On Flett's mean
value theorem

On Flett's mean value theorem

Jana Molnarova
Institute of Mathematics
Faculty of Science

Pavol Jozef Saféarik University in KoSice
Jesenna 5, SK 040 01 KoSice, Slovakia

E-mail: jana.molnarova@student.upjs.sk

ISCAMI 2013

Jana Molnarova (May 2013) On Flett's mean value theorem ISCAMI 2013



Theorem (Rolle, 1691)

If f € C(a,b) N D(a,b) and f(a) = f(b), then

(3n € (a,b)) f'(n) = 0.
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Theorem (Rolle, 1691)

Iff € C(a,b) N D(a,b) and f(a) = f(b), then

(3n € (a,b)) f'(n) = 0.

Veta (Lagrange, 1797)

If f € C(a,b) N D(a,b), then

@n e (a,b) F(n) = LL=1@)
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Theorem (Flett, 1958)

On Flett's mean
value theorem

If f € D(a,b) and f’(a) = f’(b), then

(3n € (a,b)) F'(n) = ‘w.

Flett's theorem
and its
Y generalizations

Integral Flett's
(EED]

theorem

Other
conditi

Flett's the:
for higt

deriva

y = fla) + f'(n)(z - a)
THOMAS MUIRHEAD FLETT (1923-1976)
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Theorem (Flett, 1958)

On Flett's mean

Iff - D<a, b> and f/(a) E f/(b)’ then value theorem

Flett's theorem

equivalent forms : and its

generalizations

() f(a) =f(n) +fF(n)(@—n) < f(a)=Tu(f,n)(a)
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Theorem (Flett, 1958)

On Flett's mean
value theorem

If f € D(a,b) and f’(a) = f’(b), then

@n e (a,b)) F(y) = =@

Flett's theorem

equivalent forms : and its

generalizations

M f(@)=f(n) +f(m@-n) < f(a)=Tif,n)(a)

f'(n) 1
(| f(a a 1|{=0
f(n) n 1
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Theorem (Flett, 1958)

On Flett's mean
value theorem

If f € D(a,b) and f’(a) = f’(b), then

Gre (@) fo) =0,

Flett's theorem

problems - applications : and its

generalizations

Integral Flett's

(i) if f € C(0,1) and [; f(x)dx = 0, then

theorem

(3n € (0,1)) /Onxf(x)dx =0;

(ii) if f € €1(0,1), f(1) = 0 and (1) = 1, then

(In €(0,1)) / f(x)dx;
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On Flett's mean
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B & &) M) = w
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Theorem (Riedel-Sahoo, 1998)

If f € D(a,b), then

(3n € (a,b)) f'(n) =

fln) —1(a) . f'(b) —f(a)(n—a)
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Theorem (Riedel-Sahoo, 1998)

On Flett's mean

Iff € D<a, b>, then value theorem
f(n)—f(a) f'(b)—f'(a)(n—a)
E £() =
@ne @) fn ="+ = — P
Flett's theorem

eqUivaIent form : ;:ﬁeitrsalizations

/ 1

f (f/) 1 0 f/(b) - f/(a) (7] . a)

f(a) a 1|= b =

f(n) n 1 —a
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Theorem (Riedel-Sahoo, 1998)

On Flett's mean
value theorem

If f € D(a,b), then

@ne (@b) fin =0 =1@) b)) -T@)r-2)

n—a b—a 2
Flett's theorem
equivalent form : R —
/
P 101 ) — /(@) (n - a)
fa) a 1 |= b_a 5
f(n) n 1

idea of proof :
applying the Flett's theorem to a function
f(x) x2 x 1

2
FOO=| @) 3a 1 o X< @D)
f(b) 2b 1 0
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On Flett's mean
value theorem

Theorem (Wayment, 1970)

If f € C(a,b) and f(a) = f(b), then

1 7] tt's theorem
(3n € (a,b)) f(5) = / f(x) dx.
a

generalizations

n—a

Integral Flett's
mean value

Y Y theorem

Other ¢

conditi

Flett's theorem

for higher-order
derivatives

y=(n-a)f(n)
flo)s = =
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Theorem (Wayment, 1970)

Iff € C(a,b) and f(a) = f(b), then

/ f(x
77 a

(3n € (a,b)) f(

Theorem (,improved” Wayment)

If f € C(a,b), then

(3n € (a,b)) f(

77 a

o P CRCIGR)
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Theorem (Trahan, 1966)

If f € D(a,b) and
(f/(b) _ ]w> <f’(a) _ f(bg-f@)) >0,

then (3 € (a,b)) f'(n) = fn) = (@)
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On Flett's mean

f(a)+f(b value theorem
A(a,b) = ()2()
1 b
If (a’ b) = b . f(t) d(t) F‘,‘We:\r'l value
a theorems

