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Abstract

On the base of some categorical properties of the power functor for the category of
sets, three types of “powerset-like functors” F : Cat —— Cat are defined, namely,
pre-powerset, powerset and C-powerset functor. A powerset functor for the category
Set(2) of Q-sets (X, A) over a complete BL-algebra Q, where A : X —— L is
a mapping of X to the support of €2, is introduced. Further, a C-powerset functor
for the category Q2—FSet of Q-fuzzy sets (X, 0) over a complete BL-algebra, where
0 : X x X —— L is a special similarity relation, is defined. These functors play
an important role in the investigation of categorical properties for more compli-
cated functors, which could represent some generalization of the Zadeh’s extension
principle.
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1 Introduction

In [10], Zadeh proposed a principle which gives a method how to extend
the “crisp” mapping f : X —— Y between sets to a “fuzzy” mapping
f: F(X) — F(Y) between sets of all fuzzy sets over X and Y with the mem-
bership degrees from the interval [0, 1]. An analogical extension principle can
be also applied in the cases, where we consider the fuzzy sets (more precisely
the Q-fuzzy sets) which membership degrees are interpreted in a truth value
structure €2 as e.g. a complete residuated lattice, BL-algebra, MV -algebra,
Heyting algebra, or cil-monoid. It is easy to see that if we consider the Boolean
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algebra Q = ({0,1},V, A), then the mapping f obtained by the Zadeh’s ex-
tension principle coincides with P(f), where P : Set Set is the common
(covariant) power functor from the category Set. Since the morphism P(f)
preserves all unions for any mapping f, i.e., P(f)(Uier 4i) = Uier P(f)(A;),
then P is also a functor of Set to CSLat (the category of complete (join)
semi-lattices). In [7] (see also [8,9]), Rodabaugh presents several categorical
criteria for the functor P : Set —— CSLat. Their modified versions are as
follows: If G : CSLat —— Set is the forgetful functor, then

(1) there exists a natural transformation 7 : Igey — G o P (defined by
nx(x) = {x} for any set X);

(2) nx : X — GoP(X) is a universal arrow for any set X;

(3) for any mapping f : X — Y there exists the unique g : P(Y) — P(X)
such that P(f)(A) < B if and only if A < g(B) for any A € P(X) and
B € P(Y), where < is the common ordering of sets.

Unfortunately, the Zadeh’s extension principle defined as a functor F of Set
to CSLat, which assigns to each set X the set of all Q-fuzzy sets F(X), does
not satisfy the proposed criteria in general. The reason is simple. There is no
natural transformation 7 : I[gey —— F o P such that nx is a universal arrow
for any set X, if we consider more general truth value structures! . Therefore,
Rodabaugh proposed to investigate the Zadeh’s extension principle, in essence,
as a functor F : Set CSLat such that, for any mapping f in Set, the
morphism F(f) lifts P(f) uniquely and, moreover, there exists the unique lift
h of the mapping g that is the right adjoint to F(f), i.e.,

F(f)(A) < B if and only if A < h(B)

is satisfied for any A € F(X) and B € F(Y), where < is the common or-
dering of Q2-fuzzy sets. Note that the existence and uniqueness of h is closely
associated with the a-cut representation of ()-fuzzy sets (the decomposition
theorems) as Rodabaugh presented in [7-9]. Summarizing the previous in-
vestigation of Zadeh’s extension principle the study of correctness of Zadeh’s
principle extension can be, in general, divided into two parts. First, this is
a correctness of functors (powerset-like functors), which are similar to the
power functor P for Set, and then a correctness of functors which are “lifts”
of powerset-like functors.

Now an interesting question arises, if the Zadeh’s extension principle as a
functor can be defined in other categories of fuzzy sets in such a way to satisfy
the given or modified criteria of correctness. In [5], Mockot introduced several
covariant functors F : Q—FSet Q—FSet, which could represent some
generalization of Zadeh’s extension principle, in the category 2—FSet of )-

I Tn general, not all Q-fuzzy sets over X can be expressed by a join of Q-fuzzy sets
nx (‘T)7 r e X.



fuzzy sets (X,d) over MV-algebras, where § : X x X —— L is a special
similarity relation (see e.g [1,2,4,6]). Their definitions seem to be very natural,
but the investigation of their correctness cannot be done by the proposed
approach. For example, if we want to follow the proposed idea, then we have
to define the category of complete (join) semi-lattices CSLat(, _pgo Over the
category (Q0—FSet, i.e., the category, where the objects are complete (join)
semi-lattice objects of 2—FSet and the morphisms are such morphisms of
Q)—FSet which preserves all joins. Moreover, there are some problems, when
we want to verify the correctness (after a slight modification) of powerset-
like functors in the first part of our investigation and also the correctness of
functors which are lifts of powerset-like functors in the second part.

The aim of this paper is to investigate of correctness of powerset-like functors.
We propose three types of functors: pre-powerset, powerset and C-powerset
functor, where a pre-powerset functor and C-powerset functor (C denotes a
class of subalgebras in which the original category is representable) could be
understood as powerset-like functors in the sense of the criteria (1)-(3). These
functors then form a base for introducing more general functors representing
the Zadeh’s extension principle.

The following section is devoted to BL-algebras, which are generated by just
one element. In the third section, representations of the categories 2—FSet
and Set(2) are presented. Complete (join) semi-lattice objects in the cate-
gories Q2—FSet and Set(2) are illustrated in the fourth section. Final section
is devoted to powerset-like functors. We introduce a C-powerset functor for
the category Q—FSet and a powerset functor for the category Set(2).

2 BlL-algebras generated by one element

In this paper, the truth value structure will be a complete BL-algebra, i.e.,
an algebra Q = (L, A, V,®,—,0q, lg), where (L, A,V,0q, 1lg) is a complete
lattice, where Oq and 1q denote the least element and the greatest element,
respectively, (L, ®, 1) is a commutative monoid and the following conditions
are satisfied for any «, 3, € L:

(i) @® B <ifand only if a < 8 — 7,
(i) (a— B) V(B — a) = 1q,
(ili) a® (0 — B) =aA B,

where < denotes the corresponding lattice ordering. We say that €2 is a linearly
ordered or completely distributive BL-algebra, if (L, A, V,0q, 1q) is a linearly
ordered or completely distributive lattice.



Let N denote the set of all natural numbers (with 0) and N* = N U {oo},
where oo denotes the symbol of infinity. Let < denote the ordering in N* and
be the natural extension of the ordering in N (i.e., n < oo for any n € N). If
) is a complete BL-algebra and a € L, then the power of an element a of L
is defined by a® = 1g, a" = a® o™ ! for any n € N\ {0} and o™ = A,y ™

Lemma 1 Let Q be a complete BL-algebra and o € L. Then we have

(i) Niera™ = aVier™,

(ii) Vies a™ = alNier™,
(i4) Vier /\jeJ Qi = /\’yEJI Viera™®,
(1) Nier Vijes " =V e Ner Q"

for any index sets I, J.

PROOF. Here, we will prove (i) and (iii). Let 7 = (). Then A;c; o™ = 1q.
On the other hand, we have V,c;n; = 0 and o’ = 1q. Hence, the equality
in (i) is satisfied. Let I # (). Since o™ < o™, whenever n; < n;, we have
aVier < o™ for any j € I. Hence, we obtain aVierm < Aier @™. Obviously,
we have \;crn; = ng < oo or \;c;n; = oo. In the first case, there exists j € 1
such that n; = ny and thus o™ = aVier™ > Nier ™. In the second case, we
have Ajcra™ = Ny = a™ = aVier " since for any n € N there exists
1 € I such that n < n;. Hence, the first statement is proved.

In order to prove the third statement it is sufficient to show the following
equality

AV niy =V A nine- (1)

i€l jeJ yeJliel

The rest of the proof is a straightforward consequent of (i) and (ii). Let v €
J! be an arbitrary mapping. Then Vjesnij = Ny holds for all ¢+ € I and
thus Ajer Viesnij 2> Nier iy With regard to an arbitrary choice of v we
obtain Ajer Vies i 2 Vaesr Nier Nin(s)- Conversely. First, let us suppose that
Vjesni = oo holds for all i € I. We can consider two different cases. In the
first one, for each ¢ € I, there exists j € J such that n;; = co. Here we can
obviously define a mapping v € J? with (i) = j if and only if n;,q = oo.
Hence, we obtain the equality A;c; Vjiesnij = Vaesr Nier iyeiy = 00. In the
second case, we can assume that there exists ig € I, where V,c;n;y; = 00, but
n,,; < 0o for all 7 € J. In this case, the following conditions are satisfied

(a) Yy € J1: Nier Miniy < 00,
(b) Vy € JIFY € JL: Niex Nin(i) < Nier Ny (i)-



Indeed, n;y(i,) < oo holds for each v € JI and (a) is satisfied. Let us suppose
that there exists v* € J such that A;c; Niny(i) < Nier Tiy=(5) holds for all map-
pings v € J'. Since V;c;n;; = oo for each i € I, we can put +/(i) = v*(7), if
7v*(i) = oo, and /(i) = j, where n;,-; < n;;. Evidently, we obtain the map-
ping 7/ € J! such that A, Ny (i) < Nier Mivy (i) holds. Hence, a contradiction
and (b) is proved. According to (b), we have \/ ¢ ;1 Aies i) = Voyesr Ny = 00,
where A;er niy) = ny. Further, we suppose that ;¢ ;n;; < oo, for some i € I.
Let K be a subset of I such that V;c;ng; < oo holds for any & € K and
Vjesmy; = oo holds for any [ € I\ K. Let us define ng;, = V;c;n; for all
ke K, nij, > Nper My, for all I € I\ K and v*(¢) = j;. Then we obtain

AV i < A g AN g < Aniey < VA ninco-

iel jeJ keK le\K iel yeJliel

Hence, the equality (1) is satisfied and the proof is finished. O

Let L, denote the set of all powers of «, i.e., L, = {a" | n € N*}. Further,
put

max(n —m,0), n,m € N,
n+m, n,me N,
ndom= nom=40, m = 00,
0, otherwise,
00, otherwise.

for any n,m € N*.

