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Open Theories, Consistency and RelatedResults in Fuzzy LogicVilém NovákUniversity of Ostrava, Inst. for Research & Applic. of Fuzzy ModelingABSTRACTThe paper deals with fuzzy logic in narrow sense of  Lukasiewicz style, i.e. a special kind of many-valued logicwhich is aimed at modeling of vagueness phenomenon. This logic is a generalization of  Lukasiewicz logic withmany interesting properties (for example, generalization of the deduction and completeness theorems hold in it).Our aim is to prepare the background for the resolution in fuzzy logic. We prove an analogue of the classicalHerbrand theorem as well as some other related theorems which are interesting also for the theory of approximatereasoning. The possible applications and consequences for the latter are also discussed.1. IntroductionThis paper is a contribution to the program which is development of fuzzy logic in narrow sense of Lukasiewicz style to obtain as many results generalizing the classical logic as possible. Various resultshave already been obtained demonstrating many striking parallels with the latter. Let us stress that thisenables us to understand the logical calculus in greater depth, putting a di�erent light also on classicallogic.Recall that the generalization of the classical completeness theorem holds in fuzzy logic which states,roughly speaking, that the provability and truth degrees of a formula in a fuzzy theory (a theory given bythe fuzzy set of axioms) are equal. In this paper, we step further. Our goal is to prove also generalizationof the famous Herbrand theorem. The generalization of the Hilbert{Ackermann consistency theorem, onthe basis of which the Herbrand theorem follows, has been proved in [9]. The reader has certainly noticedthat we follow the way of explanation provided by Shoen�eld in [10]. Of course, we may think also aboutdi�erent way of proving these theorems. In all cases, they provide important step to the development ofthe resolution in fuzzy logic which has successfully been proposed for propositional logic in [4].2. PreliminariesWe will recall only few basic notions of fuzzy logic in narrow sense. The reader may �nd the precisede�nitions and full proofs of theorems (if missing) in the cited papers.The set of truth values forms a residuated latticeL = hL;_;^;
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3where L is either a �nite chain, or L = [0; 1], ! is the  Lukasiewicz implication and 
 is the  Lukasiewiczproduct. We will use the operation of  Lukasiewicz sum de�ned bya� b = :(:a
:b) a; b 2 L:Furthermore, we introduce the following symbols:an = a
 � � � 
 a| {z }n�timesna = a� � � � � a| {z }n�times :The language J of �rst-order fuzzy logic consists of variables, constants, n-ary functional and predicatesymbols, binary predicate symbol = (equality sign), symbols for truth values a, binary connective)andgeneral quanti�er 8.Terms and formulas are de�ned as usual with the exception that all symbols for truth values are atomicformulas.The common abbreviations of formulas :A (negation), A_B (disjunction), A^B (conjunction), A&B( Lukasiewicz conjunction), A,B (equivalence), (9x)A, Ak are introduced (see [5, 6, 8]). Moreover, wewill use also the abbreviation A5B de�ned byA5B := :(:A&:B)and call it  Lukasiewicz disjunction.As explained in these works, syntax of fuzzy logic is evaluated by syntactic truth values. An evaluated(graded) formula is a couple [A; a]where A 2 FJ and a 2 L. The (syntactic) truth value a is the evaluation of the formula A in the syntaxof fuzzy logic.A theory T in the language J of �rst{order fuzzy logic in narrow sense (called a fuzzy theory) is a tripleT = hAL; AS ; frMP ; rGgiwhere AL; AS �� FJ are fuzzy sets of logical and special axioms respectively and rMP ; rG are many-valuedinference rules of modus ponens and generalization. By J(T ) we denote the language of fuzzy theory. Afuzzy predicate calculus is the fuzzy theory with AS = ;. By FJ , we denote the set of all well formedformulas for the given language J of �rst order fuzzy logic.If (CsemT )A = a then the formula A is true in degree a in theory T and we writeT j=a A:If (CsynT )A = a then A is a theorem in degree a of theory T and we writeT `a A:We write T ` A, T j= A instead of T `1 A, T j=1 A, respectively and say that A is a theorem of (truein) theory T .If w is a proof in theory T then we write ValT (w) for its value. If A is a formula and w its proof thenwe will write wA to stress this fact.If T is a fuzzy theory and � �� FJ(T ) a fuzzy set of formulas then T 0 = T [ � is a fuzzy theory whosespecial axioms are extended by formulas from � (as a union of fuzzy sets).We say that a fuzzy theory T is contradictory (in the strong sense) i� there is a formula A and proofswA and w:A such that ValT (wA)
ValT (w:A) > 0: (1)The fuzzy theory T is consistent in the opposite case.The proof of the following theorem can be found in [6].