Flett's theorem
and its

Theorem (Tong, 2004)

If f € C(a,b) N D(a,b) and A¢(a,b) = ls(a, b), then

oy 0~ 1(@) crt o
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On Flett's mean

M value theorem

Theorem (Tong, 2004)

If f € C(a,b) N D(a,b) and A¢(a,b) = ls(a, b), then

theorem

oy - 1) —1(a) e
@ (@) /) = =12

Theorem (,improved” Tong)

If f € C(a,b) N D(a,b), then

Gn e (o) () = LD=1E SMED “ED] g
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Theorem (,generalized” Trahan)

On Flett's mean

Iff,g € D(a,b), g(a) # g(b) and value theorem
IO =H@) N b))
(ro- 3@ ®) (O - o -smr®) > |
then theorer

Flett's theorem

(In € (a,b)) f’(77) _ f(n) —f(a) _ f(b) —f(a) [g/(n) _ g(n) — g(a)] ) and s

generalizations

n—a  g(b)-9(a) n—-a

v
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Flett's theorem
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Theorem (,generalized” Trahan)
Iff,g € D(a,b), g(a) # g(b) and

, f(b) —f(a) , , f(b) —f(a) ,
(f @~ 56) —9(a)® ‘a)) (f ®) = 5(b) —9(a)?

then

(3 € (a,b)) f'(n) — f(n; = ;(a) - ;EE; - ;((21)) [

9'(n) -

On Flett's mean
value theorem

(b)) >0,

Mea

theorer

Flett's theorem

generalizations

n—a

v

g f(=@)
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Theorem (,new sufficient condition®)

Letf,g € D(a,b) and f, g be twice differentiable at the point a.
If g(a) # g(b) and

p . f(b)*f(a) / 7 _ f(b)ff(a) ”
(f (@) - s =12 (a)) (f (@) - s =1 (a)) >0,

then

@ne @) 1) - W1@ IO I gt -g@)],

V.
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Theorem (,on two tangents*®)
Letf € D(a,b) and f be twice differentiable at the point a. If

[f’(a) — W] f’(a) > 0,

then

£

n—a

On Flett's mean
value theorem

Flett's theorem

and its

@t e @b)) @) = =@ ang 3y e a0 /() = (W@ | FEE-—-

Integral
m
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Survey of sufficient conditions
e f/(a) = f’(b) (Flett's condition);

o (f'(a) — (=@ . (f/(b) — IB=F@)) > ¢ (Trahan's
condition);

@ A¢(a,b) = l¢(a,b) (Tong's condition);

e (f'(a) — f(bg%f@) -f”(a) > 0 provided f”(a) exists

a
(MaleSevic’s condition).
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On Flett's mean
value theorem

Theorem (Pawlikowska, 1999)

If f € DM (a,b) and (" (a) = f("(b), then

N qyi+l - s
@re b)) i) —f@ =3 D ayiig). | -

7 I and its
i=1

Other
condi
Flett's theorem

for higher-order
derivatives
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On Flett's mean
value theorem

Theorem (Pawlikowska, 1999)

If f € DM (a,b) and (" (a) = f("(b), then

N 1yi+l o
@ e @) 1)~ f(a) =3 T a)tO)
i=1 i

generalize )

g Integral F
equivalent form : nean
theorem
() f(a) = Tn(f, n)(a) conaid
Flett's theorem

for higher-order
derivatives
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On Flett's mean
value theorem

Theorem (Pawlikowska, 1999)

If f € DM (a,b) and (" (a) = f("(b), then

Il (_l)i+l o
(Gne(a,b)) f(n)—f(a)=> 7 (n—2a)'t ().
i=1 '
equivalent form :
() f(a) = Tn(f, n)(a)
f™(n) h{" (n) hr(ﬂl(n) e h(()n)(n) gfﬁ%gﬂﬂzr
f0=D) V) hm) .. bY@ dervatves
@iy | E S =0, h(x)=%
f(n) ha(n) — hq_1(n) ho(n)
f(n) ha(n) ~ Pn-1(n) ho(n)
f(a) hn(@)  hn_1(a) ho(a)
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Proof : iteration of Flett's theorem using a function

On Flett's mean
value theorem

k _1)i+l . .
pr(x) = Z (T(k —i)(x —a) f("kH)(x) 4+ xf("=k+1)(q)

Flett's theorem
for higher-order
derivatives
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Proof : iteration of Flett's theorem using a function

On Flett's mean

value theorem

k _1)i+l . .
pr(x) = Z (T(k —i)(x —a) f("kH)(x) 4+ xf("=k+1)(q)

@ o1(x) = —F(=(x) 4+ xf(M(a)
@ vi(x)=—fMx)+fM@) = ¢i(a)=0=yj(b)

Flett's theorem
for higher-order
derivatives
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Proof : iteration of Flett's theorem using a function

