed under p1 then it is evidently y�closed under p3; p4 andp5. For example, substituing the unit element e for x1 in p1 we get p4 (variable indicies are unimportant).Furthermore, the y�closeness under p1 and p4 implies the y�closeness under p4(y3; p1(x�11 ; y1; y2; y3); y1).Since the last term is the same as p2, we have shown that in the case of groups we have only onecharacterisctic term (p1), although the upper bound is 5.Remark. Returning to Mal'cev result from the computational point of view, we must verify possiblein�nite number of unary polynomials even in the case of �nite algebra having �nite similarity type. Ourmethod deals with a �nite number of unary polynomials in the regular and permutable case:Corollary 2. Let V be regular and permutable variety of a �nite similarity type F , A 2 V, ; 6= C � A.Then C is a class of some � 2 ConA i� it is closed under �nite number h of unary polynomials.Especially, if F = ffi; i = 1; : : : ; kg and each fi is �(fi)�ary, l = cardC, m = cardA thenh � n kXi=1 m2�(fi)ln�(fi) +mln+1 + nl :P r o o f : Consider any term of the formti(f(q(x1; x01; y; y11; : : : ; y1n); : : : ; q(xm; x0m; y; ym1; : : : ; ymn));f(x01; ; : : : ; x0m); y)of Theorem 2(a). It is clear that C is y � closed under this term if and only if it is closed under all theunary polynomials (the variable is y)ti(f(q(a1; a01; y; c11; : : : ; c1n); : : : ; q(am; a0m; y; cm1; : : : ; cmn));f(a01; ; : : : ; a0m); y)where a1; a01; : : : ; am; a0m 2 A, c11; : : : ; cmn 2 C. It is easy to see that the number of these terms ism2�(f)ln�(f) for each i = 1; : : : ; n. Summing over F we get the number nPki=1m2�(fi)ln�(fi) of unarypolynomials, the �rst term. Similarly, for conditions (b) and (c) of Theorem 2 we get the resting termsmln+1 and nl. 2Let us think about the computational complexity of this problem. We are given an algebraA = (A;F )with both A and F �nite of a regular and permutable variety and a nonempty set C � A. Decide whetherC is a congruence class of some � 2 ConA. Denote this problem by p. Furthermore, denote by pV thesame problem for algebras of a given regular and permutable variety V only for which the terms q; t1; : : : ; tnare known. In the resting part let k; l;mfi; � have the same meaning as in Corollary 2.Following the conventional approach (which is applicable for arbitrary algebras) one would generateall the partitions of A with C as a class. Note that in the case of regular algebras, if cardC > 1 then the5



partitions containing at least one singleton class can be omitted (there is only one congruence relationwith singleton classes, namely !), while the case cardC = 1 is trivial. For each such a partition we haveto testify the substitution property with respect to every operation f 2 F . Let us enumerate the numberof partitions to testify.Using the Principle of Inclusion and Exclusion (see e.g. [4]) there arerXi=0(�1)i�ri�(r � i)ponto mappings from a p�element A set onto an r�element set. Each such a mapping induces a partitionon A (its kernel). For each partition there are exactly r! mappings inducing it. Therefore, there are1r! rXi=0(�1)i�ri�(r � i)ppartitions of a p�element set into r classes. The number of all partitions of a p�element set is thus�(p) = pXr=1 1r! rXi=0(�1)i�ri�(r � i)pLittle bit more complicated arguments using the Generalized principle of inclusion and exclusion ([4])lead to the observation that there are�0(p) = pXr=1 p! pXj=1 (�1)jj! rXi=j (�1)i(r � p)(p�i)(i� j)!(p� i)!(r � i)!partitions of a p�element set containing at least one singleton class.The problem pV is much more simple. By Theorem 2 it is enough to verify the y�closeness under thelisted terms. Arguments similar to those of Corollary 2 lead to the observation stating that there arekXi=1 nm2�(fi)ln�(fi)+1 +mln+2 + nl2 :substitutions of variables necessary to check the y�closeness.Recall that by a time complexity of a given algorithm is meant a function f : N ! N such thatevery problem of size n will by succesfully solved by this algorithm after at most f(n) computationalsteps. A given problem is of time complexity f(n) if there is an algorithm solving it which is of timecomplexity f(n). Problems which can be solved by nondeterministic algorithms (deterministic algorithms)of polynomial (i.e. f is a polynomial) time complexity form the well-known class NP (P ). Problems ofNP are exactly those ones for which there is a deterministic algorithm of polynomial time complexityverifying the correctness of their solutions. The class P is considered as the class of tractable problems.Algorithms of complexities greater than polynomial are considered as unusable.Suppose one evaluation of any fundamental operation f 2 F represents one computational step. Fromthe above considerations it follows that by the conventional approach to solving our problem we have toverify the substitution property for �(m� l) equivalence relations. In the case of regular algebras a littlework can be saved, we have only �(m � l) � �0(m � l) equivalences to test. It is clear that in none ofthese cases the computational time complexity is polynomial (it is much greater). On the contrary, foralgebras from regular and permutable varieties a polynomial number of computational steps is enough.We haveTheorem 3. p 2 NP , pV 2 P .
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