4Theorem 1. A fuzzy theory T is contradictory i� T ` A holds for every formula A 2 FJ(T ).In [2] we have studied a weaker consistency condition (1) with ^ instead of 
. Surprizingly, even thisweaker condition leads in many cases to strong result of Theorem 1.In [9] we have introduced the equality predicate ful�lling the following (common) logical axioms:(E1) x = x(E2) (x1 = y1)) : : :)(xn = yn))(f(x1; : : : ; xn) = f(y1; : : : ; yn))(E3) (x1 = y1)) : : :)(xn = yn))(p(x1; : : : ; xn) = p(y1; : : : ; yn))for every n-ary functional symbol f and predicate symbol p. However, the axioms (E2) and (E3) seemto be too strong for various purposes. Therefore, we will replace them by the following weaker ones:(E2') There are m1; : : : ;mn such that(x1 = y1)m1) : : :)(xn = yn)mn)(f(x1; : : : ; xn) = f(y1; : : : ; yn)(E3') There are m1; : : : ;mn such that(x1 = y1)m1) : : :)(xn = yn)mn)(p(x1; : : : ; xn) = p(y1; : : : ; yn)Special kind of fuzzy equality is the sharp one de�ned byD(t = s) = � 1 if D(t) = D(s)0 otherwisein every model D.3. Some properties of fuzzy theoriesThe following two theorems have been proved in [9].Theorem 1 (equality) Let T `ai ti = si, i = 1; : : : ; n. Then there are m1; : : : ;mn such thatT `b A,A0 b � am11 
 � � � 
 amnnwhere A0 is a formula which is a result of replacing of terms ti by terms si in A, respectively.Theorem 2 (equivalence) Let A be a formula and B1; : : : ; Bn some of its subformulas. Let T `aiBi,B0i, i = 1; : : : ; n. Then there are m1; : : : ;mn such thatT `b A,A0 b � am11 
 � � � 
 amnnwhere A0 is a formula which is a result of replacing of the formulas B1; : : : ; Bn in A by B01; : : : ; B0n.The quanti�ers in fuzzy logic of  Lukasiewicz style preserve all the properties of those in classical logic,namely ` (8x)(A)B),(A)(8x)B) (2)` (8x)(A)B),((9x)A)B) (3)` (9x)(A)B),(A)(9x)B) (4)` (9x)(A)B),((8x)A)B) (5)where x is not free in A in (2) and (4) and in B in (3) and (5). The formula (2) is a logical axiom, theothers are provable in the degree 1. Therefore, we can introduce prenex form of a formula which has thesame meaning as in classical logic with the exception that there are more kinds of connectives (which,however, are derivable from )).Recall that variant of A0 is a formula in which (8x)B is replaced by the formula (8y)Bx[y] where y isnot free in B.



