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A New Approach to a Fuzzy Rule Base

Interpolation

Irina Perfilieva

University of Ostrava
Institute for Research and Applications of Fuzzy Modeling

30. dubna 22, 701 03 Ostrava 1, Czech Republic
Irina.Perfilieva@osu.cz

It is very well known that a fuzzy rule base is a characterization of a partially
given mapping between fuzzy universes. If fuzzy sets in the fuzzy rule base are
defined on the set of reals and fulfil certain conditions then we can say that they
determine a partial fuzzy function. For practical applications, it is desirable to
interpolate that function in order to compute its values at points (fuzzy or
crisp) other than fuzzy sets in antecedents of the fuzzy rule base. Moreover,
interpolation requires that in the case of coincidence between input fuzzy sets
and fuzzy sets in the antecedents, a computation method should produce fuzzy
sets that coincide with corresponding ones in consequences. Perhaps, the most
known computation method is the Compositional Rule of Inference (CRI) [3, 4]
where a composition is based on a combination of either sup and ∗ or inf and
→ operations. CRI is a realization of the generalized Modus Ponens proposed
by Lotfi Zadeh in his early papers [3, 4]. However, CRI has the following flaws:

- it does not interpolate in general.

- it does interpolate, but it may happen that CRI-outputs at other points than
those ones in antecedents are trivial fuzzy sets (either zero or equal to the
whole universe).

In the paper, we propose a general framework of the interpolation problem
stemming from the classical approach which explains a source of those flaws and
shows how they can be overcome. We restrict ourselves to those solutions of
the interpolation problem which can be expressed by fuzzy relations [1, 2]. We
show that in that particular case, the interpolation problem is equivalent to the
problem of solvability of a system of fuzzy relation equations. We introduce a
notion of a functional fuzzy relation and show, how it can be constructed. We
also propose a solution of the interpolation problem in the case of a sparse rule
base and at a point which is disjoint with any of fuzzy sets in antecedents of
the fuzzy rule base.
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On approximative systems and related structures

Alexander Šostak
University of Latvia, Department of Mathematics, Riga, Latvia

sostaks@latnet.lv, sostaks@lanet.lv

1st Czech-Latvian Seminar ”Advanced Methods in Soft Computing”
Ostrava, Beskydy, November 19-22, 2008

Introduction In [5] we introduced the concept of an L-approximative space generalizing
two concepts which are in the focus of interest of many researchers - namely the notion of
an L-topological spaces in the sense of C.L. Chang - J.A. Goguen [2], [3] and the notion of
a rough set introduced by Z. Pawlak [4]. The principal aim of this talk is to proceed with
the study of L-approximative spaces. However now we give preference to a more general
concept of an approximative system having the notion of an L-approximative space as a
special case.

Definitions Let L = (L,∧,∨,≤, ∗) be a cl-monoid, that is L is a complete distributive
lattice with lower and upper bounds 0, 1 ∈ L endowed with a binary operation ∗ which
is distributive over arbitrary joins, see [1]. An upper approximation operator on L is a
monotone mapping u : L → L s.t. u(0) = 0; a ≤ u(a); u(a∨ b) = u(a)∨u(b); u(u(a)) = a
∀a, b ∈ L. A lower approximation operator on L is a monotone mapping l : L → L
s.t. l(1) = 1; a ≥ l(a); l(a ∧ b) = l(a) ∧ l(b); l(l(a)) = a ∀a, b ∈ L. A triple (L, u, l),
where u : L → L and l : L → L are upper and lower approximative operators on L
resp., is called an approximative system. The approximative system (L, u, l) is called self-
dual if u(1 7→ a) = 1 7→ l(a) ∀a ∈ L, where 7→ is the residuation on L induced by ∗.
Note that if L is a Girard monoid, then an approximative system (L, u, l) is self-dual iff
l(a) = 1 7→ u(1 7→ a)∀a ∈ L iff u(a) = 1 7→ l(1 7→ a)∀a ∈ L.

In case when X is a set, L = LX and (L, u, l) is an approximative system, the quadru-
ple (X, L, u, l) is called an L-approximative space.

Examples
1. Given a cl-monoid L let u(a) = l(a) = a ∀a ∈ L. Then (L, u, l) is an approximative
system called discrete.
2. Given a cl-monoid L let u(a) = 1 iff a 6= 0 and u(0) = 0; l(a) = 0 iff a 6= 1 and l(1) = 1.
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Then (L, u, l) is an approximative system called indiscrete.
3. Let L be a Heyting algebra, let (X,L, τ1, τ2) be an L-bitopological space and let
approximation operators u : LX → LX , l : LX → LX be defined by u(A) = cl1(A) and
l(A) = int2(A) ∀A ∈ LX . Then (X, L, u, l) is an L-approximative space In paricular, in
case τ1 = τ2, that is if (X, L, τ) is an L-topological space [3], the approximative system
(LX , u, l) is self-dual.
4. Let ρ ⊆ X × X be a reflexive relation on a set X and let R(x) = {x′ | xρx′} be
the right ρ-class of x ∈ X. Given A ∈ 2X let l(A) = {x | R(x) ⊆ A}, and u(A) =
{x | R(x) ∩ A 6= ∅}. Then u : 2X → 2X and l : 2X → 2X are, respectively, upper and
lower approximative operators on 2X , and the approximative system (2X , u, l) is self dual.
Such operators and corresponding 2-approximative spaces (X, 2, u, l) in case when ρ is an
equivalence relation were introduced by Z.Pawlak [4] under the name ”a rough set”.
5. Let L be a cl-monoid, let ρ : X ×X → L be a reflexive L-relation on a set X and let
for every fixed x ∈ X R(x) : X → X be defined by R(x)(x′) = ρ(x, x′) ∀x′ ∈ X. Further,
given A ∈ LX let l(A)(x) = infx′∈X(R(x)(x′) 7→ A(x′)) and u(A)(x) = supx′∈X(R(x)(x′)∧
A(x′)) Then (LX , l, u) is an approximative system and (X, L, l, u) is an L-approximative
space.
Category of approximative systems The category AS of approximative systems has
approximative systems (L, u, l) as objects and the morphisms f : (L1, u1, l1) → (L2, u2, l2)
are defined as follows. Let f : L2 → L1 be a mapping. Then f : (L1, u1, l1) → (L2, u2, l2)
is a morphism in AS if u1(f(b)) ≤ f(u2(b)) and f(l2(b)) ≤ l1(f(b)).
Some properties of the category AS will be discussed. Also the connections of AS and
some related categories, (in particular, the category L-AS of L-approximative spaces, the
category R-SET of rough spaces, and the category L-R-SET of L-rough sets) will be
considred. In this connection lattice properties of families of approximative systems are
studied.