Theorem 2 Let Q = (L,A\,V,®,—,0q,1q) be a complete BL-algebra and
a € L. Then Qo = (Lo, Nas Va, Qo —a, @, 1g), where

a™ Ny =a" Na" (2)
am"Vea" =amVva" (3)
a™ @q o =" (4)
a™ —g Q" =" (5)

are defined for any o™, a" € Lg, is a complete and completely distributive
linearly ordered subalgebra of €2.

PROOF. One checks easily that a is the greatest element, a™ is the least
element and the operation ®,, is the restriction of ® on L,. Since (a; ® ap) —
az = a; — (ag — az), then we have ™ — o™ = (™" ® a™) — a™ =
Q™" — (@' — Q") = o™ = o™ —, a" for any m,n € N*. Hence, the
operation —, is the restriction of — on L, and thus €}, is a BL-subalgebra
of €. The rest of the proof is a straightforward consequence of Lemma 1 and
the fact that (N*, <) is a complete lattice. O



A complete BL-algebra €2, defined above is called the BL-algebra generated
by the element a. It is known that the equality 8 ® Aicr Bi = Nicr (B ® 5;) for
any non-empty [ is false in complete BL-algebras in general. Note that this
equality is satisfied, for example, in MV-algebras, i.e. B L-algebras, where the
law of double negation (i.e., (& = 0g) — 0g = « for any « € L) is satisfied.
B L-algebras generated by one element are further examples of BL-algebras
satisfying this equality as the following theorem states.

Theorem 3 Let Q) be a complete BL-algebra and oo € L. Then

B®@a N\ Bi= N\ ®Rab) (6)

iel iel

holds for any 8 € L, and a non-empty index set {3; € L, | i € I}.

PROOF. One checks easily by a direct computation that n & \;c.;m; =
Vier(n & m;) holds for any non-empty set I and n,m; € N*, where i € I.
Hence, we can write (according to Lemma 1 and Theorem 2)

a” Qg /\ a™ = a" ®, a\/iel mi an@\/iel mi
el
aViEI("@mi) — /\ anéBmi — /\(an ®a ami)

i€l i€l

for any non-empty set I and n,m; € N* where ¢ € I, and thus (6) is
proved. O

3 Categories of fuzzy sets over BlL-algebras

This section is devoted to two well-known categories of fuzzy sets, namely,
the category (0—FSet, which objects are pairs (X, ), where § : X x X — L
is a similarity relation, and Set(f2), which objects are pairs (X, A), where
A : X — L is a mapping from X to the support of 2. We introduce some
types of their subobjects and prove that both categories can be represented
in the product of their special subcategories in the sense of the following
definition.

Definition 4 Let Cat be a category with all products and C = {Cat; | i € I}
be an index family of subcategories of Cat. We say that Cat is representable
in C, if there exists a subcategory Rep of the product category [1,c; Cat; which
18 equivalent to Cat.

It is easy to see that each category Cat can be representable in C = {Cat}.
This representation of Cat is called trivial. Otherwise, it is called nontrivial.



3.1 Category Q—FSet

Definition 5 Let Q2 be a complete BL-algebra. An Q-valued fuzzy set (shortly
O-fuzzy set) is a pair (X, ), where X is a set and § : X x X — Q is a mapping
such that

Iz,y) < o(z,z) Nd(y,y) (strictness)
o(z,y) = 0(y,z) (symmetry)
3z, y) @ (0(y,y) — 6y, 2)) < d(z,2) (transitivity)

hold for all x,y,z € X. The mapping d is called similarity relation.

Definition 6 The category Q—FSet of Q-fuzzy sets consists of the following
data

(1) Q-fuzzy sets as objects,

(13) structure preserving mappings as morphisms, i.e., f : (X,0) — (Y, 7)
18 @ morphism, if f : X —— Y is a mapping of sets satisfying the fol-
lowing azxioms

< d(x, ) (Strictness)
(x), f(y)) (Preservation of Equality)

forall x,y € X.

If f: (X,0) (Y,v) and g : (Y,v) — (Z, p) are two morphisms, then
their composition is mapping go f : X —— Z.

It easy to verify that the composition of morphisms f and g is again a mor-
phism in 2—FSet.

Theorem 7 The category QQ—FSet is complete.

PROOF. Tt is obvious that (L, A) is the terminal object To and (0, 0) is the
initial object In. One checks easily that if {(X;,d;) | ¢ € I} is an index set of
O-fuzzy sets, then

X={xe[[X;|(Vi,j€I)(bi(xi,x;) = 6;(xj, x;))},

iel

o(x,y) = N dilzi, ui)

el



and the common set-projections p; : [[;e; X; —— X; define the product of
{(Xi,0;) | i € I} in Q—FSet. Finally, if

/
(X;0) == (¥>9),
then B = {x € X | f(z) = g()}, &' = d|pxp (the restriction of § on B) and

the inclusion mapping e : B ——— X define the equalizer of the morphisms f
and g in Q2—FSet. Hence, the category 2—FSet has limits. O

Definition 8 Let QQ = (L, A, V,®,—,0q,1q) be a complete BL-algebra and
a € Q. An Q,-valued fuzzy set (shortly Q-fuzzy set) is an ordered pair (X, 0),
where X is a set and § : X x X — L, is a mapping that

d(z,x) =« (a-level property)

d(z,y) <« (strictness)

o(z,y) = 0(y,x) (symmetry)
d(z,y) @ (a — d(y,2)) < d(x, 2) (a-transitivity)

hold for all x,y,z € X. The mapping d is called a-similarity relation.
Definition 9 The category Q,—FSet consists of the following data

(1) Qq-fuzzy sets as objects,
(6) f:(X,0) —— (Y,7) is a morphism, if f is a mapping of X toY
satisfying the preservation of equality.

If f:(X,0) — (Y,7v) and g : (Y,y) — (Z, p) are two morphisms, then
their composition is the mapping go f : X —— Z.

Theorem 10 Let Q be a BL-algebra and o« € L. Then Q,—FSet is a com-
plete category that is a full subcategory of Q—FSet.

PROOF. One checks easily that To = ({a},A) and In = (0,0). The con-
structions of the products and equalizers are analogous to the constructions
presented in the proof of Theorem 7. If H : Q,—FSet —— ()—FSet is the
inclusion functor and ¢ : H(X, §) — H(Y, ) is a morphism in Q—FSet, then
evidently H(g) = ¢ and thus H is full. Hence, Q,—FSet is a full subcategory
of Q—FSet. O

In the following part, we will prove that the category (2—FSet is representable
in the family of all subcategories §2,—FSet in the sense of Definition 4. First,
let us define a suitable objects of €2, —FSet using them the representation will
be constructed.



Let X be a set and R C X x X be a symmetric relation which satisfies the
following additional condition

(x,y) € R= (z,2) € R (7)

for any z,y € X. A relation satisfying the condition (7) is called conditionally
reflevive. A finite sequence s = {s;}"; such that s; = (x;, x;11) € R holds for
any ¢ = 1,...,n, is called a chain in R of the length n. The length of a chain
s is denoted by |s|. Let s = {s;}; be a chain in R. Then s; is called the
beginning and s, is called the end of the chain s. The set of all chains s in R
with (z,y) or (y,z) as the beginning of s and (p, ¢) or (¢, p) as the end of s is
denoted by Ch((z,y), (p,q)). It is easy to see that for each (z,y), (p,q) € R we
have s = {(z,y)} € Ch((z,y), (z,y)), where |s| = 1, and Ch((z,y), (p,q)) =

Ch((z,y),(q,p)) = Ch((y, ), (p,q)) = Ch((y, ), (q,p)). Further, there exists
a bijective mapping g : Ch((z,y), (p,q)) —— Ch((p, q), (x,y)) such that |s| =

l9(s)| for any s € Ch((z,y), (p.q)). In fact, i s = {(2,). (4.31). - -, (P, )}

then we put g(s) = {(@,p); - - (y1,9), (4,2)} € Ch((p, ), (z,1)). Evidently, g
is a bijection with the considered condition.

Lemma 11 Let (z,y),(p,q), (e, f) € R and v € Ch((z,y), (p,q)) and s €
Ch((p,q), (e, f)). Then there existst € Ch((x,y), (e, f)) such that |r|+|s| > |t|.

PROOF. Letr € Ch((x,y), (p,q)),s € Ch((p,q), (e, f)) and |r| =n, |s| =

Let us denote 71, = s11 = (p,q) and r9, = s21 = (q,p) (the possible ends of

r and beginnings of s). It is easy to prove that for arbitrary r;,, s;;, where
j = 1,2, there exists t € Ch((z,y), (e, f)) such that |r| +|s| > [¢t|]. O

Lemma 12 Let (,y),(p,q), (e, f) € R and v € Ch((z,y), (p,q)) and s €
Ch((e, f), (p,q)). Then there existst € Ch((x,y), (e, f)) such that |r|+|s| > |t|.

PROOF. Let s € Ch((e, f),(¢,d)). Then there exists s' € Ch((c,d), (e, f))
such that |s| = |s'|. According to lemma 11, there exists t € Ch((a,b), (e, f))
such that |r| 4+ |s'| > |t| and, hence, |r| + |s| > [t|. O

Definition 13 The category Rep consists of the following data

(i) families R = {(Ra,00) | @« € L & R, C X x X} as objects, where X is
a set, 0y : Ry X Ry —— L, is defined by

V(x,y), (p.q) € Ra : 6al(x,9), (p,q)) = Voo (@)

s€Ch((z,y),(p,q))

and, moreover, the following axioms are satisfied for any o, 3 € L and
r,y,z € X



(RJ) Ro =X X X,

(R2) if (z,y) € Ra, then (x,x) € R, and (y,x) € R, (i.e., R, is condition-
ally reflexive and symmetric relation),

(R3) if a < 3, then Rz C R,,

(R4) if

o= \/{w € L|(x,y) €R,}, (9)

then (z,y) € R,.
(R5) if (x,y) € R, and (y,z) € Rg, then there exists ¢ € L such that
(x,2) € R. and

a®(( 'V w—p) <e (10)

weL
(y,y)€ERw

(11) a morphism between R and S is a family f = {fo : Ry — So | @ € L}
of mappings such that there exists a mapping f : X —— Y satisfying
the following axioms for any o € L

(R6) fo(z,y) = (f(x), f(y)) holds for any (z,y) € Ra,

(R7) 0o((2,9), (1,0)) < Yalfa(®,9), fa(p,q)) holds for any (z,y),(p.q) €
R,
(R8) the following equality is satisfied

V{a€L|(z,2) € Ra} = \/{BE L] fs(x,x) € S5} (11)
for any x € X.

