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Preselection of rules is an algorithm which chooses one rule from linguistic description of
some process. This rule is then used for inference instead of the whole description. This
article studies properties of preselection and proposes use of measures of resemblance for
choosing the rule which best ts the observation.
Keywords : Preselection, Fuzzy inference, Approximate reasoning, Similarity measures.

1. Introduction
Fuzzy logic and fuzzy control became very popular recently. However, there
exist several problems when applying fuzzy logic to real world situations. One
of the most dicult ones is the computational complexity of fuzzy inference
mechanisms1 2. In the previous paper2 were presented three methods how to
deal with the computational complexity problem. Further experiments and investigations show that the best results can be obtained by means of the method
based on preselection of the most suitable rule from linguistic description. Theoretical and practical aspects of such preselection algorithm will be studied in
this paper.
The basic scheme for inferring conclusions from observations when linguistic
description (of some physical process, decision-making situation etc.) is given,
known as generalized modus ponens, is the following:
Condition: R1 := IF X1 is A11 AND : : : AND X is A 1 THEN Y is B1
;
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R := IF X1 is A1 AND : : : AND X is A THEN Y is B
Observation: X1 is A1 AND : : : AND X is A
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where X1 ; : : : ; X are the antecedent variables, Y is the succedent variable, and
n

A1 ; : : : ; A are expressions of natural language, which may be slightly di erent
from A1 ; : : : ; A . Hence, the conclusion B can be slightly di erent from all
B ; j = 1; : : : ; r. The general form of the considered linguistic expressions is
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[hlinguistic modi eri]hatomic termi:
Here, hlinguistic modi eri is an intensifying adverb with narrowing or extending
e ect (e.g. very, more or less etc.) and the negation not. The hatomic termi
may be an adjective (we use small, medium, big), a fuzzy number or some special
term (e.g. unde ned). A typical example of the linguistic expression A is very
small, roughly big etc.
The fundamental formula which describes inference mechanism based on the
above schema is
_
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(1)
where U1 ; : : : ; U are universes of discourse of antecedent variables, A1 ; : : : ; A ,
A1 ; : : : ; A , B are fuzzy sets which represent the meanings of linguistic expressions in the antecedent part of the linguistic description, observations and
linguistic terms in the consequent part of linguistic description, respectively.
Construction of these meanings is described in the paper3 . and ! are the
Lukasiewicz conjunction and implication, respectively. For details, see e.g.4 In
the following, we will call the above described inference mechanism as fuzzy logic
deduction.
The most important distinction between fuzzy logic deduction and so-called
Max-Min fuzzy inference5 is the following. Fuzzy logic deduction is based on
many-valued Lukasiewicz logic. If-THEN rules from the linguistic description
are understood as linguistically expressed logical implications. The derivation
of formula (1) respects it. On the other hand, Max{Min inference is in fact
interpolation of unknown partially given function by means of fuzzy graph6.
There is no implication or logical modus ponens inference rule behind.
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2. Computational complexity
When we analyze the behavior of our inference mechanism, we have to distinguish three situations:

 observations are crisp numbers,
 observations are fuzzy singletons,
 observations are fuzzy sets.
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In the rst case we are able to simplify (1) to
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((A1 x1 ^    ^ A x ) ! B y);
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(2)

where x1 ;    ; x are crisp observations.
If we denote = (A1 x1 ^  ^ A x ), where A1 ; : : : ; A are fuzzy singletons,
then the second case leads to formula
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(3)

For practical reasons, we assume that the universes of discourse of all the
variables are discrete, i.e.

U = fx1 ; x2 ; : : : ; x g; i = 1; : : : ; n;
V = fy1; y2 ; : : : ; y g;
where the number P of elements is the same for all U ; i = 1; : : : ; n and V.
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The number of arithmetical operations required to computation of conclusion
B is in these cases asymptotically equal to
0

C1 2 = O(r(n + 1)P ):
;

(4)

In the third case, i.e. when A1 ; : : : ; A are fuzzy sets, the computational
complexity can by characterized as
0

C3 = O(rP
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n
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n

(5)