5Lemma 1. Let A be a formula and A0 its variant. Then` A,A0:Proof This easily follows from the substitution axiom, axiom (2) and equivalence theorem.Let Q(x) denote a quanti�er and Q0(x) its opposite. The prenex operations are de�ned as follows:(a) Replace A by its variant.(b) Replace :Q(x)A by Q0(x):A.(c) Replace Q(x)A_B by Q(x)(A_B) provided that x is not free in B.(d) Replace Q(x)A5B by Q(x)(A5B) provided that x is not free in B.(e) Replace Q(x)A^B by Q(x)(A^B) provided that x is not free in B.(f) Replace Q(x)A&B by Q(x)(A&B) provided that x is not free in B.(g) Replace Q0(x)A)B by Q(x)(A)B) provided that x is not free in B.(h) Replace A)Q(x)B by Q(x)(A)B) provided that x is not free in A.The following theorem on prenex form can be proved using the equivalence theorem.Theorem 3. Let A be a formula and A0 a formula obtained by some prenex operation. Then` A,A0:The following deduction theorem proved in [6] is the main tool for the proof of the following theoremon reduction for the consistency.Theorem 4 (deduction) Let A be a closed formula and T 0 = T [ f1=Ag. Then to every B thereis n such that T `a An)B i� T 0 `a B:Theorem 5 (reduction for the consistency) A theory T 0 = T [� is contradictory i� there arem1; : : : ;mn and A1; : : : ; An 2 Supp(�) such thatT `c :Am11 5 � � �5:Amnnwhere ai = �(Ai), i = 1; : : : ; n and c > :(am11 
� � �
amnn ) or c = 1 if the right-hand side is equal to 1.Corollary 1. A theory T 0 = T [ f :a�:Ag is contradictory i� T `b mA for some m and b > maor b = 1 if ma = 1.We say that a formula A is a fuzzy quasitautology in the degree a ifj=a B1& � � � &Bk)Awhere Bi are closed instances of the equality axioms. Formally, we will writej=Qa A:The following is a generalization of the Hilbert{Ackermann consistency theorem.Theorem 6 (consistency) Open theory T is contradictory i� there are p1; : : : ; pn and special ax-ioms A1; : : : ; An of the theory T such thatj=Qb : �Ap11 5 � � �5: �Apnnwhere �Ai are instances of the special axioms and b > :(ap11 
� � �
apnn ) where ai = AS(Ai), i = 1; : : : ; n.



64. Herbrand theorem in fuzzy logicTheorem 1. Let T be a fuzzy predicate calculus with equality, A be a closed existential formulaA := (9x)Band a � AS(A). Then T `b mA i� j=Qd p1B15 � � �5pnBnis a fuzzy quasitautology for some m and p1; : : : ; pn where b > ma (possibly b=1), B1; : : : ; Bn areinstances of the formula B and d > (p1 + � � �+ pn)a (or d = 1).Proof Note that ` :(9x)B,(8x):B:By Corollary 1, T `b mA i� T 0 = T [ f :a�(8x):Bgis contradictory for some m and b > ma (we have also used the equivalence theorem). By the closuretheorem, this holds i� T 0 = T [ f :a�:Bg is contradictory. By Theorem 6 there is a quasitautology ofinstances of :B j=Qd :(:B1)p15 � � �5:(:Bn)pnwhere d > :((:a)p1 
 � � � 
 (:a)pn) (or d = 1 ) if the right hand side is equal to 1). But this is equivalentwith j=Qd p1B15 � � �5pnBnand d > ::(p1a� � � � � pna) = (p1 + � � �+ pn)a.Let us now introduce the special equality axiom(8x)(B,C))r = swhere r and s are special constants for (8x)B (8x)C, respectively. Analogous axiom is considered inclassical logic in the proof of the Herbrand theorem. We will denote by TH the Henkin extension of thetheory T and T 0H = TH [ f 1�(8x)(B,C))r = s j B;C 2 FJgfurther extension of TH by special equality axioms.Let D j= T be a model. We put� D0H(A) = DH(A) for all the formulas which do not contain the equality r = s for any specialconstants r, s. Note that D0H(A) = D(A) for all formulas A 2 FJ(T ).� D0H(r = s) = DH(Bx[r],Cx[s]) where r is a special constant for (8x)B and s is that for (8x)C.Lemma 1. D0H j= T 0H :Proof The lemma obviously holds for the axioms (E1) and (E2').We now verify (E3'). Let ` (r = s)m)(px(r))px(s)) for some m and predicate p. Then we requireD0H(Bx[r],Cx[s])m � D0H(px(r)) ! D0H(px(s))to hold. However, we always can �nd appropriate m.Let us now verify the special equality axiom, i.e. thatD0H((8x)(B,C)) � D0H(r = s) = DH(Bx[r],Cx[s])