References
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Some aspects of approximation
under fuzzy information

Svetlana Asmuss
University of Latvia, Department of Mathematics, Riga, Latvia

svetlana.asmuss@lu.lv, asmuss@lanet.lv

In this paper we generalize the well known notions of ”classic” or ”crisp” approximation
theory (see, e.g. [3]) to the L-fuzzy case. We consider the problem (A, B) of approximation
of an operator B : X → Y defined in a set X and taking values in a normed space Y
under information given by an operator A : X → LRn

, where L is a completely distributive
lattice.

By a method for solving the problem (A, B) we mean any operator ϕ : Rn → Y , which
allows us to get an approximation ϕ(z) of the exact value B(x) for each x ∈ X (see, e.g.
[1], [2]) . Our aim is to investigate the error of the method for an element x ∈ X0. There
may exist many different elements u ∈ X0 coresponding to the same information Ax.
Since each of them has the corespondness degree characterized by the value Ax(z), such
elements form an L-fuzzy subset of X0 denoting by Uz:

Uz(x) = Ax(z) for all x ∈ X0; Uz(x) = 0 for all x /∈ X0.

Thus knowing only z it is impossible to specify which element x∈̃Uz is being actually
approximated and we consider all of them. We investigate the error of approximation by
a method ϕ. This error is given by the L-fuzzy value

e(ϕ, z) = SupUz‖Bx− ϕ(z)‖Y ,

where the supremum SupM of a bounded set M ∈ LR is defined by the equality

SupM(v) = inf
t<v

(
sup
u>t

M(u)
)
.

References

[1] S. Asmuss, A. Šostak, Extremal problems of approximation theory in fuzzy context,
Fuzzy Sets and Systems, 105 (1999), 249-258.

[2] S. Asmuss, A. Šostak, On central algorithm of approximation under fuzzy infor-
mation, Fuzzy Sets and Systems, 155 (2005), 150-163.

[3] J.F. Traub, H. Wozniakowski, A general theory of optimal algorithms, New York,
Academic Press, 1980.
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Powerset-like Functors in Categories
of Fuzzy Sets over BL-algebras

Michal Holčapek

Institute for Research and Applications of Fuzzy Modeling
University of Ostrava, 30. dubna 22, 701 03 Ostrava 1, Czech Republic

michal.holcapek@osu.cz

In [5], Zadeh proposed a principle which proposes a method how to ex-
tend the “crisp” mapping f : X → Y between sets to a “fuzzy” mapping
f̂ : F(X)→ F(Y ) between sets of all fuzzy sets over X and Y with the mem-
bership degrees from the interval [0, 1]. The same principle can be also used
for fuzzy sets which membership degrees are interpreted in a more general
truth values structure Ω as an BL-algebra, MV-algebras, Heyting algebra, or
cil-monoid.

If the membership degrees of fuzzy sets are interpreted in the Boolean
algebra Ω = ({0, 1},∧,∨), then f̂ = P(f), where P : Set → Set is the
common (covariant) power functor. Since the morphism P(f) preserves all
unions for any mapping f , i.e., P(f)(

⋃
i∈I Ai) =

⋃
i∈I P(f)(Ai), the powerset

functor P is also a functor of Set to CSLat (the category of complete (join)
semi-lattices). In [3] (see also [4]), Rodabaugh presented several categorical
criteria for the functor P : Set → CSLat. Their modified versions are as
follows: If G : CSLat→ Set is the forgetful functor, then

(1) there exists a natural transformation η : ISet → G ◦P;

(2) ηX : X → G ◦P(X) is a universal arrow for any set X;

(3) for any mapping f : X → Y there exists the unique g : P(Y ) → P(X)
such that P(f)(A) ≤ B if and only if A ≤ g(B) for any A ∈ P(X) and
B ∈ P(Y ), where ≤ is the common ordering of sets.

Unfortunately, the Zadeh’s extension principle (shortly ZEP) defined as
a functor F of Set to CSLat assigning the set of all fuzzy sets to each set
does not satisfy the proposed criteria, in general. The problems arise when
a natural transformation η : ISet → F ◦ P is founded for more general truth
value structures such that ηX is a universal arrow for any set X. Therefore,
Rodabaugh proposed to investigate the ZEP, in essence, as a functor F :
Set → CSLat such that, for any mapping f in Set, the morphism F(f) lifts
P(f) uniquely and, moreover, there exists the unique lift h of the mapping
g that is the right adjoint to F(f). Note that the existence and uniqueness

1
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of h is closely associated with the a-cut representations of fuzzy sets (the
decomposition theorems) as Rodabaugh presented in [3].

Summarizing the previous investigation of ZEP the study of its correct-
ness may be divided into two parts. The first part may be devoted to a
correctness of functors (powerset-like functors) being similar to the power
functor P and the second part to a correctness of functors which are “lifts”
of powerset-like functors.

