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In this paper, we observe and compare results concerning solvability of systems of
fuzzy relation equations with different types of composition. I try to find maximal and
minimal solutions for system of fuzzy relation equations with triangular fuzzy sets. 1
investigate simple case, where width of fuzzy sets is same and other condition must hold
then the maximal solution for system with inf — - composition and the minimal solution
for system with sup — * - composition look very simple and similarly.
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1 INTRODUCTION

Generally two types of composition are known namely sup — * and inf — - composition
where * is a t-norm and —, is residuation operation with respect to the t-norm . These
compositions are used in the fuzzy relation equations. We investigate solvability of these
equations and their set of solutions.

The pioneering work was done by Sanchez (1976) [8], but many other researchers dealt
with this problem, for instance De Baets [1], Di Nola, Sessa, Pedrycz [2], Klir, Yuan [4],
Mamdani, Assilian [5], Perfilieva [7], etc.

This contribution wants to show, how can look maximal or minimal solution for system
of fuzzy relation equations. However I deal with only particular case of system of fuzzy
relation equations here.

At first I will introduce some basic notions and then I will present solutions of system
of fuzzy relation equations.

2 PRELIMINARIES

2.1 Residuated lattice

We choose a complete residuated lattice as the basic algebra of operations.

Definition 1
A residuated lattice is an algebra L = (L,V,A,*,—,0,1) with four binary operations
and two constants such that

e (L,V,N,0,1) is a lattice where the ordering < defined using operations V,A\ as
usual, and 0,1 are the least and the greatest elements;

o (L,*,1) is a commutative monoid,
e the operation — is a residuation operation with respect to x, i.e.

axb<c iff a<b—c

A residuated lattice is complete if it is complete as a lattice.



The well known examples of residuated lattices are boolean algebras, Godel, Lukasiewicz
and product algebras. In particular case L = [0, 1], multiplication * is known as a t-norm.
I work especially with Lukasiewicz algebra in this contribution. Operations in Lukasiewicz
algebra are Lukasiewicz product and implication with respect to the product:

a®b=max{a+b—1,0}; a—gb=min{l —a+0b,1}

2.2 Fuzzy sets and fuzzy relations

We accept here a mathematical definition of a fuzzy set. In the rest of this paper we
suppose that a complete residuated lattice £ with a support L is fixed, and X and Y are
arbitrary non-empty sets. Then a fuzzy set or better, a fuzzy subset A of X, is identified
with a function A : X — L. This function is known as membership function of the fuzzy
set A. The set of all fuzzy subsets of X is denoted by F(X), so that

FX)={A|A: X — L} =L*

For two fuzzy subsets A and B of X we write A = B or A < B if A(z) = B(zx) or
A(z) < B(z), holds for all x € X, respectively. A fuzzy set A € F(X) is called normal if
A(zg) = 1 for some z € X.

The algebra of operations over fuzzy subsets of X is introduced as an induced resid-
uated lattice on LX. This means that each operation from £ induces the corresponding
operation on L* taken pointwise. We demonstrate this on the example of *-operation
between fuzzy sets A and B:

(Ax B)(z) = A(z) * B(z).

Obviously, operations over fuzzy subsets fulfill the same properties as operations in the
respective residuated lattice.

A (binary) fuzzy relation on X XY is a fuzzy subset of the Cartesian product. F(XxY)
denotes the set of all binary fuzzy relations on X xY. Analogously, an n-ary fuzzy relation

can be introduced.
Let Re F(X xY)and S € F(Y x Z), then the fuzzy relation T'= Ro S on X x Z

T(w,2) = \/ (R(z,y) * S(y,2))
yeY
is called a sup — * - composition of R and S and the fuzzy relation ) = R % S on X x Z
yeY

is called an inf —, - composition of R and S.

In particular, if A is a unary fuzzy relation on X or simply a fuzzy subset of X then
the sup — * (inf —.) - composition between A and R € F(X x Y) is the fuzzy subset of
Y defined by

(Ao R)(y) = \/ (A@) « Bz, y)).
zeX
and respectively,
(A% R)(y) = N (A) —. R(z.y)).

zeX



2.3 Systems of fuzzy relation equations
Let N > 1. A sup — * - system of fuzzy relation equations

AjoR=B; or \[(Ai(z)*R(x,y)) = Bi(y), 1<i<N, (1)

rzeX

where A; € F(X),B; € F(Y) and R € F(X xY), is considered with respect to unknown
fuzzy relation R. So that fuzzy set B; is equal to sup —* - composition of fuzzy set A; and
unknown fuzzy relation R, where * is a t-norm. Analogously, we will consider an inf—-.
- system of fuzzy relation equations

A R=DB; or J\(Ai(z) =, R(z,y)) = Bi(y), 1<i<N, (2)

zeX

with the same description of parameters and also with respect to unknown fuzzy relation
R, —, is residuated operation with respect to .