On Flett's mean
value theorem

k _1)i+l . .
pr(x) = Z (T(k —i)(x —a) f("kH)(x) 4+ xf("=k+1)(q)

@ o1(x) = —F(=(x) 4+ xf(M(a)
@ i(x)=—f(x)+fW(@) = i(a)=0=¢(b)
@ Flett's theorem:
(3uz € (a,b)) ¢(ur)(ur —a) = p1(u1) — ¢1(a)
Flett's theorem

for higher-order
derivatives
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Proof : iteration of Flett's theorem using a function

On Flett's mean
value theorem

k _1)i+l . .
pr(x) = Z (T(k —i)(x —a) f("kH)(x) 4+ xf("=k+1)(q)

@ p1(x) = —F=1(x) + xf(M(a)
@ o(x) =—fM(x)+fM(@) = ¢j(a)=0=¢j(b)
@ Flett's theorem:
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fO(uy) — F" (@) = (ug — a)f M (uy) for i oearir

derivatives
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Proof : iteration of Flett's theorem using a function
On Flett's mean

k _ 1)| +1 . . value theorem
pr(x) = Z (T(k —i)(x —a) f("kH)(x) 4+ xf("=k+1)(q)

@ o1(x) = —F(=(x) 4+ xf(M(a)
@ vi(x)=—fM(x)+fM(@) = ¢j(a)=0=y)(b)
@ Flett's theorem:

(Fus € (a,b)) ¢y (u1)(us — a) = p1(u1) — ¢1(a)

f(n—l)(ul) _ f(n_l)(a) _ (ul _ a)f(n)(ul) Flett's theorem

for higher-order
derivatives

@ o(x) = —2f("-2)(x) 4 (x — a)f ("~ Y(x) + xf("~1)(a)
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Proof : iteration of Flett's theorem using a function

On Flett's mean
value theorem

K (1)t . |
e(x) =3 ( 5 (k=i)(x —a) f(1kH) (x) p xf(1—k+D)(q)

@ o1(x) = —F(=(x) 4+ xf(M(a)
@ vi(x)=—fM(x)+fM(@) = ¢j(a)=0=y)(b)
@ Flett's theorem:

(Fus € (a,b)) ¢y (u1)(us — a) = p1(u1) — ¢1(a)

D (uy) — 0 (a) = (uy - )f (ua) gt

derivatives

® () = ~212(x) + (x — A)f - D(x) + xF*V(a)
o

#(x) = 1D + (x = ) V() +10D@) =

= @) =0=gh(u)
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Theorem (,improved” Pawlikowska)

On Flett's mean
value theorem

If f € D(M(a,b), then

(a—n)"* fW(b) — " (a)

(3n € (a,b)) f(a) = Tn(f,n)(@Q)+ (n+ 1)1 b

generalize )

Integral F
(EED]

theorem

Other

conditi

Flett's theorem

for higher-order
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Theorem (,improved” Pawlikowska)

On Flett's mean
value theorem

If f € D(M(a,b), then

(a—n)"* fW(b) — " (a)

(3n € (a,b)) f(a) = Tn(f,n)(@Q)+ (n+ 1)1 b

proof 1: (iteration of Flett's theorem)

mean v

i . (71)k+1(x - a)k+l f(n)(b) = f(n)(a) theorem )

Yi(X) = @k(x) + K+ D) : — , k=12...,n —

Flettts theorem

proof 2: (using Pawlikowska'’s theorem) for igher-order
f(x) x"H X" 1
. f(a) an+l a" 1

FOO=1tm@ (m+1)a n o X €@

fM((b) (n+1)lb n 0
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Theorem (,improved” Pawlikowska)

On Flett's mean
value theorem

If f € D(M(a,b), then

(a—n)"* fW(b) — " (a)

(3n € (a,b)) f(a) = Tn(f,n)(@Q)+ (n+ 1)1 b

proof 1: (iteration of Flett's theorem)

mean v

(—1)+(x —a)k+t fO(b) —f)(a) theorem

wk (X) = Pk (X) + (k 4 1)| : b—a ) k= 1’ 2... 2 U0 ‘lj‘;rr‘t::::”iuﬁ\f\ent

Flettts theorem

proof 2: (using Pawlikowska’s theorem) P
f(x) x"Hoxn 1
f(a) amtt  ah 1

F(x) fM@ (n+1)la n 0| X @, b)

fM(b) (n+1)lb n! 0
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On Flett's mean
value theorem

[§] Hutnik, O., Molnarova, J.: On Flett's mean value
theorem. (submitted)

[1 Molnarova, J.: On generalized Flett's mean value
theorem. Internat. J. Math. Math. Sci. (2012), Article ID

574634.
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Thank you for your attention :)

Jana Molnarova (May 2013)
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Flett's theorem
for higher-order
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