Iff :R——S andg:S —— T are two morphisms, then their composition
is a family gof ={ga 0 fo: Ro — T, | @ € L} of mappings.

One checks easily that 1g = {1g, | @ € L} define the identity morphism in
Rep and fo (goh) = (fog)oh is satisfied for any morphisms h : R —— S|
g:S——Tandf: T—U.

Remark 14 If R, = 0, then evidently 6, = (). Obviously, the object (0,0) is
the initial object in Q,—FSet (cf. Theorem 7).

Theorem 15 Rep is a subcategory of the product category [Iaer, 2o—FSet.

PROOF. First, let us prove that (R,,d,) is an object of Q,—FSet. Let
(2,9). (p,q), (e, f) € Ra. Since (z,y) € Ch((z,y), (z,y)), then we have

5a(<xuy)7<xvy>) = \/ Oé's‘ :Oél = .
s€Ch((z,y),(z,y))

Hence, 4, satisfies a-level property and is strict. If Ch((x,y), (p,q)) = 0, then
obviously Ch((p, ), (z,y)) = 0. Hence, o ((z,9). (. q)) = da((p: @), (z,¥)) =

10



a®. If Ch((x,y), (p,q)) # 0, then there exists a bijective mapping

g : Ch((z,y), (p,q)) = Ch((x,y), (p,q))

with |s| = |g(s)| and thus ¢, is symmetric. Finally, if Ch((z,y), (p,q)) = 0 or
Ch((p,q), (e, f)) = 0, then one checks that

X)
0a((2,y), (P, 1) ® (@ = 0a((p 9), (e, f))) = a™ < 6a((2,y), (¢, f))
and d, is a-transitive. If Ch((z,y),(p,q)) # 0 # Ch((p,q), (e, f)), then we

have

0al(7, ), (p,q)) ® (@ — dal(p,q), (e, f))) =
V  afle@— Y ab)-

reCh((z,y),(p,q)) s€Ch((p,9):(e.f))
v V  allea—a) =
r€Ch((z,y),(p,q)) s€Ch((p,q),(e.f))
V V a1 < V ol = 6.((z,y), (e, 1))
r€Ch((2,y),(p,q)) s€Ch((p,9),(e,f)) teCh((z,y),(e.f))

where the inequality follows from Lemmas 11 and 12. Hence, 9, is a-transitive
and (Rq, d,) is an object of 2, —FSet. Further, let us prove that f, is a mor-
phism of Q,—FSet. This is, however, a straightforward consequence of (R7)
and the fact that d,((x,y), (z,y)) = @ = v.((p,q), (p,q)) for any (x,y) € R,
and (p, q) € S,. Moreover, it is easy to see that 1g, defines the identity mor-
phism 1(g, 5,y and if f, : (Ra, 0a) — (Sa,Va) and ga @ (Sa; Ya) — (Ta, Va)
are two morphisms, then the composition g, o f, : (Ra,0a) —— (To, Ja) is
again a morphism in §2,—FSet. Hence, Rep is a subcategory of the product
category [[,er 2o—FSet. O

Lemma 16 Let (X,0) be any object of Q—FSet. Then R = {(R4,da) | @ €
O}, where Ry, = {(z,y) € X x X | §(z,y) > a} and 6, : Ry X Ry —— Ly, is
defined by (8), is an object of the category Rep.

PROOF. Obviously, Ry = X x X, R, € X x X and if (x,y) € R,, then
d(z,z) > d(y,x) = 6(x,y) > a. Hence, R is well defined and (R1) and (R2)
are satisfied. If &« > 3 and (z,y) € R,, then d(x,y) > o > [ and thus
(z,y) € Rg. Hence, (R3) is satisfied. Let x,y € X be arbitrary elements. If
(x,y) € Ry, then §(z,y) = o > w. Hence, we obtain §(z,y) > V{w € L |
(x,y) € Ry}. Since (z,y) € R,, then 0(z,y) < V{w € L | (z,y) € R,} and
thus 0(z,y) = V{w € L | (z,y) € R,}. A straightforward consequence of this
equality is the validity of (R4). Let o, 5 € L, (x,y) € R, and (y, 2) € Rg. Put
e=a® (0(y,y) — B). It is easy to see that

6(z,2) = 0(z,y) @ (0(y,y) = 6y, 2)) 2 ax(( V w) —p) =¢,

weL
(y,¥)€ERw

11



where 6(y,y) = V{w € L | (y,y) € R,} was proved above. Then (z, z) € R.
and ¢ fulfills (10). Hence, (R5) is satisfied and R is an object of Rep. O

Lemma 17 Let f : R —— S be a morphism in Rep. Then there exists the
unique mapping f : X —— Y, where X and Y are the corresponding sets to
R and S, respectively.

PROOF. Let f be determined by two mappings f,g : X Y. Then
(f(z), f(x)) = folx,x) = go(x, x) = (g(x), g(x)) holds for any = € X and thus
f = g. Hence, there exists the unique mapping f determining f. O

Theorem 18 The categories 1—FSet and Rep are equivalent.

PROQOF. First, let us define a covariant functor F : )—FSet —— Rep as
follows

(i) F(X,0) = {(Ra,da) | « € L}, where R, = {(z,y) € X x X) | d(z,y) >
a} and 4, is defined by (8),

(ii) F(f) = {fa | @ € L}, where f, : R, —— S, defined by f,(z,y) =
(f (@), f(y)-

According to Lemma 16, the family F(X,0) is an object of Rep. Let f :
(X,9) (Y,~) be a morphism in Q—FSet. If R, = 0, then f, = (. If
(x,y) € Ry, then y(f(z), f(y)) > 6(x,y) > « which implies f,(x,y) € S,.
Hence, f, is correctly defined. Moreover, (R6) is trivially satisfied. If s =
{(x1,22),...,(®p—1,2,)} is a chain in R,, then

fa(S) = {fa(x17x2)7 SR fa(xn—lvxn>}

is a chain in S,. Hence, we obtain

da((z,y), (P q)) = \/ o]

s€Ch((=,y),(p,q))

< \/ Ol < o (fal@,y), falp, @)
f(s)ECh(fOé (mvy))uf& (pvq))

and (R7) is satisfied. Since 0(z,z) = v(f(x), f(x)), then

\/{a €L|(x,z) € R} = \/{ﬁ € L] fa(z,x) € Sz}

Hence, (R8) is satisfied and F(f) is a morphism in Rep. Let us consider two
morphisms [ : (X,d) — (Y,v) and ¢ : (Y,7) — (Z,9) of Q—FSet. Ob-
viously, we have (g o f)a(z,y) = ((g° f)(2),(g° f)(y) = gua(f(2), f(y)) =
(ga © fa)(z,y) for any (z,y) € R, and, hence, F(go f) = F(g) o F(f). More-
over, if 1(x ) is the identity morphism, then we can write (1(x))a(®,y) =
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(Lix0)(2), Lix5)(y)) = (z,y) for any o € L and (x,y) € R,. Hence, F(1(x4)) =
1p(x,5) and F is a covariant functor.

Further, let us define a covariant functor G : Rep —— QQ—FSet as follows

(i) G(R) = (X,9), where Ry = X x X and ¢ : X x X — L is defined by
d(z,y) =V{a € L|(x,y) € R,},
(ii) G(f) = f, where f(x) = fo,(x,x).

Since (z,y) € R, implies (z,z) € R, and (y,z) € R,, then we have
0(zy)=\V{eel|(x,y)€ R} <\{a€L|(z,7) € Ra} = (z,7)

and similarly

o(x,y) =\V{aeL|(z,y) € Ra} = \{a € L|(y) € Ra} =0y, ).

Hence, the relation ¢ is strict and symmetric. Let x,y, 2 € X, then

3z, y) @ (6(yy) =82 =( V a)a( V w= \ 8)=

a€EL weL BEL
(z,y)€ERq (y,y)ERw (y,2)€Rg
VoV @V w)—=8)< V e=d@2),
a€l BeEL w€eL e€L
(z,y)€Ra (v,2)ERg (v,¥)€Rw (z,2)ERe

where the inequality follows from (R5). Hence, (X, d) is an object of 2—FSet.
According to Lemma 17, F(f) is the unique mapping which corresponds to f.
Let z,y € X, then we have

oz,x)= "\ a= '\ B=1(f(2) f(2)) =7(G()(x).G(f)(z)

acl BeEL
(z,z)ERq fﬁ(x,x)esﬁ

according to (R8) and
Sz,y) =V dallzy), (@y) <V valfalzy) falz.y) <

(2)C R (cayeRa
ﬁ\/L V5(fs(x, ), fo(x,y)) = v(f(2), f(y)) = V(G()(2),G(f)(v))-

Hence, G(f) is a morphism in Q2—FSet. Moreover, obviously G(gof) = go f =
G(g) o G(f) and G(1gr) = 1x = lgm). Thus G is a covariant functor.