Note that r in (5) is also a function of n, so that the complexity is in fact
O(P 2 +1 ). It is still an open question whether it is possible to avoid the exponentiality in (5). In paper2 we propose several methods which can be used to
speed up computation, but none of them allows to get rid of the exponentiality.
The shape of (5) causes the inference with fuzzy observations to be practically
intractable for n  4.
One of rather natural ways for speeding inference up is called preselection
of rules. The idea is simple: we don't use the whole linguistic description, but
choose in advance only one rule and perform the inference with it. But there
arise several questions connected with this idea, namely:
n

 what rule should be chosen?
 how it in uences the behavior of the inference?
These questions we attempt to answer in the foregoing sections. We will describe
the hardest case, i.e. fuzzy logic deduction with fuzzy observations.
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3. Preselection
We can regard the problem of choosing the right rule from several viewpoints.
We can try to nd the rule which gives the same or at least most similar result to
the situation when all linguistic description is involved. On the other hand, we
may aim to achieve even better results in some situations when results produced
by the inference with the whole linguistic description are contraintuitive.
As example let us consider the following linguistic description:
IF X is small THEN Y is big
IF X is very small THEN Y is medium
The following gures show how this in our opinion quite reasonable description behave with respect to input fuzzy sets A which represent the meanings
of small and very small. These gures show that Zadeh{Mamdani inference
mechanism can't distinguish between these two inputs at all (Figure 1). We
see that the inferred fuzzy sets are the same for both observations. The results
obtained by means of logical deduction shows that this method can somehow
discriminate among inputs, but the shape of resulting fuzzy sets is not satisfactory (Figure 2). The subnormality of resulting fuzzy sets is typical for fuzzy
logic deduction when some rules from linguistic description are in con ict, i.e.
there are rules with similar antecedents (small and very small) and di erent
consequents. But there are situations when it is natural to use such a rules.
For example, let X in the above description be a price of some commodity, and
let Y be our preference to buy it. Low price is of course important, but too
cheap things are suspicious. We see that Max{Min inference as well as logical
deduction without preselection are not able to distinguish well between these
situation. This problem can be in the frame of fuzzy logic deduction solved
by preselection of rules. When preselection algorithm was plugged in, then the
results has been exactly as we intuitively expected (Figure 3), i.e. 'Big' when
observation was small and 'Medium' when observation was very small.
Theoretical background behind preselection of rules can be described in the
frame of the theory of approximate reasoning7 4. Let us consider generalized
modus ponens scheme from Section 1 (for the sake of simplicity, let there be
one antecedent variable). Then we can apply the following inference rule of
approximate reasoning: (Modus ponens with conjunction of implications):
0
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for 1  k  r, where A ; A ) B ; B are multiformulas7 , i.e. sets of evaluated
formulas which express vague properties. Let us suppose that for every individual observation A there is k-th rule which describes action that should be taken.
We only don't know, which rule from linguistic description it is. Our task then
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Figure 1: Max-min inference
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Figure 2: Logical deduction without preselection
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Figure 3: Logical deduction with preselection
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can be understood as a determination of this rule. If we nd out that observation is exactly equal to one of the antecedents, then we can nish the searching.
If it is not the case, we have to try to nd the rule which antecedent is most
similar to our observation. As soon as this rule is found, we use it for inferring
the conclusion, i.e. instead of the whole description R = fR1 ; : : : ; R ; : : : R g
we use R = fR g. We propose to use a similarity measure to determine that
rule.1
k

0

r

k

4. Similarity measures
In order to compare two fuzzy sets, e.g. observation and antecedent part
of IF{THEN rule, we need some mapping which can measure their similarity8.
However, not all similarity measures described there are suitable for use in the
preselection algorithms. The problem is that we are interested in in uence which
observation will take in inference process. It is clear, that even very dissimilar
sets can \match" in such a way that appropriate rule res.
Here we propose to apply approach described in9 , which is an attempt to
make a framework for the measures of comparison of objects.
De nition 1 A fuzzy set measure M is a mapping: F ( ) ! R+ such that, for
every A and B in F ( ):
1. M (;) = 0;
2. B  A ) M (B )  M (A).
De nition 2 M -measure of comparison on is a mapping S : F ( )  F ( ) !
[0; 1] such that

S (A; B ) = F (M (A \ B ); M (B A); M (A B ))
S

for a given mapping

F : R+  R+  R+ ! [0; 1]
and a fuzzy set measure M on .
M -measures of comparison are in9 further divided to the following categories:
S

measures of satis ability, measures of inclusion and measures of resemblance.
From these types we consider as the best for our purpose measures of resemblance, which are de ned as follows:
De nition 3 A M -measure of resemblance on is an M -measure of comparison S which satis es
1. F (u; v; w) is non-decreasing in u, non-increasing in v and w,
S

2. S (A; A) = 1,
Note that similar preselection mechanism can be used also with Max{Min inference rule.
However, it seems to be hard to nd the theoretical justi cation of it.