7which holds because (8x)(B,C); (8x)B,(8x)C; Bx[r],Cx[sare provable in the degree 1 (we have to use Henkin axioms and the tautology ` (8x)(A)B))(8x)A)(8x)B).Theorem 2. The theory T 0H is a conservative extension of T .Proof As proved in [7], Henkin theory TH is a conservative extension of T . Furthermore,D(A) � DH(A) � D0(A)holds for every A 2 FJ(T ). By the assumption, to every model D j= T there is a model DH j= TH suchthat D(A) = DH(A) and D(A) = D0H(A) by the construction of D0H . Hence, using Lemma 1 we obtain^fD0H(A) j D0 j= T 0Hg = ^fD(A) j D j= Tg:The theorem the follows from the completeness.Lemma 2. ` (A1)C))(� � � ((An)C))(A15 � � �5An)nC) � � �):Proof The formulas ` :C & (A)C)):A;` :A& (:A)B))B` ((A)C)& (B)C)& (:A)B)& (C)0)))Care provable in the degree 1 where the latter is equivalent with` (A)C))((B)C))(A5B)2C)):From this, we get the proposition of lemma using induction.Lemma 3. If `a A)B then `a (9x)A)(9x)B.Proof Immediately using the substitution axiom for the existential quanti�er, rule of generalizationand provable formula (3).The following is a generalization of the classical Herbrand theorem to fuzzy logic in narrow sense of Lukasiewicz style. Recall that the matrix of a formula A := (8x1) � � � (8xn)B(x1; : : : ; xn) in the prenexform is the formula B(x1; : : : ; xn). The Herbrand existential formula AH is constructed from A bysubstitution of new functional symbols in the same way as in classical logic.Theorem 3. Let T be a fuzzy theory and A 2 FJ(T ) a closed formula in prenex form and a = AS(A).Then T `b mA i� j=Qd p1A(1)H 5 � � �5pnA(n)His a fuzzy quasitautology for some m and p1; : : : ; pn where b > ma (or b = 1), d > (p1 + � � �+ pn)a (ord = 1) where A(i)H are instances of the matrix of the formula AH .



8Proof We construct a fuzzy theory T 0H being a Henkin extension of T extended further by specialequality axioms. By Theorem 2, this is conservative. Then we prove thatT `a A i� T 0H `a AH :The implication from left to right is proved in a classical way using the substitution axiom and Lemma 3.Analogously as in classical way, we also prove the opposite implication. We need the provable formulasa = a0)r(a) = r(a0) and a = a0)b = b0)s(a;b) = s(a0;b0), which follow immediately from theequality theorem.Finally, let T 0H `b mAH . Then using Theorem 1, there is a fuzzy quasitautologyj=Qd p1B15 � � �5pnBn:To �nish, we realize exchanges of Bi in the same way as in the classical proof and use Lemma 2.This theorem is not as strong as in classical logic mainly due to the multiplication constant m which isnot directly known. This appears after application of the deduction Theorem 4 in the proofs of Theorem 5and its Corollary 1 (cf. [9]); only existence of some m is assured in the former. Further elaboration of thistheorem, if possible, might be useful together with its generalization using, e.g., Mac Naughton functions.5. ConclusionIn this paper, we continue our program to develop fuzzy logic in narrow sense in a direction to covermost of the (basic) results of classical logic. We focus on fuzzy logic of  Lukasiewicz style because, asis demonstrated on lot of places, it is the most developed formal theory of fuzzy logic in narrow sensewhich seems to be the closest nontrivial generalization of classical logic. Moreover, it also meets wellthe requirement to provide syntactical reasoning on truth values and thus, it ful�ls the program of beingformal tool for modeling of the vagueness phenomenon.We dealt mainly with open fuzzy theories and proved fuzzy analogy of the famous Herbrand theorem.Further development should focus on consequences and generalizations of this theorem with the goal toestablish well formally founded resolution in fuzzy logic. To achieve this, we may start with the resultsof [4].AcknowledgmentThis paper has been supported by grant A1086501 of the GA AV ÈR and partially also by COSTAction 15.References1. Gottwald, S.: Mehrwertige Logik. Akademie{Verlag, Berlin 1989.2. Gottwald, S. and V. Novák: On the Consistency of Fuzzy Theories. Proc. VIIth IFSA World Congress,Prague, Academia, Prague 1977, 168{171.3. Hájek P.: Fuzzy logic as logic, In: G. Coletti et al., ed.: Mathematical Models of Handling PartialKnowledge in Arti�cial Intelligence, Proc. Erice (Italy), Pergamon Press 1996.4. Lehmke, S.: On Resolution-Based Derivation in `Bold' Fuzzy Logic with Weighted Expres-sions. Report Nr. 545, University of Dortmund, Germany 1994.5. Novák, V.: Fuzzy Sets and Their Applications, Adam{Hilger, Bristol, 1989.
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