Finally, we will prove that Go F = 15_pge and F o G = 1gep. Let (X, 6)
be an arbitrary object of Q2—FSet. Obviously, G o F(X,d) = (X,¢’). Let
z,y € X. We have shown that d(z,y) = V{w € L | (z,y) € R,}, where R, =
{(z,y) | 0(z,y) > a} (see the proof of Theorem 16). If f: (X,d) — (Y,7) is a
morphism in Q—FSet, then trivially GoF(f) = f and thus GoF = 1 pget-
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Let R = {(Ra,d4) | @ € L} be an object in Rep and let FoG(R) = {(R.,,0.,) |
a € L} If (z,y) € Ry, then §(x,y) = V{w € L | (x,y) € R,} > « and thus
(z,y) € R, ie. Ry, C R,.If (x,y) € R, and d(z,y) = (3, then (x,y) € Rg,
according to (R4), and thus (z,y) € R,, according to (R3), i.e. R, C R,.
Hence, we obtain R, = R/, and also J, = ¢/, according to the definition. If
f : R—— S is a morphism in Rep, then trivially F o G(f) = f and thus
F o G = 1gep. Thus the categories {2—FSet and Rep are equivalent and the

proof is finished. O

Theorem 19 Q—FSet is representable in C = {Q,—FSet | a € L}.

PROOF. This is a straightforward consequence of Theorem 18. O

3.2 Category Set(2)

Definition 20 Let Q = (L, A, V,®, —,0q, 1q) be a complete residuated lat-
tice. An Q-valued set (shortly Q-set) is an ordered pair (X, A), where X is a
set and A : X — L is a mapping.

Definition 21 The category Set(Q2) consists of the following data
(i) Q-sets as objects,
(ii) f: (X, A) — (Y,B) is a morphism, if f : X — Y is a mapping such
that A(x) < B(f(x)) holds for any x € X.

If f: (X, A) (Y,B) and g : (Y,B) — (Z,C) are two morphisms, then
their composition is usual composition of mappings go f : X —— Z.

Theorem 22 The category Set(S2) is complete.

PROOF. It is obvious that a pair ({0}, x{o}) is the terminal object and the
pair (0, 0) is the initial object of Set(£2). One checks easily that is {(X;, A;) |
i € I} is a family of Q-sets, then (I[;c; Xi, A), A(x) = Ajer Ai(z;) and the
common set-projections define the product of {(X;, 4;) | ¢ € I}. Finally, if

(X, A) == (V. B),

g

then Z = {z € X | f(x) = g(x)}, C = A|; (the restriction of A on Z) and
the inclusion mapping e : Z ——— X define the equalizer of the morphisms f
and ¢ in Set(£2). Hence, the category Set(f2) has limits. O
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Definition 23 Let Q = (L, A\, V,®,—,0q, 1g) be a complete residuated lattice
and a € L. An Q,-set is a ordered pair (X, A), where X is a set and A :
X —L,.

Definition 24 The category Set(£),) consists of the following data
(i) Qq-sets as objects,
(ii) f: (X, A) —— (Y, B) is a morphism, if f : X —— Y is a mapping
with A(z) < B(f(x)).

If f 1 (X,A) — (Y,B) and g : (Y,B) — (Z,C) are two morphisms, then
their composition is usual composition of mappings go f : X —— Z.

Theorem 25 Let Q) be a BL-algebra and o € L. Then Set(€),) is a complete
category that is a full subcategory of the category Set(£).

PROOF. It is obvious. O

Let us introduce a special subcategory Rep of the category [].c; Set(€,)
that will represent the category Set(f2).

Definition 26 The category Rep consists of the following data

(1) families X = {(Xa, Aa) | @« € L} as objects, where X, is a set, A, :

X, {a} and the following azioms are satisfied for any o, 3 € L
and x € X
(S1) X C Xg, whenever o > 3,
(S2) if
a=\{well|zeX,} (12)
then x € X,,

(17) a family f = {fo : Xo — Y, | @« € L} of mappings is a morphism, if
there exists a mapping f : Xo, — Yo,, such that fo, = f|x, for any
a€ L.

The composition of morphisms is defined as the composition of the correspond-
mg mappings.

Theorem 27 Rep is a subcategory of the product category [Toer, Set(§).

PROOF. It is obvious. O

Theorem 28 The categories Set(€)) and Rep are equivalent.
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PROOF. First, let us introduce a covariant functor F : Set(2) —— Rep as
follows

(i) F(X,A) = {(X,A,) | « € L}, where X, = {r € X | A(z) > a} and
Sa(x) = a for any = € X,,,

(ii) F(f) ={fa | @ € L}, where f, = f|x,-

Obviously, F/(X, A) is an object of Set(2). Let f : (X, A) (Y, B) be a
morphism in Set({2) and o € L. Since f,(x) = f(x) for any z € X, and
A(x) < B(f(x)), then obviously A,(z) < B,(f(z)). One checks that F is a

covariant functor.

Further, let us define a covariant functor G : Rep —— Set((2) as follows
(i) G(X) = (X,A), where X = Xy and A: X — L is defined by

Alr) =\ Aalo) (13)

a€Ll
ze€Xq

(i) G(f) = fo.

Obviously, G(X) is a object of Set(2). Let f : X —— Y be an arbitrary
morphism and z € X. Then we have

Alw) =V Aa(z) <V Ba(falw)) = B(G(f)(x)),

a€cl aclL

z€EX f(z)eYn
since A, (x) < Ba(fa(z)) holds for any x € X,,. Hence, G(f) is a morphism in
Set(€2). One checks easily that G is a covariant functor.

Finally, we will prove that G o F = lgeg) and F o G = 1gep. Let (X, A)
be an arbitrary object of Set(2) and put G o F(X, A) = (X', A’). Obviously,
X'= Xy = X. Since A(z) > A,(z) for any a € L such that x € X,, then

Alw) =\ Aa(o)

a€l

ze€Xq
holds for any x € X. The inverse inequality is a direct consequence of x €
X a(z)- Hence, we obtain

Alz) = \/ Aa(z) = A'(z)

a€cl
reXq

for any z € X and thus G o F(X, A) = (X, A). According to the definitions
of the functors F and G, we have G o F(f) = f and thus G o F = 1ge(). Let
X ={(Xa4, As) | @ € L} be an object of Rep and put Fo G(X) = {(X/, A)) |
a € L}. It is easy to see that X, C X/ for any a € L. Let z € X/. Then
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A(x) > aimplies z € X, where (52) is used in the case that A(x) = a. Hence,
X, = X]. Since A,(z) = Al (z) = « for any X,, we have F o G(X) = X.
Obviously, we have F o G(f) = F(fy) = f and thus F o G = 1rep. Hence, the
categories Set({2) and Rep are equivalent and the proof is finished. O

Theorem 29 Set(S2) is representable in C = {Set(Q2,) | a € L}.

PROOF. This is a straightforward consequence of Theorem 28. O

4 Complete semi-lattice objects in categories of fuzzy sets

4.1 Basic definitions

In the following part, we will present an internal definition of complete semi-
lattice objects in a category Cat. Let us suppose that a complete category
Cat is given.

Definition 30 Let X be an object of Cat. A pair (X,V), where V : X X
X —— X is a morphism of Cat, is a semi-lattice object of the category Cat,
if the following diagrams (axioms) are satisfied

(X x X)x X 2% v o x X
=~ l 1x (associativity)
Xox (X x X) 2y x X
X x X X
r \ l 1x (commutativity)
X xX X
X 4A> X xX
1x V (idempotence)
XX x

where r is the twist morphism, i.e., T or = 7wy and w o r = mw hold, and A
is the diagonal morphism, i.e., m o A =m0 A = 1x holds.

Definition 31 Let (X, V) be a semi-lattice object in Cat and To be the ter-
minal object. We say that (X, V) has the least element or greatest element, if
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there exist the unique morphisms 1. : To —— X or T : To —— X such that,
for any morphism x : To —— X, the diagrams

1 T
ToxTo—Xx>X><X TOXTOAXXX
J_xx\ Vo oorTxzx Y (14)
Xxx -2 .x Xxxx P . x

where ps or py are the corresponding projections, commute, respectively. A
semi-lattice object with the least or greatest element is denoted by (X,V, L) or
(X,V, T), respectively.

Note that if we consider a semi-lattice object (X, V) in the category of sets
such that there exists 1 : {x} — X holding L (z)Vy = y for any y € X, then
1 (z) is the least element in X. Moreover, the morphism V represents a join
operation. Hence, a semi-lattice object (X, V, L) could be also interpreted as
a join semi-lattice object with the least element. Let us define complete (join)
semi-lattice objects in Cat. Let I be a non-empty set and X! denote a product
of I copies of X, i.e., X! = [[; X. Note that X! is usually called a power of
X (see [3]). For any i € I, we define a morphism (an i-diagonal morphism)
& X! — X x X' such that the following diagrams commute:

XxXI& X! & X x X!
D1 1XI{ {m (15)
X By It

where pi, po and ¢; are the projections of the corresponding products. If X is
a set and {a;};c; € X!, then obviously &((a;)jer) = (ai, (a;)jer)-

Definition 32 A semi-lattice object (X,V, L) in Cat is complete, if, for the
empty set I, \/; = L and, for any non-empty set I, there exists a morphism

V;: X! —— X such that

(i) the diagram

i 1
XIS o BV
\% % (16)
1
e X X

commutes for any i € 1,
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(ii) if f: X! —— X is a morphism satisfying (i), then the diagram

A
XA e xt VX vk
\% \ (17)
1
X X - X

commautes.

Remark 33 If (X,V, 1) is a (join) semi-lattice object in the category of sets,
then (i) states that for any non-empty set I there exists an upper bound \/;c; ;
(i.e., x; <x Vierx; for any i € I) and (ii) states that this upper bound is the
least upper bound (i.e., if there is x € X such that a; <x x for anyi € I, then
Vierzi <x ).

Definition 34 A category CSLatcay (complete semi-lattice category over
Cat ) consists of the following data

(i) complete (join) semi-lattice objects (X,V, L) of the category Cat as ob-
jects,

(i) f:(X,Vx,Lx) —— (Y, Vy, Ly) is a morphism, if f : X —— Y is a
morphism of Cat such that the diagrams (the first one for any non-empty

set I)
Vx| oy To— X . x
Hffl lf and \ lf (18)
yr Vv oy ' Y.
commute.