1
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3. S (A; B ) = S (B; A).

Examples of M -measure of resemblance are
S1 (A; B ) = M (A \MB()A+\MB()A4B )

S2 (A; B ) = 1 M (MA()A+4MB()B )

where

M (A) =

X

Ax;

x2

(B A)x = max(0; Bx Ax);
(A4B )x = jAx Bxj:
An example of M -measure of similitude, which is not M -measure of resemblance 8 :
M (A \ B )
S3 (A; B ) = M (A \ B ) + M
(B A) + M (A B ) ; ; 2 [0; 1]:
These measures satisfy additional property

S (A; B ) = 1 , A = B;
which is called separability.
In our algorithm we use these measures of resemblance, which are separable. These measures has, in our opinion, all properties necessary for use in the
preselection algorithm.

5. Preselection algorithm
In this section we present an algorithm of preselection of rules.
The algorithm of computation of B is:
0

1. For all rules R ; j = 1; : : : ; r we determine overall similarity measure S
by
Y
S = S (A ; A ):
(6)
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2. Choose rule R with the highest S .
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3. Compute the conclusion B by means of
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((A1 x1 ^  ^ A x ) ((A1 x1 ^  ^ A x ) ! B y)):
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If there occurs (quite unlikely) situation, when two (or more) rules have the
same S , then we propose to use as auxiliary criterion the sum of Hausdor
distances8 between the kernels of (normalized, if necessary) fuzzy sets A , A ,
i = 1; : : : ; n. If we denote Hausdor distance between kernels of A , A as
H (A ; A ), then we choose rule with the smallest
j
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H (A ; A ):
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i

i

The usage of Hausdor distance of kernels is motivated by endeavour to stress
the importance of -cuts with the highest membership degrees.
The reason for using product in (6) is that we can imagine inference with
several antecedent variables as follows: Fuzzy sets A , A , i; j = 1 : : : n are orthogonal projections of multidimensional fuzzy sets A, A . Then, it is generally
not possible to reconstruct A; A from A , A . Nevertheless, we can found an
upper approximation of \volumes" of A; A by computing product of \areas"
of A , A . The same argument applies for the computation of the measure of
resemblance.
The speeding-up factor is approximately equal to the number of rules in the
linguistic description r. It approaches r when the number of antecedent variables
increases, because the part of computations which pertains to the determination
of similarity measures becomes negligible.
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6. Conclusion
We presented an algorithm for preselection of rules in the frame of fuzzy
logic deduction. We claim that this algorithm speeds-up the computation of
conclusions, as well as it improves the performance of deduction in situations
when there are more rules which match observation approximately equally. One
of advantages of this algorithm is that we are not forced to use any threshold
for the similarity measure, because if the maximal similarity is small, we can
expect that as a result of inference we obtain highly \nonspeci c" fuzzy set, i.e.
fuzzy set which membership function has value close to 1 for all members of
universe of the consequent variable.
Similar approach, namely analogical reasoning, has been proposed in10 (see
also11). It uses also similarity measure for determination of the best tting rule.
Conclusion is then obtained by means of some modi cation function on membership function of fuzzy set which models the meaning of consequent linguistic
expression of selected rule, provided that similarity measure is greater than some
threshold selected in advance. Main points in which both approaches di er are
the following: rst, we have not to think about modi cation functions depending on similarity between observation and premises, because we use formula
(7) for computation of conclusions. Using this formula, conclusion will behave
according to: \the more is observation similar to antecedent part of the chosen
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rule, the more should be the conclusion similar to consequent part". Second,
for similar reasons we don't need to determine any threshold for similarity.
Our further research will be focused to detailed study of behavior of similarity measures used in preselection algorithm. It can be also interesting to
examine relationship of this algorithm to usage of gradual rules which were
studied by D. Dubois and H. Prade12.
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