Now an interesting question arises, if the ZEP as a functor can be also
defined in other categories of fuzzy sets in such a way to satisfy the given
criteria of correctness. In [2], Močkoř introduced several covariant functors
F : FSet → FSet, which could represent some generalization of ZEP, in the
category FSet (see also [1]). Although, the proposed definitions of covariant
functors are very natural, it could be shown that they do not satisfy all
proposed criteria. This motivates us to search for some modifications of the
original approach or even for a new approach to verify whether a functor
may be understood as a representation of the ZEP in a given category.

The aim of my presentation is to investigate the first part of correctness
of the ZEP, i.e., the correctness of powerset-like functors. I propose three
types of functors: pre-powerset, powerset and C-powerset functor, where a
pre-powerset functor and C-powerset functor (C denotes a class of subalge-
bras in which the original category is representable) could be understood as
powerset-like functors in the sense of the criteria (1)-(3). These functors then
form a base for introducing more general functors representing the ZEP.

References

[1] J. Močkoř. Complete subobjects of fuzzy sets over MV-algebras.
Czechoslovak Math. J., 54(2):379 – 392, 2004.

[2] J. Močkoř. Covariant functors in categories of fuzzy sets over MV-
algebras. Adv. Fuzzy Sets Syst., 1(2):83 – 109, 2006.

[3] S. E. Rodabaugh. Point-set lattice-theoretic topology. Fuzzy Sets and
Systems, 40:297 – 345, 1991.

[4] S.E. Rodabaugh. Categorical frameworks for Stone representation the-
ories. In S.E. Rodabaugh, E.P. Klement, and U. Höhle, editors, Appli-
cations of Category Theory to Fuzzy Subsets, pages 297 – 345. Kluwer
Academic Publisher, Dordrecht, 1992.
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On ordered categories as a framework for

fuzzification of algebraic and topological

structures1

Sergejs Solovjovs

Department of Mathematics, University of Latvia
Zellu iela 8, LV - 1002 Riga, Latvia

e-mail: sergejs@lu.lv

In the talk we will develop further the topic started in [3], where a fuzzi-
fication machinery of algebraic and topological structures was introduced,
which amounted to fuzzifying the underlying “set” of a structure in a suit-
ably compatible way, leaving the structure itself crisp. We will show that the
algebraic approach generalizes the existing procedures of A. Rosenfeld [2] as
well as of internal structures in categories. The topological one, however, falls
out of the usual fuzzification machineries mentioned in the literature. The
reason is that in contrast to, e.g., [1] we do not fuzzify the concepts them-
selves but just present a modified version of a given topological structure.
On the other hand, our procedure allows the so-called “double fuzzification”,
i.e., fuzzification of something that is already fuzzified. As an example we
provide a fuzzified version of the category of L-topological spaces.

References
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CONSTRUCTION OF FUZZY LOGIC MODELS IN

CATEGORIES OF SETS WITH SIMILARITIES

Jiřı́ Močkoř
University of Ostrava

Institute for Research and Applications of Fuzzy Modeling
30. dubna 22, 701 03 Ostrava 1, Czech Republic

Jiri.Mockor@osu.cz ∗

We introduce models E of first order fuzzy logic based on a language J consist-
ing of a set of predicate symbols P ∈ P , a set of functional symbols f ∈ F and a
set of classical logical connectives {∧,∨,⇒,¬,⊗}. These models will be defined in
two categories K of sets with similarity relations (called Ω-sets), i.e. categories with
couples (A, δ) as objects, where A is a set and a similarity relations δ : A × A → Ω
is defined with values in a complete MV-algebra Ω and with morphisms defined either
as special fuzzy relations between Ω-sets (i.e. K = SetR(Ω)) or maps between these
sets (K = SetF(Ω)).

A model of a language J in a category K is E = ((A, δ), {PE : P ∈ E}, {fE : f ∈
F}), where

(a) (A, δ) is an Ω-set from a category K,

(b) PE ⊂∼K
(A, δ)× · · · × (A, δ),

(c) fE : (A, δ)× · · · × (A, δ) → (A, δ) is a morphism in a category K,

where a symbol s ⊂∼K
(A, δ) means a fuzzy set (in a category K) in (A, δ), i.e. a

morphism (in K) s : (A, δ) → (Ω,↔).
In those models E we investigate constructions of interpretations ‖ψ‖E of formulas

ψ in a first order fuzzy logic. We will then prove that interpretations ‖ψ‖E are fuzzy
sets in some objects of K. We define homomorphisms between models in the category
K and we prove that if ϕ : E1 → E2 is a (special) homomorphism of models in a
category K then there is also a relationship between interpretations ‖ψ‖E1 and ‖ψ‖E2

of a formula ψ in models Ei.
Finally, for any model E based on an Ω-set (A, δ) from the category K we con-

struct another model F (E) based on a Ω-set (F (A, δ), σ) of all fuzzy sets in (A, δ)
with some similarity relation σ and such that a singleton map {−} is a strong model
homomorphism E → F (E).

∗Supported by MSM6198898701, grant 201/07/0191 of GAČR and grant 1M0572
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On some fuzzy categories of many-valued topological
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Introduction The concept of a fuzzy category was introduced by A.Šostak in [3] and
later was studied in a series of papers see, e.g. [4]. These papers contain many examples
of fuzzy categories which appear by ”fuzzifying” classic categories. On the other hand in
[5] we studied some categories of many-valued sets and many-valued topological spaces,
in particular, categories SET(L), TOP(L) and FTOP(L). The aim of this talk is to
introduce new fuzzy categories F -SET(L), F -TOP(L) and F -FTOP(L) by applying
the method of fuzzification [4] to the categories SET(L), TOP(L) and FTOP(L), to
discuss some properies of these fuzzy categories and relations between them.
Fuzzy categories First we recall the concept of an (L-)fuzzy category in the form
appropriate for our merits. Let L = (L,≤,∧,∨, ∗) be a GL-monoid [1], in particular a
complete Heyting algebra (when ∧ = ∗) and 7→ the residuation. An (L-)fuzzy category is
a pair (C, µ) where C is an ordinary category with the class of objects O(C), the class of
morphisms M(C), and µ : M(C) → L an L-subclass of the class of morphism such that:

(i) µ(g ◦ f) ≥ µ(g) ∗ µ(f) whenever composition g ◦ f is defined in the category C;

(ii) for each X ∈ O(C) µ(eX) = 1 where eX is the identity morphism.