Because solutions of (1) and (2) may not exist, in general, the problem to investigate
necessary and sufficient, or only sufficient conditions for solvability arises. This problem
has been widely studied in the literature and some nice theoretical results have been
obtained (e.g. [3, 7, 8]). The second problem is found a solution. The fundamental
theorems say us how to find the greatest respective the least solution. But the question
is: How do the further solutions look? This problem is presented e.g. in [1] for special
fuzzy relation equations.

Two types of fuzzy relations have been always assumed with respect to the problem
of solvability of (1) and (2), namely

N

R(z,y) = \/ (Ai(x) * Bi(y)) (3)

i=1
considered in Mamdani & Assilian [5], and

N

I%(x,y) = /\(Az(x) — Bi(y)) (4)

=1

first considered in Sanchez [§].

2.4 Triangular fuzzy sets

We use a triangular fuzzy sets. These fuzzy sets are normal, but they have only one
element in their kernel, we denote it x; for fuzzy set A; on universe X (A;(z;) = 1) and y;
for fuzzy set B; on universe Y (B;(y;) = 1). Further triangular fuzzy sets are symmetrical
and convex. They have following membership functions:

Ay(x) = max{(l - %) ,0} . Biy) = max{(l _ly ;?”) ,0} .

Where z; [y;] is element from the kernel of fuzzy set A; [B;] and d; [h;] is mean length
of the arm of the fuzzy set A; [B,], so for instance d; = z; — &, T = sup{z € X|A4;(x) =
0,2 <} [hi =y — 9, § =sup{y € Y[Bi(y) =0,y <wi}].

4



3 COMPLETE SET OF SOLUTIONS

In this section we will recall fundamental criteria of solvability. At first we present criterion
for sup — * - system of fuzzy relation equations. The proof of the theorem is e.g. in [8].

Theorem 1 R
The system (1) is solvable if and only if the fuzzy relation R is its solution. If the system

(1) is solvable then R is its greatest solution.

Further we show analogous criterion for inf —, - system of fuzzy relation equations.
The proof of this theorem is e.g. [6].

Theorem 2 )
The system (2) is solvable if and only if the fuzzy relation R is its solution. If the system
(2) is solvable then R is its smallest solution.

It is easy to see that if system (1)[(2)] is solvable then the set of solutions forms a V-semi-
lattice [A-semi-lattice], i.e. a fuzzy relation Ry V Ry [R; A Rs] is a solution to (1) [(2)]
whenever R; and Ry are its solutions.

Further we will present when the fuzzy relation R will be solution of sup — - system
of fuzzy relation equations and when the fuzzy relation R will be solution of in f —
- system of fuzzy relation equations. If system (1) (respective (2)) is solvable then the
relation R (respective R) does not need to be its solution. In [3], the necessary and
sufficient condition of the solvability of (1) with respect to R is given and for system (2)
was given in [6].

Theorem 3
Let fuzzy sets A; € F(X) be normal and B; € F(Y), 1 <i <n. Then the fuzzy relation

R [R] is a solution to (2) [(1)] if and only if for all i,j = 1,...,n the following inequality
V (Ailx) = A5() < N\ (Bily) < B;(y)) (5)
zeX yeyY

holds.

4 SPECIAL CASE

In this section we will try to find some minimal respective maximal solution. We will
consider only simplified system of fuzzy relation equations with triangular fuzzy sets here.
For this special case with conditions mentioned bellow, we will be able to say theorems
about maximal and minimal solutions.

Let the system of fuzzy relation equations with triangular fuzzy sets satisfy:

1. Triangular fuzzy sets satisfy inequality

V (Ai(x) * Aj(2) < N\ (Bily) < B;(y))

zeX yeyY



(i.e. both fuzzy relations R and R are solutions of the system of fuzzy relation
equations with sup — % and inf — composition).

2. All fuzzy sets A; have identical width (d; =d; =d for all,j =1,...,N). And all
fuzzy sets B; have identical width (h; = h; = h for all 7,5 =1,...,N).

3. t-norm is Lukasiewicz product.
4. If A;(z;) > 0 then A;(x;) < B;(y;) for all j # i.

Theorem 4
Let the system of fuzzy relation equations with triangular fuzzy sets satisfy above men-
tioned conditions then

_ | Bily) ifz=uxy;
Rmzn<x7y) - { 0 otherwise. (6>

is a minimal solution for sup — * - system and

Rmaa:(xa y) _ { Bz’(y) if v = x%a (7>

1 otherwise.
is a maximal solution for inf —, - system of fuzzy relation equations.