4.2 Complete join semi-lattice objects in Q1—FSet

Let (X, d) be an object of Q—FSet. An Q-subset of (X, d) is an Q-fuzzy set A =
(A,04), where A C X and 64 = 0|4 is the restriction of § on A. The set of all Q-
subsets of (X, d) is denoted by Sub(X, ). In the following text, for simplicity,
we omit the index A in §4 and write only 6. Let § : Sub(X,d)? — L be a
relation defined by

O(AB) =\ sa,a) @ A (V d(a,z) — \/ 5(b,z))A

acA zeX acA beB

Voo e AV by — V day).

beB yeX beB acA

for any A, B € Sub(X, ).

(19)
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Lemma 35 Let (X,0) be an object of Q—FSet. Then the pair (Sub(X, d), 5),
where § is defined by (19), is an object of the category Q1—FSet.

PROOF. One check easily that §(A, A) = \/,c 4 6(a, a). Hence, we have

5(A,A) A (B, B) = \/ do(a,a) A\ 6(b,b) > ,B)
acA beA

for any A;B € Sub(X, ) and thus 0 is strict. Since the definition of & is
symmetric, ¢ is symmetric. Since a® (a — b) =aAband (a — b)® (b — ¢) <
a — ¢ hold for any a, b, c € L, then we have

5(A,B) ® (6(B,B) — §(B,C)) <

((\/ d(a,a) ® /\(\/ d(a,x) — \/5(555 /\\/566)®

acA rEX acA beB ben
(bléa (b,b) — bléa (b,b) ® yéx(bl{gd(b,y) —>c\6/05(c ) <
b!g 5(b,b) ® (bl/B 5(b, b) \E/A 5(a, a) xé\){(@\ea S(a,z) — blé 3(b,x)))®
(bl/B(s (b,b) b\e/Ba (b,b) ® yé{(b\e/Bé(b,y) - C\E/Ca(c,y)))) =
(bléa (b, b) — a\e/Aa a,a) mé\x(a\eéa(a, ) — b\e/BCS(b’ 7))@
bl/Bd(b, b) ®yé\X(b§é o(b,y) — C\E/Cé(c, y)) <
a\e/Aa(a, a) ® (xg(a\eéa(a,x) — b!gé(b, z)) @yé/ bl/Ba (b, y) C\e/ca(c ) <
\E/A 5(a,a) ®£x ((a\eé 5(a, z) — ;{8 5(b, z) bl/Bé (b,y) C\e/ca(c ) <
\G/A 8(a,a) ® mé\x(a\eé 5(a,z) — \E/C 5(c, z)).

Analogously, we obtain

O(A,B)® (5(B,B) — 4(B,C)) < \/ d(c,e)@ A (V d(c,x) — \/ d(a,2)).

ceC zeX ceC a€A

Hence, 4 is transitive and (Sub(X,4),) is an object of Q—FSet. O

Let (Y,7) = (Sub(X,6),8) x (Sub(X,d),8) denote the product. Let us define
a mapping U : Y —— Sub(X,d) for any (A,B) € Y (recall that §(A,A) =
d(B,B) holds in this case) as follows

AUB = (A,0)U(B,0) = (AU B,0). (20)
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Lemma 36 The mapping U defined by (20) is a morphism in Q—FSet.

PROOF. Let us put (Y,7) = (Sub(X,d),0) x (Sub(X,d),d). It is easy to
verify that U : Y —— Sub(X, 9) is a morphism in Q2—FSet if and only if the
following conditions

6(AUA, By UB,y), (21)
S(ATUAy AT UAY)  (22)

S(Al,Bl) N S(A27B2) = 7((‘&17 A2)7 (Bb E2))

<
O(A1, A) A S(Ag, Ag) = (A1, As), (A1, Ay)) >

hold for any (A, Az), (B1,By) € Y. Let (A1, Ay), (B1,Bs) € Y be arbitrary
elements. According to the definition of §, we have

\V d(a,a) = \/ 8(b,b) and \/ d(a,a) = \/ 4(bb). (23)

a€A; beAs a€ By be B2

Hence, we can write

2

O(A1,Br) Ad(Ag,Bs) = A (1 d(a,a)® A (V d(a,z) = \/ 6(b,z))A

i=1 a€A; zeX a€A; beB;
b\/_5 b,b) /E((b\/?(b,y) = \£_5(a,y))) <
(\_/1 \éé(a,a)@ /\){_/\5 \é_&(a,xp '_\/1b\/‘6(b,:c)))/\
(\_/le 5(b,b) @ /&/\1<bv B vA_a<a,y>>) =
( \ d(a,a) ® A\/\/éax \/Vé(b,x)))/\
i=lacA; zeX i=1la€cA; i=1beEB;
(3, 0000 ALY, 800, s0) -
\V daa)@ AN( V daz)— \/ (b x)A
a€A1UA, z€X a€Ai1UA; beB1UB2
\/ 5(67 b) ® /\ ( \/ 5(b> y) - \/ 5(&, y)) = S(Al U A271831 U B2)>
beB1UB>y yeX beB1UBs a€A1UA,

where the equalities a ® (ag Aag) = (@) A (a®@az) and (a; — @) A(ag —
a) = (o V a2) — « holding in each BL-algebra are applied. Hence, (21) is
satisfied. According to (23), we have

5(A1,A1)/\5 AQ,AQ \/ 5a CL /\ \/ 5() b

a€Aq bEAQ
\/ S(a,a) v\ 6(b,b) = \/  d(c,c) = 0(A1UAg Ay UA).
a€A; beAs cEA1UA2

Hence, (22) is satisfied and U is a morphism in Q—FSet. O
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Theorem 37 A pair ((Sub(X,6),6),U) is a semi-lattice object in Q—FSet.

PROOF. This is a straightforward consequence of Lemmas 35 and 36 and
the fact that U is the associative, commutative and idempotent operation. O

~

Unfortunately, we cannot prove that the pair ((Sub(X,d),d),U) is, in general,
a complete (join) semi-lattice object of (2—FSet. One obstacle is that the
equality a @ Njer i = Nier(a ® ;) is not true in all BL-algebras. Hence,
we cannot prove that, for each non-empty set I, there exists a morphism

A ~

U; @ (Sub(X,4),0) —— (Sub(X,4),0) in Q—FSet satisfying the considered
conditions of Definition 32. A further obstacle is with the construction of the

~

morphism L : To — (Sub(X, ), 0) (recall that To = (L, A)). Nevertheless, if
we restrict ourselves on the categories 2,—FSet, then the previous construc-
tion with a slight modification leads to complete semi-lattice objects. Recall
that To = ({a}, A) is the terminal object in Q,—FSet (see Theorem 10).

Theorem 38 Let (X,0) be an object of Q,—FSet. Then the triplet
((Sub(X,6),44), U, L),

where, for any A, B € Sub(X,d), we have

da(AB) =a® (A (Vé(a,x)— \/ 3b2)A

zeX acA beB

AV 3(by) =\ d(a,)))

yeX beB acA

(24)

~

U is defined by (20) and L : ({a}, N) — (Sub(X, ), d.) is defined by L(a) =
(0,0), is a complete (join) semi-lattice object of the category Q,—FSet.

PROOF. Since 6(a,z),8(b,z) € Ly for any € X, then 0,(A,B) € L, and
thus R
0o 2 Sub(X,9) x Sub(X,0) — L,.

One checks easily that 6,(A,B) < 0a(A,A) = « for any A,B € Sub(X, ).
Hence, b, satisfies the a-level property and strictness. Since the definition of
Oy is symmetric, then O, is symmetric. Moreover, if we replace \/,c 4 d(a, a) and
Ve 0(b,b) by a for any A, B C X (also for A = () and B = ()) in the proof of
Lemmas 35 and 36, then we obtain the proof of the transitivity of 5o and the
fact that U is a morphism in Q,—FSet. Hence, the pair ((Sub(X, §), d4), U) is
a semi-lattice object of Q,—FSet.

A~

Let us prove that the triplet ((Sub(X,0),0,),U, L) is a complete (join) semi-
lattice object of Q,—FSet. Let us put (Y,~) = Sub(X,§)! for a non-empty
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set I and define a mapping U; : Y —— Sub(X, ) for each (A;);e; € YV as
follows

z zEI U Aza 5 (25)

i€l
In the following text, we will write ;<7 A; instead of Uz (A;);er. It easy to verify

that U; : Y —— Sub(X, ) is a morphism in Q,—FSet for any non-empty I
if and only if

ASAmeE Ja, UB) (26)

el i€l

holds for any non-empty index sets (A;);cr, (B;)ier € Y. According to Theo-
rem 3, we can write

A da(AiB) = A\ (@@ A\ (V da,x) = \/ 5(b,2)))A

iel il 2€EX a€A; beB;
(@@ A (V db,z) =\ ) <
zeX beEB; a€A;
(a@/\(\/\/é(az \/\/561’)/\
zeX i€l acA; i€l beB;
(a®/\(\/\/5(bz \/\/5&:17):
zeX 1€l beB; i€l acA;
a® A ( \/ 6(a,z) — \/  4(b,x))A
z€X ael ;. A beUZeIB
a® A ( \/5bx)—> \V d(a,z)) =d0a(JA, UB)
zeX bgU aEUzeI iel el

for any (A;)icr, (B;)iesr € Y. Hence, Uy : Y Sub(X,d) is a morphism in
Q,—FSet for any non-empty set I. Moreover, for any (A;);c; € Y and j € I,
we have

AjUUJA =0 AL =(JAL0) = A,

el el el el

which makes the diagram (16) commutative. If f : Y Sub(X,d) be a
morphism making the diagram (16) commutative, then A; C f((A;)es) for

any i € I and thus Uic; A € f((Ai)ier), ie., Uier A U f((Ai)ier)) = Uier Ai-
Hence, the diagram (17) commutes. Since /\(a a) = a = 6,(0,0),(0,0)) =
do(L(), L(c)), then L is a morphism in 2,—FSet. If z(a) = (A, ) for a

morphism z : To (Sub(X,6),d,), then L(a)Uz(a) = (0,0) U (A4,6) =
(DUA,9) = ( ,0) = z(«). Hence, the left diagram in (14) commutes and thus
((Sub(X,0),04),U, L) is a complete object of 2,—FSet. O
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4.8 Complete join semi-lattice objects in Set(§2)

Let (X, A) be an object of the category Set(£2). An Q-subset of (X, A) is an
Q-set Y = (Y, Ay), where Ay = Aly is the restriction of A on Y. Obviously,
if Y = 0, then Ay = 0 is the mapping. The set of all Q-subsets of (X, A) is
denoted by Sub(X, A). In the following text, for simplicity, we will omit the
index Y in Ay and write only A. Let us define a mapping A : Sub(X,A) — L
as follows

AY,A) = N\ A). (27)

zeY

Lemma 39 Let (X, A) be an object of Set(Q). Then the pair (Sub(X, A), A)
is an object of the category Set(£).