Category SET(L) and fuzzy category F-SET(L) Recall [1] that the objects of the
category SET(L) are L-valued sets, that is pairs (X, E) where X is a set and E : X×X →
L is a mapping s.t. E(x, x) = 1; E(x, y) = E(y, x); E(x, y)∗E(y, z) ≤ E(x, z) ∀x, y, z ∈ X;
the morphisms f : (X, EX) → (Y,EY ) are extensional mappings, that is EX(x, x′) ≤
EY (f(x), f(x′) ∀x, x′ ∈ X. Consider the category C(L) = Ob(SET (L)),Mor(SET ) (that
is C(L) has objects from SET (L) and morphisms from SET . We define the measure of
extensionality for a mapping f : X → Y : µ(f) =

∧
x,x′∈X (EX(x, x′) 7→ EY (f(x), f(x′)) .
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The triple (O(SET (L)),M(SET ), µ) =: F − SET (L) is an L-fuzzy category called the
L-fuzzification of the category SET (L) of L-valued sets.
Category TOP(L) and fuzzy category F-TOP(L) The method proposed in the
previous paragraph can be used to fuzzify the category TOP(L) of L-valued topological
spaces and to construct a fuzzy category F -TOP(L) [5].
Category FTOP(L) and fuzzy category F-FTOP(L) The concept of a many valued
L-fuzzy topological space as a generalization of the concept of an L-fuzzy topological
space [2] and the corresponding category FTOP(L) were introduced in [5]. The objects
of this category are triples (X,E, T ) where (X,E) is an L-valued set and T : LX → L is
an L-fuzzy topology, that is an extensional mapping s.t. T (1) = T (0) = 1; T (U ∧ V ) ≥
T (U)∧T (V ); T (∨i(Ui) ≥ ∧iT (Ui), and morphisms are extensional mappings f(X,EX) →
(Y,EY ) such that T(f

−1(V ) ≥ T (V ). As different from the categories considered above, in
case of the category FTOP(L) one can regard two properties of morphisms for which the
measures are naturally defined - the degree of extensionality and the degree of continuity.

Let (X, EX , TX), (Y,EY , TY ) be L-valued L-fuzzy topological spaces and f : X → Y
be a mapping of the corresponding underlying sets. The measure the extensionality µ1 of
the mapping f : (X, EX) → (Y, EY ) is defined as above. The measure of continuity µ2 of
the mapping f : (X, TX) → (Y, TY ) is defined by µ2(f) =

∧
V ∈LY

E
(TY (V ) 7→ TX(f−1(V )) .

Further, for a mapping f : (X,EX , TX) → (Y, EY , TY ) we set µ(f) = µ1(f) ∧ µ2(f).
The resulting structure F − FTOP(L) = (O(FTOP(L),Mor(SET), µ) is an L-fuzzy
category called the fuzzification of the category FTOP(L).
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A reverse style of logic-based fuzzy topology
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The emergence of first-order [7] and higher-order [8, 1] formal fuzzy logic has enabled to
develop logic-based fuzzy mathematics, i.e., formal mathematical theories axiomatized in first-
or higher-order fuzzy logic. Initial steps in logic-based fuzzy topology have been done in [5, 4, 6].

Important features of logic-based fuzzy mathematics are the general gradedness of its
theorems and defined notions, and its closeness (in some respects) to classical mathematics,
which can give us methodological guidelines for fuzzification of classical notions [2]. However,
due to the non-idempotence of conjunction in most fuzzy logics, axiomatic theories over fuzzy
logic have several peculiar features that are not met in classical mathematics [3]. These
features impose to use a different style of definitions and theorems than is usual in classical
mathematics. In particular, it is advantageous to formulate theorems in the form of provable
implications (` ϕ1 & . . .& ϕn → ψ), rather than a conclusion derived from assumed premises
(ϕ1, . . . , ϕk ` ψ, or equivalently ` ∆ϕ1 & . . . & ∆ϕn → ψ), as the former are stronger than
the latter, although usually not much more difficult to prove. Since multiple occurrences of
the same graded premise in a theorem cannot be contracted, the theorems have in fact the
form ` ϕk1

1 & . . . & ϕkn
n → ψ, where the multiplicity ki indicates how much the conclusion is

sensitive to the truth degree of ϕi. Since different theorems need different multiplicities of
a premise, the multiplicities should not be fixed in definitions: defined notions rather need
to be parameterized by the multiplicities of each conjunct in the defining formula. These
parameters then take different values in different theorems; a whole family of parameterized
notions is thus defined instead of a single notion.

In logic-based fuzzy topology, these features are in [5, 4] reflected in defining the graded
notions of fuzzy topology (based respectively on fuzzily open fuzzy sets, fuzzy systems of fuzzy
neighborhoods, and a fuzzy interior operator) as parameterized families of fuzzy predicates
OTope,v,i,u, NTopk1,...,k5 , and ITopk1,...,k5 (as they are conjunctions of 4 resp. 5 independent
graded defining conditions; two additional parameters in OTope,v,i,u

m,n introduced in [4] param-
eterize further conjuncts inside the condition of union-closedness). Several results on these
notions, with varying values of the indices, were given in [5, 4, 6].