PROOF: We make the proof in two steps. At the first step we proof that fuzzy relation
Rinin [Rimaz) is solution of system of fuzzy relation equations with sup — x [inf —]| -
composition.

For system with sup — * - composition:

\/A )% Rin(z,y) = (1% By(y (\/A x;) * Bj(y ))\/0:

= Bi(y)V (\/ Ai(y) * Bj(?J)) = B;(y)-

J#i
The last step is from the first request to system of fuzzy relation equations:

Ai(y) = Aj(xy) Bj(y) — Bi(y)

<
Ai(z;) = Bj(y) <

For system with inf — - composition:

N\ Ai(2) = Rpaa(,y) = (Ai(z;) — Bi (/\A ;) — Bj(y )) Al =

= Bi(y) A (/\ Ai(xy) — Bj(?/)) = B;(y).



The last step is from the first request to system of fuzzy relation equations again:

Ai(zy) * Aj(z;) < Bily) — B;(y)
Ai(z;) < Bily) — B;i(y)
Bi(y) < Ai(z;) — By(y)

Fuzzy relation R, [Rimaz] 1S solution of system of fuzzy relation equations with sup — x*
linf —] - composition. Now we proceed to the second step, that Ryin [Rimaz] is minimal
[maximal] solution. For the system with respect to sup — * - composition, we will proof
that fuzzy relation R,,;, is a minimal solution, so that for all solutions R of this system
such that R,,;, > R then R,,;, = R. I perform the proof by contradiction. Let fuzzy
relation R be solution of the system (\/ _x Ai(z) * R(x,y) = B;(y)) and R,,;, > R, so
that there is point (Z,7) € X x Y:

zeX

nothing is less than zero, so 7 is a node (Z = xy). Hence R(xy,§) < Ruin(zk, 7) = Bi(7).
All points different from (z, §) have following relation with R,;: R(x,y) = Rin(2,9).

We take only problematic case namely k-th equation in element ¢. So we have equation:

\/ Aw(z) = R(z,§) = Bi(®).

We have:
V 4@)+ B@.d) = (Aa) s Baowi)V \  (A@) * Boin(a,5) =
zeX zeX,x#x)
_ . R(xy,y
= R(xx,§) V' A(a:) * Bi(§) = { vf# /?{13(901) « Bi(9)

itk

In the first case it is clear R(xk, 7) < Bi(7) so R(xk,7y) is not solution of the system.
If R(xg,9) < Vi Ar(xi) * Bi(f) then it arises the second case. We need to prove:
Vizr Ar(w:) * Bi(§) < Bg(). This problem we can solve by contradiction again. So let

V#k- Ap(zi) * Bi(9) = Bi(9).

\/ Ar(w:) @ Bi(§) = Ax(z;) © Bj(§) > Bi(f)-
itk

Without loss of generality, let j < k. We will use the fourth assumption: Aj(z;) > 0 so
Ai(xj) < By(y;), it means that

Ye —Yj Tk — Ly

h d




Hence

Ar(z;) @ B;(7) > Bi(9)
Ap(zj) + B;(y) —1 > Bw(7)
Ty — T ly; — ]
L R N 7 e A G IO T £ (i 41
a = 7
lye =9l ly; — 9 S TR Yk Y
h h d h

e =9l =y, =9l > wr—y;
We have three possibilities:
® YS Y Uk =Y =Y Y=Yk =Y > Yk — Yy
o Y <Y<uyr Yy — Yty —y=ur+y; — 2y > yr — y; hence y; >y,
oy <Y —Ypt Uty — =Y —yr=—(Uk — Yj) > Yk — Yj-

All possibilities make for contradiction. Hence /., Ax(7:) ® Bi(9) < By(9)-
The proof for in f—-system of fuzzy relation equations is performed analogous. a

5 Conclusion

I wanted to find some minimal respective maximal solution for the system of fuzzy relation
equations with respect to the triangular fuzzy sets. However during investigation it was
shown that it is not so easy. So I presented one example of minimal respective maximal
solution for Lukasiewicz t-norm. Every system has different maximal respective minimal
solutions but some points are same, so we can say that every minimal solution looks as
following fuzzy relation: R,.,(x,y) is equal to fi(m, y) in some points (these points depend
on the form of the system) and 0 otherwise. Maximal solutions for the system with in f—
composition look like: R,,..(7,y) is equal to R(x,y) in some points and 1 otherwise.
Where Rpaz(,y) is equal to R(z,y) is again depended on specific of the system.
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