PROOF. It is obvious. O

Let us put (Z,B) = (Sub(X,A), A)T for a non-empty set I and define a
mapping U; : Z —— Sub(X, A) for any (Y;);c; € Z as follows

Ur(Yi)ier = (U Y3 A). (28)

icl
In the following text, we will write U,c; Y; instead of Up(Y;)ier-

Lemma 40 The mapping U; defined by (28) is a morphism in Set(Q)) for
any non-empty set I.

PROOF. Let I be a non-empty set. One checks easily that [J; is a morphism
in Set(2) for any non-empty set I if and only if

A A(Y;) < A(U Y;) (29)

el 1€l

holds for any (Y;);er € Z. Let (Y;);er € Z be a non-empty index set. Then

/\ A(Yz) = /\ /\ Ay) = /\ Aly) = A(U Y;).

il i€l yeY; vel,., Vi iel

Hence, ; is a morphism in Set(£2) for any non-empty set I. O

A ~

Let us put (Z, B) = (Sub(X, A), A) x (Sub(X, A), A) and define a mapping
U:Z —— Sub(X, A) by U = Uy, where I = {1,2}.

24



Theorem 41 Let (X, A) be an object of Set(2). Then the triplet

((Sub(X, A), A),U, 1),

~

where A and U are defined above and L ({0}, x¢03) (Sub(X, A), A) is
defined by 1(0) = (0,0), is an complete (join) semi-lattice object of Set ().

~

PROOF. According to Lemmas 39 and 40, (Sub(X, A), A) is an object and
U is a morphism in Set({2), respectively. Moreover, U is obviously associative,
commutative and idempotent and thus ((Sub(X, A), A),U) is a semi-lattice
object in Set ().

Further, let us show that ((Sub(X,A), A),U, L) is a complete (join) semi-
lattice object in Set(2). According to Lemma 40, there exists a morphism U;
in Set(2) for any non-empty set I. Moreover, this morphism makes evidently

the diagrams (16) and (17) commutative. Further, we have x(03(0) = 1lg =
Neeo A(z) = A(0,0) = A(L(0)) and thus L : ({0}, x0})

(Sub(X, A), A)
is a morphism in Set({2). Obviously, if z(0) = (Y, A) defines a mapping
z : ({0}, xq0y) — (Sub(X, A), A), then L(0) U=z(0) = (0,0) U (Y,A) =
(WUY,A) = (Y,A) = x(0). Hence, the left diagram in (14) commutes and
the triplet ((Sub(X,A), A),U, L) is a complete (join) semi-lattice object in
Set(§2). O

5 Powerset-like functors
5.1 Basic definitions

In the following part, we will consider a discrete category Cat, i.e., the cate-
gory with forgetful functor Z : Cat — Set. Recall that a set P equipped with
a reflexive, antisymmetric and transitive binary relation < is called partially
order set. The category of all partially order sets (P, <) as objects and order
preserving mappings as morphisms will be denoted by Poset. It is well known
that a partially order set (P, <) can be understood as a category, in which the
elements of P are objects and there is just one morphism between p and p/, if
p<p.lIf

(P,<p) % (Q.<q) (30)

are two order preserving mappings, then they are also covariant functors. It is
easy to show that f (regarded as a functor) is a left adjoint to g (or equivalently
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g is a right adjoint to f) if and only if

f(p) <q ifand onlyif p < g(p). (31)

holds for any p € P and ¢ € Q. If f is a left adjoint to g, then we write f I g.
For more information about adjoints of functors, we refer to [3].

Definition 42 A covariant functor F : Cat —— Cat s called a pre-powerset
functor, if there exist a covariant functor G : Cat Poset such that the
following diagram is commutative

Cat Cat
G l Z (32)
Z/
Poset Set,

where Z and Z' are the forgetful functors, and a contravariant functor G :
Cat —— Poset satisfying the following conditions

(i) G(a) = G°P(a) holds for any object a of Cat,
(ii) G°P(f) (regarded as a functor) is the unique right adjoint to G(f), i.e.,
G(f) F G°P(f), for any morphism f of Cat .

Definition 43 A covariant functor F : Cat Cat is called a powerset
functor, if F is a pre-powerset functor and there exists a functor P such that
the following diagram is commutative

F

Cat

pl \ICM (33)
z
CSLatc, — Cat,

Cat

where 7 is the forgetful functor, Icas is the identity functor, and P is a left
adjoint to 7.

Definition 44 Let Cat be representable in C. Then a covariant functor F :
Cat —— Cat s called a C-powerset functor, if F is a pre-powerset functor
and F; : Cat; —— Cat; is a powerset functor for any Cat; € C, where F; is
determined from the following commutative diagram

i

Cati

Cati

(34)

Cat Cat.
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Remark 45 [t is easy to see that if ¥ is a C-powerset functor and Cat is
trivially representable in C then F is a powerset functor.

5.2 C-powerset functor for Q—FSet

The aim of this paragraph is to show that F : Q—FSet —— (2—FSet defined
by

~

(i) F(X,0) = (Sub(X,9),9),
(ii) if f: (X,d) — (Y,~) is a morphism, then

F(f) : (Sub(X,d),8) — (Sub(Y,7),4)
is given by F(f)(4,0) = (f(A),7),

is a C-powerset functor. Since the proof of this statement is too long, we divide
it to several lemmas and propositions.

Lemma 46 Let f: (X,d) — (Y,v) be a morphism in Q—FSet and (A, ) €
Sub(X,6). Then

Vo o@y) =V ((Vda ) @ ((f@), f(2) = v(fx)y) (35)

a’e€f(A) zeX a€A

holds for anyy € Y.

PROOF. Since v(f(z), f(y)) > d(z,y) and v(f(z), f(x)) = 0(x,z) for any
x,y € X, then we have

V dy) =\ v(f(a),y)

a’ef(A) acA
=2 V V(1@ f@) @ (@), f@) = 2 @).9) 2
V ((V da.2) © (@), @) = 1(F@).9) 2
((V 8a,) @ (0(f (@), £@)) = 2F@)0) 2
V (6(z.2) © (. 2) = 1(f(x).))) =
V (0(z, ) Av(f(a),9) =\ ~(dy),
€A a’ef(A)

where the inequality v(z,vy) > v(z,2) @ (v(z,2) — v(2,y)) and Vie/(a®a;) =
a ® (Vier ai) are used. Hence, the equality (35) is proved. O
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Proposition 47 F is a covariant functor.

PROOF. Let (X,d) be an object of 2—FSet. According to Lemma 35,
F(X,¢) is an object of Q—FSet . Let f : (X,d) —— (Y,~) be a morphism
and (A, 9), (B,d) € Sub(X,0). According to Lemma 46, we can write

V v(a’,a’)®/\< \/ A y)— ’y(b/7y)>:

a’e€f(A) yeY \a’ef(A) bef(B)

UCOEN (( V (V dax) © ((f @), /() — V(f(x),9))) —
( V(V 30.2) ® 0(/(:). /() = v(f(Z),y)))> >

\/A da, )@ A NV (((\/A 3(a, 7)) ® (v(f(x), F(z)) = 1(f(@),))) —
((V 8(b,2)) ® (4(£(2), £(2)) = (£ (2), y)))) >

\/A Sa,a)@ AN\ ((( \/A6<a,x>> @ (Y(f(x), f(x) = ¥(f(2),))) —
(% 3(b,7)) @ (V(f(2), f(x)) — v(f(@w)))) >

\/A 8(a,a)® /§/ /\X ( \/A 5(a,x) — b\/ 3(b,x))) =
Vdaa)e A (V déax)— \ b)),
acA z€X acA beB

where Nicj(ai — @) = (Vierai) — a, Vief(l@ — ;) < a — (Vigr i) and
(a— B) < (a®7) — (6 ®~) are applied. Analogously, we have

\V v(b’,b’)®/\< V o0y — v(a’,y)>

bef(B) yeY \Vef(B) a'€f(A)
>\ ob.bye A\ (Vob,z)— V ia,1)).

beB reX beB acA

Hence, we obtain 4(F(f)(A,8), F(f)(B,8)) > 6((A,4), (B,8)). Moreover, we
have

FF(f)(A0),F(f)(A,0)=\ ~a.a)=

a’€f(A)

V 2(f(a), f(a)) =\ d(a,a) = 6((4,0). (A,9))

acA a€A

and thus F(f) is a morphism in Q—FSet. One checks easily that F(f o g) =
F(f)oF(g) and F(1(x,5)) = lp(x,s). Hence, F is a covariant functor. O
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Proposition 48 F is a pre-powerset functor.

PROOF. Let us define G, G? : Q—FSet —— Poset as follows

(i) G(X,d) = GP(X,0) = (Sub(X, ), C), where (A,0) C (B,0), if AC B,
(i) if f:(X,d) — (Y, ~) is a morphism, then

G(f) : (Sub(X,d), S) — (Sub(Y,7), S)

is given by G(f)(A,9) = (f(A),~) for any (A, J) € Sub(X, ),
(iii) if f: (X,8) — (Y,~) is a morphism, then

G°P(f) : (Sub(Y,~),<C) — (Sub(X, ), Q)
is given by G°P(f)(B,v) = (f~1(B),d) for any (B,v) € Sub(Y,~).