Here I want to argue that the large number of indices involved in the definitions of fuzzy
topological notions suggests that an even more radical approach should be taken in developing
logic-based fuzzy topology (and possibly all logic-based fuzzy mathematics)—namely, that we
should turn from the direct to a reverse style of constructing the theory. Classical mathemat-
ical theories derive their theorems from a fixed set of axioms; i.e., they proceed in the direct
way from the axioms to their consequences. Reverse mathematics (see [9, §I.9]) strives to find
the weakest natural conditions ensuring a desired conclusion (i.e., it proceeds in the reverse
direction, from the desired conclusions to their sufficient or necessary preconditions). In the
reverse style of logic-based fuzzy topology, thus, rather than trying to define a fixed notion of
fuzzy topology (with a large number of parameters) and studying its properties that follow
from its defining conditions, we would try to find relationships between various ‘topologically
flavored’ properties of fuzzy structures. That is, we would not fix a set of axioms in advance,
but search for conditions ensuring each particular desired property, case by case.

The conviction that this style of logic-based fuzzy topology is better than the direct one
stems from the observation that one can hardly delimit a set of conditions that would cap-

16 1st Czech-Latvian Seminar



ture a good notion of (logic-based) topological space. The non-equivalent ways of defining
fuzzy topology by OTop, NTop, and ITop (and the unmanageable number of possible vari-
ants and parameters of the definitions if better-behaved topological spaces are considered,
e.g., those satisfying various compactness or separation properties) suggest that there is no
privileged set of axioms that should be adopted for fuzzy topologies. Rather, there are var-
ious independent graded properties (of fuzzy families of fuzzy sets) that are ‘topologically
flavored’—for example, union-closedness, the finite subcovering property, various separation
properties, properties related to continuity, etc. The subject of logic-based fuzzy topology
should be the study of mutual relationships between such properties, and searching for (in the
optimal case, minimal) multisets of preconditions that ensure such properties. The reverse-
style of logic-based fuzzy topology can thus be briefly characterized as the study of topological
properties rather than topological spaces (for an illustration, cf. the theorems of [5], some of
which depend on only one or even none of the defining conditions of OTop).

A few examples of theorems in reverse-style logic-based fuzzy topology will be given. The
issue of fuzzy topologies with a fuzzy set of points, whose introduction is rather problematic
under the logic-based approach, will also be discussed.
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Fuzzy Class Theory: A State of the Art∗

Petr Cintula
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It is indisputable that mathematical structures containing vague concepts
have a broad range of applications; therefore they have been intensively inves-
tigated during the last four decades. The ‘subject’ studying these structures is,
maybe unfortunately, called Fuzzy mathematics.

There is an ongoing project of the Prague research group in fuzzy logic,
directed towards developing the logic-based fuzzy mathematics, i.e., an ‘alter-
native’ mathematics build formally analogously as the classical mathematics
but not in the classical logic but in a suitable formal fuzzy logic. First steps in
the development thereof were enabled by recent results in mathematical fuzzy
logic, especially by the emergence of higher-order fuzzy logics, proposed by Li-
bor Běhounek and the present author, see [2]. Our approach leads not only
to an axiomatization, but also to a systematic study utilizing proof-theoretic
and model-theoretic methods. Moreover, the unified formalism makes an inter-
connection of particular disciplines of fuzzy mathematics possible and provides
the formal foundations of (part of) fuzzy mathematics, see [1] for more details
about relation of traditional and logic-based fuzzy mathematics.

The core of the project is a formulation of certain formalistic methodology
(see [3]), proposing the foundational theory, and studying the particular dis-
ciplines of fuzzy mathematics within this theory using our methodology. The
proposed foundational theory is called Fuzzy Class Theory (FCT) and it is a
first-order theory over multi-sorted predicate fuzzy logic, with a very natural
axiomatic system which approximates nicely Zadeh’s original notion of fuzzy
set [6]. An important feature of the theory is the gradedness of all defined
concepts, which makes it more genuinely fuzzy than traditional approaches.

∗Petr Cintula was partly supported by grant A100300503 of the Grant Agency of the
Academy of Sciences of the Czech Republic and partly by Institutional Research Plan
AVOZ10300504.
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In this talk I describe the current state of the project and illustrate its features
on the example of formal fuzzy topology developed by Běhounek and Kroupa
in [5, 4]. For more details about the project see its webpage www.cs.cas.cz/hp.
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Abstract

First we shall give an overview on the main geometrical aspects of the study of residuated lattices. Next,
we present the structural description of both e-involutive uninorms on [0, 1] and e-involutive finite involutive
uninorm chains. This description involves a striking new construction, called skew-symmetrization, in which
one has to leave the accustomed residuated setting, and has to enter a co-residuated setting too. So, for the
description of residuated structures one needs as well co-residuation; it is a surprising observation in the theory
of residuated lattices; a theory which goes back to 70 years.

1 Introduction

Residuated lattices and substructural logics are subjects of intense investigation. Substructural logics encompass
among many others, classical logic, intuitionistic logic, relevance logics, many-valued logics, fuzzy logics, linear
logic and their non-commutative versions. Equivalent algebraic counterparts of substructural logics are classes of
residuated lattices. The main topic of this paper is to give a structural description for e-involutive uninorms on
the real unit interval [0, 1] and finite e-involutive uninorm chains, which are particular residuated lattices.

2 Preliminaries

For any binary operation ∗◦ (on a poset) which is commutative and non-decreasing one can define its residuum →∗◦
by x ∗◦ y ≤ z ⇐⇒ x→∗◦ z ≥ y . The displayed equivalence is often referred to as adjointness conditions. If →∗◦
exists, it has an equivalent description, namely, →∗◦ is the unique binary operation on the poset such that we have
x→∗◦ y = max{z | x ∗◦ z ≤ y}.

Let C = 〈X,≤,⊥,>〉 be a bounded poset. A involution over C is an order reversing bijection on X such that its
composition by itself is the identity map of X. Involutions are continuous in the order topology of C. T-conorms
(resp. t-norms) over C are commutative monoids on X with unit element ⊥ (resp. >). T-conorms and t-norms
are duals of one another. That is, for any involution ′ and t-conorm ⊕ over C, the operation ¯ on X defined by
x¯y = (x′⊕y′)′ is a t-norm over C. Vice versa, for any involution ′ and t-norm ¯ over C, the operation ⊕ on
X defined by x⊕y = (x′ ¯ y′)′ is a t-conorm over C. Uninorms over C [10, 2] are commutative monoids on X
with unit element e (which may be different from ⊥ and >). Every uninorm over C has an underlying t-norm ¯
and t-conorm ⊕ acting on the subdomains [⊥, e] and [e,>], respectively. That is, for any uninorm ∗◦ over C, its
restriction to [⊥, e] is a t-norm over [⊥, e], and its restriction to [e,>] is a t-conorm over [e,>].

Definition 1 〈X,≤,⊥,>, e, f, ∗◦〉 is called an involutive uninorm algebra if C = 〈X,≤,⊥,>〉 is a bounded poset,
∗◦ is a uninorm over C with unit element e, for every x ∈ X, x→∗◦ f = max{z ∈ X | x ∗◦ z ≤ f} exists, and for every
x ∈ X, we have (x→∗◦ f)→∗◦ f = x. If C is a chain, we call 〈X,≤,⊥,>, e, f, ∗◦〉 an involutive uninorm chain. In an
involutive uninorm algebra one can define an order-reversing involution by x′ = x→∗◦ f .

Definition 2 〈X,≤,⊥,>, e, ∗◦〉 is called an e-involutive uninorm algebra if 〈X,≤,⊥,>, e, e, ∗◦〉 is an involutive
uninorm algebra.

∗Supported by the EC MC grant 219376.
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3 Results

Definition 3 For any binary operation • (on a poset) which is commutative and non-decreasing one can define
its co-residuum ←• by x • y ≥ z ⇐⇒ x←• z ≤ y. If ←• exists it has an equivalent description: ←• is the
unique binary operation on the poset such that x←• y = min{z | x ∗◦ z ≤ y}. In case • is associative, we have
x←• (y←• z) = (x • y) ←• z and x←• (y←• z) = y ←• (x←• z). We shall call the displayed equivalence and
equalities co-adjointness condition, co-exportation law, and co-exchange principle, respectively.

Definition 4 For any commutative residuated chain 〈X,≤,⊕,→⊕, 1〉, define ⊕• : X × X → X by x ⊕• y =
inf{u⊕ v | u ≥ x, v ≥ y, (u, v) 6= (x, y)}, and call it the skewed pair of ⊕. For any commutative co-residuated chain
〈X,≤,⊕•,→⊕•, 1〉, define ⊕ : X × X → X by x ⊕ y = sup{u ⊕• v | u ≤ x, v ≤ y, (u, v) 6= (x, y)}, and call it the
skewed pair of ⊕. Call (⊕,⊕•) a skew pair.

Definition 5 Let (L2,≤) be a chain and L1 ⊆ L2. Let (L1,⊕,→⊕,≤,>) be a commutative residuated chain
and ′ be an order reversing involution on L2. The operation ¯ is said to be dual to ⊕ with respect to ′ if ¯ is a
binary operation on (L1)′ = {x′ | x ∈ L1} given by x¯ y = (x′ ⊕ y′)′. We say that the operation •̄ is skew dual to
⊕ with respect to ′ if •̄ is the skewed pair of ¯.

Definition 6 Let C = 〈X,≤,⊥,>〉 be a bounded chain, and ′ be an involution on X with fixed point e ∈ X.
For any left-continuous t-conorm ⊕ on [e,>], define its skew symmetrization ⊕s : X → X as follows.

x⊕s y =





x⊕ y if x, y ∈ [e,>]
(x→⊕ y′)′ if x ∈ [e,>] and y ∈ [⊥, e] and x ≤ y′

(y→⊕ x′)′ if x ∈ [⊥, e] and y ∈ [e,>] and x ≤ y′

(x′ ⊕• y′)′ if x, y ∈ [⊥, e]
x′←⊕• y if x ∈ [⊥, e] and y ∈ [e,>] and x ≥ y′

y′←⊕• x if x ∈ [e,>] and y ∈ [⊥, e] and x ≥ y′

, (1)

where ⊕• denotes the skewed pair of ⊕.
For any left-continuous t-norm ¯ on [⊥, e], define its skew symmetrization ¯s̄ : X → X as follows.

x¯s̄ y =





(x′ •̄ y′)′ if x, y ∈ [e,>]
x′← •̄ y if x ∈ [e,>] and y ∈ [⊥, e] and x ≤ y′

y′← •̄ x if x ∈ [⊥, e] and y ∈ [e,>] and x ≤ y′

(y→¯ x′)′ if x ∈ [e,>] and y ∈ [⊥, e] and x ≥ y′

(x→¯ y′)′ if x ∈ [⊥, e] and y ∈ [e,>] and x ≥ y′

x¯ y if x, y ∈ [⊥, e]

, (2)

where •̄ denotes the skewed pair of ¯.

Theorem 1 Any e-involutive uninorm chain 〈L,≤,⊥,>, e, ∗◦〉 which has a dense set of continuity points can
be described as the skew symmetrization of its underlying t-conorm or t-norm. That is, ∗◦ = ⊕s = ¯s̄, where ⊕, ¯,
⊕• and •̄ denotes the underlying t-conorm and t-norm of ∗◦, and their co-residuated pairs, respectively.