Obviously, both mappings G(f) and G°P(f) preserve the partial order C and
thus they are morphisms in Poset. Moreover, the diagram (32) commutes.
Hence, it is easy to see that G is a covariant functor and G°P is a contravariant
functor of Q—FSet to Poset. As we have mentioned G(f) and G°(f) can be
understood as functors

(Sub(X,4), <) (Sub(Y,7), ).

G (f)

for any morphism f : (X,0) — (Y, 7). Let us prove that G°(f) is the unique
adjoint to G(f), i.e., for any (A, ) € Sub(X,d) and (B, ) € Sub(Y,~), there

G(f)(A,d) C (B,v) ifandonlyif (A,d) C G®(f)(B,7)

and G°P( f) is the unique functor with such property. Obviously, if G(f)(A4, ) C
(B,7), then f(A) C B. Hence, A C f~'(f(A)) C f~!(B) and thus (4,6) C
GP(f)(B,~). Analogously, we can prove the opposite implication and thus
G(f) F G°P(f) holds for any morphism f in Q—FSet.

Let g : (Sub(Y,7),C) — (Sub(X,d), C) be a functor such that G(f)(A,dJ) C
(B,~) if and only if (A, ) C g(B,~). If we put (A, ) = g(B, ), then we obtain
G(f)(g(B,7)) C (B, ). Hence, we obtain g(B,vy) C G(f)(B, ). Analogously,
we can prove that G(f)(B,~) C ¢g(B,v) and thus G°?(f) is the unique right
adjoint to G(f). Hence, F is a pre-powerset functor. O

In the subsection 4.2, we showed that complete (join) semi-lattices objects
can be constructed in the subcategories 2, —FSet (for o € L) of the category
)—FSet. Hence, the functor F cannot be a powerset functor. Nevertheless,
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we proved that the category 2—FSet is representable in C = {Q,—FSet |
a € L}. This enables us to investigate further properties of the functor F
over the subcategories €2, —FSet in the sense of Definition 44. Note that the
construction of complete (join) semi-lattice objects in Q—FSet is not the
main obstacle in the proof of that F is not the powerset functor. Further
problems are, for example, that the structure €2 is not completely distributive
or 6(x,x) # §(y,y) holds for some x,y € X in general.

Lemma 49 Let (X,0) be an object of 0, —FSet. Then

d(a,b) =a® ( /\ (6(a,x) — 6(b,x)) A /\ (6(b,y) — d(a,y))) (36)

zeX yeX

holds for any a,b € X.

PROQOF. It easy to see that

a® ( /\ (6(a,x) — 6(b,x)) A /\ (6(b,x) — d(a,x))) <

zeX zeX

a® ((5(a,a) = 3(b,a)) A (8(b,) — d(a,b)))

aAd(a,b) ANo(b,a) = d(a,b).

Conversely. Since 6(z,a) ® (o — d(a,b)) < 0(b,x) is satisfied for any = € X,
then we have

a — d(a,b) < /\ (0(x,a) — (b, x)) = /\ (0(a,z) — 6(b,x))

zeX reX

and thus

§(a,b) = a®@ (a— 6(a,b)) <a® N (0(a,z) — d(b,x)).

zeX

Analogously, we have §(a,b) < a ® Aex(d(b,x) — d(a,x). The inequality
follows from a ® (a1 A ag) = (@ ® aq) A (@ ® ap) holding in each BL-algebra
and thus (36) is proved. O

Proposition 50 Let o € L and P : Q,—FSet —— CSLatq__rpset be defined
by

(i) P(X,8) = ((Sub(X,6),0),U, L), where ((Sub(X,d),d),U, L) is defined
in Theorem 38,
(i) if f:(X,0) — (Y,~) is a morphism, then
P(f) : ((SU'b(X7 6)7 5)7 Ua J—Sub(X,(5)) - ((SU-b(K 7)7 ;7)7 Ua J—Sub(Y,’y))

is given by P(f)(A,0) = (f(A),~) for any (A,d) € Sub(X,0).
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Then P is a covariant functor.

PROOF. According to Theorem 38, P(X, ) is an object of CSLatq, _rget-
Analogously to the proof of Proposition 47, we can show that P(f) is a mor-
phism in Q,—FSet for any morphism f in 2,—FSet. Let {(A4;,0) | i € I} be
a non-empty index set. Then we have

P(NU(A0) = (F(U A7) = (U F(A),7) = UP(F)(As 9).

el el el el

Hence, the left diagram in (18) commutes for any non-empty set I. Moreover,

we have f o Lsuixs (@) = f(0,8) = (f(0),8) = (0.0) = Louwyo(a) and

thus the right diagram in (18) also commutes. Hence, P(f) is a morphism in
CSLatg, _rset- One checks easily that P(fog) = P(f)oP(g) and P(1(x)) =
1p(x,5) and thus P is a covariant functor. O

Proposition 51 Let Z : CSLatq, _pset — Q2a—FSet be the forgetful func-
tor. Then 1 : lo,_rset — Z o P defined by nixs (x) = ({x},9) is a natural
transformation, i.e., the following diagram

f

(X,0) - (Y,7)
N(X.5) n(Y.5) (37)
7op(X,8) — 2Py piviy

1s commutative for any morphism f of the category 0, —FSet.

PROOF. Let (X,d) be an object of 2, —FSet and a,b € X. Then, according
to the definition of 4, in (24) and the equality (36), we have

da(n(x.0)(a )ﬁ(xa (6) = da(({a}, 6), ({b},6)) =
(/\ a,z) — 0(b, )) /\ (b,y) Héay)))zé(a,b).

ex

Moreover, we have

d(nxs) (@), nxs(a) =a® A (8(a,z) — 8(a,2)) = a® g = a = §(a,a)
zeX

for any a € X. Hence, the mapping 7)xs is a morphism of the category
Q,—FSet. Further, if z € X, then Zo P(f) onxs(x) = {f(2)},7) =1y ©
f(z). Hence, the diagram (37) commutes and 7 is a natural transformation. O
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Proposition 52 Let o € L and (X, ) be an object of Q,—FSet. Then the
morphism 1x.s) : (X,0) —— Z o P(X,0) defined above is a universal arrow,
1.€.,

N(x,5)

(X,9) 70 P(X,0) P(X,4)

> @ 17(f) 3f © (38)
(}/7 7) V((K 7)7\/7J-Y) (1).

PROOF. Let (X, 0) be an object of 2,—FSet and ((Y, ), V, L) be an object
of CSLatg,_ _pset. If f: (X,0) — (Y,~) is a morphism of Q,—FSet, then
let us define

f : ((SUb(X, 6)7 3)7 U> J—Sub(X,(5)) - ((Y> 7)7 \/7 J—Y)

by

_]E(A,(S) _ {\/aeA f(a)a if A 7& @, (39>

ly(a),  otherwise.

First, let us show that f is a morphism in CSLatq, _pset. Let (A,0), (B, d) €
Sub(X, 8) such that A =@ or B =0. If A= B = (), then 6,((4,0), (B,6)) =
a = y(L(a), L(a)) =~(f(A,6), f(B,9)). If A+ 0, then one checks easily that
0a((A,0),(B,6)) = a® (a — Og) = Og. Hence, we obtain d,((A, ), (B,d)) <
v(f(A,d), f(B,d)). The same result could be obtained for B # ). Now, let us
suppose that (A, ), (B,d) € Sub(X,¢) such that A # () and B # (). Then we

can write

0a((A,8),(B,8)) <a® A (V dla,z) — \/ §b,z)) <

zeX acA beB

a®(/\ \/5(@@)% /\ \/5(6,:6)):

€A acA r€AbEB

a®(a— N\ Vébaz)= AV dbd).

z€EAbEB r€EAbEB

Analogously, we can prove that 6,((4, ), (B,d)) < Nyes Vaca 0(a, y). Hence,
we obtain

0a((4,0),(B,0)) < N\ 2(f(@). fO) A NV 2(f(a). fB). (40)

acAbeB beBacA

A straightforward consequence of the fact that, for any non-empty set I, the
mapping V; is a morphism in ,—FSet is the inequality A;c;v(ai,b;) <
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¥(Vier @i, Vier bi) holding for any non-empty index sets {a;, € Y | i € I}
and {b; € Y | i € I}. Since 2, is a complete and completely distributive
BL-algebra (see Theorem 2), then

6((4,0),(B.8)) < \ V 2(f@), fo) A AV 2(f(a), f(b) =

acAbeB beB acA
V /\Av(f(a),f(ﬂ(a)))/\ V b/\ v(f(e(a)), f(b) <
neBA a€ 0€EAB beB
VoV fla), V f )NV 20V fla), V fb) =
m€EBA  acA b€7r 0€EAB  acp(B) beB
VoV (7(\/Af \/ f ) AV f(a),b\/ F) <
TEBA ocAB a€ b€7r a€o(B) cB
VoV AV fle \/\/f . Vo) v f() =
mEBA pcAB  acA a€o(B) b€7r (A) beB
V VAV f@), VFe) =2V fla), Y FE) A,0), f(B.9)).
neEBA peAB  a€ beB a€ beB

Hence, f is a morphism in 2,—FSet.