Corollary 1 For any e-involutive uninorm chain ∗◦ which has a dense set of continuity points, its underlying
t-norm and t-conorm form a skew dual pair with respect to ′. Further, ∗◦ is self skew dual with respect to ′.

Corollary 2 Any e-involutive uninorm (on [0, 1]) can be described as the skew symmetrization of its underlying
t-conorm or t-norm.

Corollary 3 Any finite e-involutive uninorm chain can be described as the skew symmetrization of its under-
lying t-conorm or t-norm.
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Recently [3], a special algebra called EQ-algebra has been introduced which aims at
becoming the algebra of truth values for fuzzy type theory (FTT). It has three basic
operations — meet ∧, multiplication ⊗ and fuzzy equality ∼ — and a top element 1, while
the implication → is derived from fuzzy equality ∼ . In [4], the study of EQ-algebras
have been further deepened. Moreover, the axioms originally introduced in [3] have been
slightly modified.

It is interesting that the implication and multiplication, in EQ-algebras, are no more
closely tied by the adjuction and so, this algebra generalizes residuated lattice and hence
the multiplication has weaker properties. Consequently, as shown by El-Zekey et al. in
[2], we can refrain from commutativity and associativity of the multiplication generalizing
the concept of EQ-algebra. The resulting algebra has been called a semicopula-based
EQ-algebra, i.e. EQ-algebra in which the multiplication need not be commutative nor
associative.

We continue in this paper the study of (semicopula-based) EQ-algebras, begun in [3], [4]
and [2]. In the first, we review the basic definitions and properties of (semicopula-based)
EQ-algebras and their special kinds with more details and more examples. We introduce
prelinear (semicopula-based) EQ-algebras, in analogy with the prelinear structures of
Esteva, Godo, Hájek and Höhle. We show that every prelinear and good (semicopula-
based) EQ-algebra is a good (semicopula-based) ℓEQ-algebra; i.e. lattice EQ-algebra.
Moreover, we obtain a lot of results which are analogous to the ones obtained for BL
and MTL. However, we show that not all the properties of linearly ordered (good) EQ-
algebras can be obtained for prelinear (good) EQ-algebras. For example, a multiplication
⊗ in a prelinear good (semicopula-based) EQ-algebra may or may not preserve finite
meets and/or finite joins in each argument.

Consequently, we define and begin the investigation of a very important special class
of semicopula-based EQ-algebras, namely (non-commutative) EQ-algebras with (R) con-
dition (i.e. with residuation condition) or a (non-commutative) EQ(R)-algebra for short;
we show that the reduct 〈E,⊗, 1〉 of a (non-commutative) EQ(R)-algebra is also a reduct
of a (non-commutative) residuated lattice. One of the main results of this paper is to
characterize the class of all (non-commutative) EQ(R)-algebras that may be represented
as subalgebras of products of linearly ordered (non-commutative) EQ(R)-algebras. Such
algebras are called representable. We show that prelinearity alone does not characterize

∗Department of Mathematics and Descriptive Geometry, SvF, Slovak University of Technology, SK-813
68 Bratislava, Slovakia, E-mail Address: m_s_elzekey@hotmail.com, on leave from Benha High Institute
of Technology, Benha University, Egypt. Supported by the grant obtained from SAIA under the National
Scholarship Program (NSP)of the Slovak Republic for the mobility of researchers.
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the representable class of all good (non-commutative) EQ(R)-algebras.
We introduce and study in depth the prefilters, filters and the congruences of semicopula-

based EQ-algebras and show that many properties of lattices of (pre)filters of non-
commutative residuated lattices can be obtained for lattices of (pre)filters of good semi-
copula based EQ-algebras, with the main result that the lattice of filters (which form a
complete sublattice of the lattice of all prefilter) are in bijective correspondence with the
lattice of congruences. We show also that, in the case of good (non-commutative) EQ(R)-
algebras, these lattices are distributive. This allows us to characterize representable good
(non-commutative) EQ(R)-algebras, on lines of C. J. van Alten’s characterization of rep-
resentable integral (non-commutative) residuated lattices [5].

We prove that representable good non-commutative EQ(R)-algebras can be character-
ized by the identity

(a→ b) ∨ (d→ (d⊗ (c→ ((b→ a)⊗ c)))) = 1 (1)

or, equivalently, by

((a→ b)→ u) ≤ [(d→ (d⊗ (c→ ((b→ a)⊗ c))))→ u]→ u. (2)

Inequality (2) can be chosen to characterize representable good non-commutative EQ(R)-
algebras, apparently because it is free from lattice operations.

Consequently, We prove also that representable good EQ(R)-algebras can be charac-
terized by the identity

((a→ b)→ u) ≤ [(c→ ((b→ a)⊗ c))→ u]→ u (3)

The proof consists in showing that if a good (non-commutative) EQ(R)-algebra satisfies
(3) (satisfies (2), respectively), then every minimal prime prefilter is a filter.
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Examples of finite EQ-algebras
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EQ-algebra is a special algebra which has three binary operations - meet,
multiplication, fuzzy equality - and a top element. This new algebra has been
developed particularly for fuzzy type theory (FTT), i.e. higher-order fuzzy
logic. Other algebraic structures, such as IMTL-, BL-, MV-algebra (special
kinds of residuated lattices) which were used as structures of truth values for
FTT till now, are not so natural for it as EQ-algebra. Main reason is that the
fundamental connective in EQ-algebra as well as in FTT is fuzzy equality while
the fundamental connective in the above mentioned algebras is implication and
fuzzy equality (equivalence) is only a derived operation.

EQ-algebra was presented in [1] for the first time. However, the original
axioms was slightly modified and the work on this algebra was continued in [3]
and also later in [2].

The main aim of this contribution is to present various types of examples of
finite EQ-algebras and to show properties which are or are not fulfilled in them.
We will take an interest in the following properties of EQ-algebras: spanned,
good, involutive, non-residuated, separated, semiseparated and others. We will
also show several examples of delta operation and filters of EQ-algebras at the
end of my talk.

All examples of EQ-algebras have been found with the help of special soft-
ware which has been developed in IRAFM of the University of Ostrava. In fact,
this software checks axioms of EQ-algebras on finite sets.
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EQ-fuzzy Logics
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Abstract

A new class of fuzzy logics with set of truth values belonging to a class of algebras
called EQ-algebras is presented. The latter was introduced for the first time in [9]:

E = 〈E,∧,⊗,∼,1〉.

The basic binary operations are meet (∧), multiplication (⊗), and fuzzy equality (∼).
The 1 is a top element w.r.t. the classical ordering: a≤ b iff a∧b = a.

The concept of EQ-algebra is motivated by a fuzzy type theory (FTT) (a higher-
order fuzzy logic) since until now, the truth values in FTT were assumed to form either
of an IMTL-, BL-, or MV-algebra, all of them being special kinds of residuated lat-
tices in which the basic operations are the monoidal operation (multiplication) and its
residuum (→). Recall that residuum is a natural interpretation of implication in fuzzy
logic. The equivalence is then interpreted by a biresiduum a↔ b = (a→ b)∧ (b→ a)
which is a derived operation. The basic connective in FTT, however, is a fuzzy equality
and, therefore, it is not natural to interpret it by a derived operation. Consequently,
residuated lattices seem not to be natural algebras of truth values for FTT. This defect
is removed by the metioned class of EQ-algebras. From the algebraic point of view,
EQ-algebras generalize, in a certain sense, the residuated lattices and so, they become
an interesting class of algebraic structures as such.

A lot of various results obtained recently demonstrate that EQ-algebras have enough
properties that make them a proper algebraic structure for the development of formal
fuzzy logics which we will call EQ-fuzzy logics. The corresponding EQ-algebra must
be good, i.e. a ∼ 1 = a for any a ∈ E. However, the mutliplication ⊗ does not need
to be commutative, i.e. it can be either a semicopula or a non-commutative associative
monoidal operation (cf. [2]).

We will present a basic EQ-fuzzy logic having 12 axioms whose semantics is
formed by good semicopula-based EQ-algebras. Then further axioms are introduced
which can be added to the basic ones to obtain several more special kinds of EQ-fuzzy
logics: falsity ⊥ together with ex-falso quodlibet axiom (note that the basic EQ-fuzzy
logic has no falsity and so, no negation), double negation leading to IEQ-fuzzy logic,
prelinearity axiom, commutativity axiom and residuation axiom which, when present,

1
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leads to fuzzy logics equivalent with the core fuzzy logics due to Hájek and Cintula
[6]. We will also mention the EQ-fuzzy type theory.
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Applied Commonsense Reasoning in Fuzzy Logic
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In this talk we show how theoretical systems of fuzzy type theory [2],
theory of evaluative linguistic expressions [4] and perception-based logical
deduction [3] can be applied to solve commonsense problems, namely a de-
tective case of Lt. Columbo. We concentrate mainly on general and mathe-
matical principles of various components mentioned above needed for solv-
ing Columbo’s case. Moreover, we also discuss the role of nonmonotonical
reasoning [1] in this context. Finally we outline some directions of further
research.
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On a fuzzy valued measure and integral
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Let L be a completely distributive lattice and LX be the set of all L-fuzzy subsets
of a set X. The operations on L-sets are defined by using the minimum t - norm, the
corresponding t - conorm and an involution.

We consider such t-norm based clases of L-sets as semirings and tribes [1], such L-
fuzzy valued functions as elementary measures, exterior measures and measures. For our
purposes we decided in favour of the L-fuzzy real numbers, as they were first defined by
B.Hutton [2].

The aim of the present work is to construct an L-fuzzy valued measure of L-sets [3]
and to introduce an L-fuzzy valued integral. We generalize the well known construction
of the classic measure theory to the L-fuzzy case.

We construct an L-fuzzy valued measure by extending a given crisp finite measure ν
defined on a σ-algebra Φ of crisp subsets of X. In order to do this we describe a semiring
and an elementary measure defined on this semiring on the basis of Φ and ν. Then we
extend the elementary measure to the exterior measure defined on LX and obtain the
tribe Σ of measurable L-sets. To get the L-fuzzy valued measure we restrict the exterior
measure to Σ.
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T-norm based operations with L-fuzzy numbers
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This paper deals with a fuzzy analogue of a real number. In the literature on fuzzy
mathematics one can find several different schemes for defining fuzzy numbers. We con-
sider the notion originating to B.Hutton’s paper [1] and later developed by several authors
( see e.g. [2], [3], [4]).

Let L be a completely distributive lattice with lower and upper bounds 0L, 1L ∈ L.
An L-fuzzy real number is a function z : R→ L such that

(i) z is non-increasing;

(ii) infx z(x) = 0L, supx z(x) = 1L;

(iii) z is left semi-continuous, i.e. inft<x z(t) = z(x).

The set of all fuzzy real numbers is called the fuzzy real line and is denoted by R(L). The
operations of L-fuzzy addition and L-fuzzy multiplication as they are defined in [3] are
jointly continuous extensions of addition and multiplication from the real line R to the
L-fuzzy real line R(L).

The aim of the present paper is to present an alternative definition for arithmetic
operations with L-fuzzy numbers. For this aim we use the extension of an aggregation
operator by means of a t-norm. Basic algebraic properties of these arithmetic operations
are discussed. Examples illustrating the role of a t-norm in the definition of operations
are given.
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