Further, we have

U = fUAD = VS =V V f@) =\ f(4.0)

i€l i€l anieI A; i€l acA; el

for any non-empty set I. Hence, the left diagram in (18) commutes for any
non-empty set I. Moreover, f o Lguwx.s(a) = f(0,0) = Ly(a). Hence, the

right diagram in (18) commutes and thus f is a morphism in CSLatq__pset-

Further, we have Z(f) o nix.)(T) = f({x},8) = Veaeiay f(a) = f(x) which
makes the diagram in (38) commutative. Finally, we have to show that the
morphism f is the unique extension of f. Let g : P(X,8) — ((Y,~),V, 1)
be a morphism such that the diagram in (38) is commutative. Then, for any
(A,0) € Sub(X,¢) such that (A,d) # (0,0), we can write

9(4,6) = g(U ({a},8) = V 9({a},0) = \/ f({a}.6) =

acA acA acA

(UA({@} ,0)) = f(A,9).
Moreover, we have ¢g(0,0) = g(Lsub(x,4)(®)) = g 0 Lsup(x,a)(e) = Ly(a) =

f(@, (), since g is a morphism in CSLatg,_ pset. Hence, g = f and the proof
is finished. O

Theorem 53 F is a C-powerset functor.
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PROOF. Obviously, if (X, ) is an object of Q,—FSet, then F(X,¢) is an
object of 2,—FSet. Let us denote F, the restriction of F on ,—FSet, i.e.,
F,: Q,—FSet — Q,—FSet is defined by F,(X,d) = F(X, ) for any object
(X,9) and F,(f) = F(f) for any morphism f of the category €2, —FSet.

According to Theorem 19 and Proposition 48, the category 2—FSet is rep-
resentable in C and F is a pre-powerset functor, respectively. It is easy to see
that, for any « € L, there exists a functor P : Q),—FSet —— CSLatg_ _pset
(according to Proposition 50) making the following diagram

F
Q.,—FSet < ,—FSet

P Lo, —Fset

Z
CSLatQa_Fset Qa—FSet,

commutative. Since a straightforward consequence of Propositions 51 and 52
is that P is a left adjoint to Z (i.e., P F Z), then F,, is a powerset functor for
any « € L. Hence, F is a C-powerset functor and the proof is finished. O

5.3  Powerset functor for Set(£2)

Analogously to the previous subsection, the aim of this part is to show that
F : Set()) —— Set(2) defined by

~

(i) F(X,A) = (Sub(X, A), A),
(ii) if f: (X, A) — (Y, B) is a morphism, then

is given by F(f)(Z, A) = (f(Z), B) for any (Z, A) € Sub(X, A).
is a powerset functor. Again, the proof is divided to several propositions.

Proposition 54 F is a covariant functor.

PROOF. According to Theorem 41, F(X, A) is an object of Set(). If f :
(X, A) — (Y, B) is a morphism in Set(£2), then

A(Z,A)= N\ Alx) < \ A(f(2) =

A\ Bly) = B(f(2), B) = B(F(f)(Z, B))
yef(Z)

34



for any (Z, A) € Sub(X, A). Hence, F(f) is a morphism in Set(£2). One checks
easily that F(f o g) = F(f) o F(g) and F(1(x4)) = lp(x,a). Hence, F is a
covariant functor. O

Proposition 55 F is a pre-powerset functor.

PROOF. Let us define G, G : Set({2) —— Poset as follows
() G(X,4) = GP(X, 4) = (Sub(X, ), O), where (Z,4) C (2, 4), i Z €
(i1) if . (X, A) —— (Y, B) is a morphism in Set(€), then
G(f) : (Sub(X, A), C) — (Sub(Y, B), ©)

is given by G(f)(Z,A) = (f(Z), B) for any (Z, A) € Sub(X, A),
(iii) if f: (X, A) — (Y, B) is a morphism in Set({2), then

GP(f) : (Sub(Y, B), €) — (Sub(X, 4), €)
is given by G°P(f)(Z, B) = (f~4(Z), A) for any (Z, B) € Sub(Y, B).

Obviously, both mappings G(f) and G°P(f) preserve partial order C and thus
they are morphisms in Poset. Moreover, the diagram (32) commutes. Anal-
ogously to the proof of Proposition 48, one verifies that G°P(f) is the unique
right adjoint to G(f) for any morphism f in Set(2) and thus F is a pre-
powerset functor. O

Proposition 56 Let P : Set()) —— CSLatge ) be defined by

(i) P(X,A) = (Sub(X,A), A, U, L), where (Sub(X,A), A, U, L) is defined
in Theorem 41,

(i) if f:(X,A) — (Y, B) is a morphism, then
P(f) : ((Sub(X, A), A), U, Lsup(x,)) — ((Sub(Y, B), B),U, Lsu(v,5))
is given by P(f)(Z, A) = (f(Z), B) for any (Z, A) € Sub(X, A).

Then P is a covariant functor.

PROOF. This is analogous to the proof of Proposition 50. O
Proposition 57 Let Z : CSLatgeyq) — Set(€2) be the forgetful functor.

Then n : Igeq) — Z o P defined by nx ay(z) = ({x}, A) is a natural trans-
formation.
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PROOF. Let (X, A) be an object of Set(Q2) and x € X. Then

= A\ Aly) = A({z}, A) = A(nix,a)(2)
ye{z}
and thus 7(x, 4) is a morphism in Set(2). Moreover, if f : (X, A) — (Y, B) is
a morphism in Set(€2) (see the diagram 37 and replace objects of 2, —FSet by

objects of Set(2)), then we have ny,g) o f(z) = {f(2)}, B) = (f({z}),B) =
ZoP(f)({x}, A) = ZoP(f)on(x,a)(x). Hence, 1 is a natural transformation. O

Proposition 58 Let (X, A) be an object of the category Set(Y). Then the
morphism 1x,ay : (X, A) — ZoP(X, A) is a universal arrow, i.e.,

(X, 4) 222

70 P(X, A) P(X, A)

°w Z(f) Af @ (41)

(Y, B) Y((Y,B),V, Ly) o.

PROOF. Let (X, A) be an object of Set({2) and ((Y, B), V, Ly) be an object
of CSLatge(). If f: (X, A) — (Y, B) is a morphism in Set({2), then we
define

P {vxezﬂx), it Z 0, "

1y(0),  otherwise,

for any (Z,A) € Sub(X,A). First, we will prove that f is a morphism in
CSLatget (). Since f is a morphlsm in Set(2) and Ajc; B(yi) < B(Vier vi)
holds for any non-empty index set {y; € Y | ¢ € I}, then we can write

= N\ Alz) < A\ B(f(2)) < B(\ f(x)) = B(f(Z.,A))

T€Z T€EZ T€Z

for any (Z,A) € Sub(X, A) \ {0,0}. Since Ly : ({0}, xq03) — (¥, B) is a
morphism in Set((2), then x(01(0) = 1o < B(Ly(0)). Hence, if (Z, A) = (0,0),
then A(Z, A) = 1q = B(Ly(0)) = B(f(Z, A)) and thus f is a morphism in
Set(£2).

Further, we have

f(U(X“A UX“A) \/ f(x>:\/ \/ f \/ X“A

1€l i€l meUieI X; i€l zeX; el
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for any non-empty set I. Hence, the left diagram in (18) commutes for any
non-empty set 1. Moreover, f o Lsub(x,2)(0) = F(0,0) = 1y(0). Hence, the

right diagram in (18) commutes and thus f is a morphism in CSLatget(q)-

Further, we have

Z(f) onx.my(z) = f{ah) = \/ fly

ye{z}

and the diagram in (41) commutes. Finally, we have to prove that f is the
unique extension of f. Let g : P(X, A) —— ((Y, B),V, Ly) be a morphism
such that the diagram in (41) is commutative. Then, for any (Z, A) € Sub(X, A)
such that (Z, A) = (0,0), we can write

9(2,4) = g(J ({2}, 4)) = V g{z}, 4) = [(z) = [(Z, A).
r€EZ T€EZ reZ
Moreover, if (Y, A) = (0, ) then we have g(Y, A) = g(Lsup(x,4)(0)) = go
Lsubx,4)(0) = Ly(0) = F(Y, A), since ¢ is a morphism in Set(f). Hence,
g = f and the proof is finished. O

Theorem 59 F is a powerset functor.

PROOF. According to Proposition 55, F is a pre-powerset functor. A straight-
forward consequence of Propositions 57 and 58 is that P is a left adjoint to
Z (i.e., P F Z), then F is a powerset functor for any o« € L. Hence, F is a
powerset functor and the proof is finished. O

References

[1] U. Hohle. M-valued sets and sheaves over integral commutative C' L-monoids. In
S. E. Rodabaugh, E. P Klement, and U. Hohle, editors, Applications of category
theory to fuzzy subsets, B 14, pages 34—72. Kluwer Academic Publisher, 1992.

[2] U. Hohle. Presheaves over gl-monoids. In U. Hohle and E. P. Klement, editors,
Non-Classical Logics and Their Applications to Fuzzy Subsets, pages 127-157.
Kluwer Academic Publisher, Dordrecht, 1995.

[3] S. Mac Lane. Categories for the Working Mathematician. Number 5 in
Graduate Texts in Mathematics. Springer Verlag, New York - Heidelberg -
Berlin, 1971.

[4] J. Mockor. Complete subobjects of fuzzy sets over mv-algebras. Czech. Math.
J., 54(2):379-392, 2004.

37



[5]

[6]

J. Mockot. Covariant functors in categories of fuzzy sets over mv-algebras. Adwv.
Fuzzy Sets Syst., 1(2):83-109, 2006.

V. Novak, I. Perfilieva, and J. Mockot. Mathematical principles of fuzzy logic.
Kluwer Academic Publisher, Dordrecht, 1999.

S. E. Rodabaugh. Point-set lattice-theoretic topology. Fuzzy sets and systems,
40:297-345, 1991.

S. E. Rodabaugh. Categorical frameworks for stone representation theories.
In S.E. Rodabaugh, E.P. Klement, and U. Hohle, editors, Applications of
Category Theory to Fuzzy Subsets, pages 177-231. Kluwer Academic Publisher,
Dordrecht, 1992.

S. E. Rodabaugh. Powerset operator foundations for poslat fuzzy set theories
and topologies. In U. Hohle and S. E. Rodabaugh, editors, Mathematics of
Fuzzy Sets: logic, topology, and measure theory. Kluwer Academic Publisher,
1999.

[10] L. A. Zadeh. Fuzzy sets. Information and Control, 8:338-353, 1965.

38





