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Ostrava . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(podpis)
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Summary

The time series forecasting plays an important role in supporting individual

and organizational decision making which have wide practical use in economics,

industry, meteorology and other areas. Besides many classical approaches to time

series forecasting, several computational intelligence techniques have been proposed,

e.g., Artificial Neural Network, evolutionary computation, Support Vector Machine

or fuzzy techniques. Due to the wide variety of distinct methods for time series

forecasting there always exists a danger of choosing a method that is inappropriate

for a given time series. To overcome such a problem, distinct ensemble techniques,

that combine several individual forecasts, were proposed.

The goal of this thesis is to propose novel approaches to time series forecasting.

We introduce a new hybrid combination using linguistic fuzzy rules and the other

computational intelligence methods. This hybrid model is easier to be interpret by

decision-makers when modeling trended series. Further, we propose so-called Fuzzy

Rule-Based Ensemble that is an ensemble technique combining distinct forecasting

methods. Moreover, we focus on redundant rules and propose an algorithm for their

automatic detection and removal.

The structure of this thesis is as follows. In Chapter 1, we introduce the con-

cepts necessary for the understanding of the subsequent chapters. In Chapter 2, we

present three approaches to multi-step seasonal time series forecasting: the Auto-

matic Design of Artificial Neural Networks, the Support Vector Machine and the

linguistic fuzzy approach. We propose hybrid combinations of these methods, such

that the fuzzy approach to the trend-cycle forecasts is complemented by the earlier

two approaches that forecast seasonal components. The experimental justification

of their potential is proposed. In Chapter 3, we formally investigate how to deter-

mine fuzzy/linguistic IF-THEN rules that are redundant in linguistic descriptions.

We present a formal definition of redundancy and show that seemingly redundant

rules can be indispensable. An algorithm for the automatic detection and removal

of redundant rules is also described. In Chapter 4, we introduce so-called Fuzzy

Rule-Based Ensemble. This method is constructed as a linear combination of a small
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number of forecasting methods where the weights are determined by fuzzy rule bases

with time series features used as the antecedent variables. For the identification of

fuzzy rule bases we use the linguistic association mining. A huge experimental jus-

tification is also provided.

Keywords: Time series, Fuzzy rules, Perception-based logical deduction, Ensem-

ble techniques, Fuzzy rule-based ensemble, Linguistic associations, Fuzzy GUHA,

Redundancy.
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Anotace

Předpov́ıdáńı časových řad hraje d̊uležitou roli při individuálńım a organizačńım

rozhodováńı, které má široké praktické využit́ı v ekonomice, pr̊umyslu, meteorologii

a daľśıch oblastech. Kromě mnoha klasických př́ıstup̊u k prognozováńı časových

řad, bylo navrženo několik technik výpočetńı inteligence, např. umělá neuronová

śı̌t, evolučńı výpočet, metoda strojového učeńı nebo fuzzy techniky. Vzhledem k

široké škále odlǐsných metod pro prognózu časových řad, vždy existuje nebezpeč́ı

volby metody, která je pro danou časovou řadu nevhodná. Proto byly navrženy

r̊uzné kombinačńı metody, které kombinuj́ı několik individuálńıch předpověd́ı.

Ćılem této práce je navrhnout nové př́ıstupy k předpov́ıdáńı časových řad. Před-

stavujeme novou hybridńı kombinaci jazykových fuzzy pravidel a metod výpočetńı

inteligence. Tento hybridńı model lze snadněji interpretovat při modelováńı časových

řad s trendem. Dále představujeme kombinačńı techniku založenou na fuzzy pravi-

dlech, která kombinuje r̊uzné předpovědńı metody. Také se zaměřujeme na re-

dundantńı pravidla a nab́ıźıme algoritmus pro jejich automatickou detekci a jejich

následné odstraněńı.

Struktura této práce je následuj́ıćı. V kapitole 1 uvád́ıme pojmy nezbytné

pro pochopeńı následuj́ıćıch kapitol. V kapitole 2 uvád́ıme tři př́ıstupy k prog-

nozováńı sezónńıch časových řad: umělé neuronové śıtě, metoda strojového učeńı

a jazykový fuzzy př́ıstup. Nab́ıźıme kombinaci těchto metod t́ım zp̊usobem, že

fuzzy př́ıstup k předpovědi trendo-cyklu je doplněn daľśımi dvěma metodami, které

předpov́ıdaj́ı sezónńı složky. Abychom ukázali potenciál těchto metod, uvád́ıme i

experimentálńı výpočty. V kapitole 3 formálně zkoumáme, jak určit fuzzy/jazyková

IF-THEN pravidla, která jsou v jazykových popisech redundantńı. Představujeme

formálńı definici redundance a ukazujeme, že zdánlivě redundantńı pravidla mo-

hou být nepostradatelná. Také je popsán algoritmus pro automatickou detekci

a odstraněńı redundantńıch pravidel. V kapitole 4 uvád́ıme kombinačńı techniku

založenou na fuzzy pravidlech. Tato metoda je konstruována jako lineárńı kombinace

malého počtu předpovědńıch metod, kde jsou váhy určeny báźı fuzzy pravidel, je-

jichž antecedenty jsou tvořeny rysy časových řad. Pro identifikaci báźı fuzzy pravidel
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použ́ıváme jazykové dobýváńı dat. Rovněž nab́ıźıme velkou experimentálńı studii.

Kĺıčová slova: Časová řada, Fuzzy pravidla, Fuzzy logická dedukce, Kombinačńı

techniky, FRBE, Jazykové asociace, Fuzzy GUHA, Redundance.
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Chapter 1

Theoretical background

In this chapter we introduce some concepts necessary for the understanding of next

chapters.

1.1 Introduction to time series analysis and fore-

casting

Forecasting the future is an important tool to support individual and organiza-

tional decision making. Time series forecasting predicts the behavior of a given

phenomenon based solely on the past patterns of the same event. In particular,

an interesting time series forecasting variant addresses seasonal data (e.g. monthly

sales). Under such analysis, multi-step ahead prediction, i.e. forecasting several

periods in advance, is highly relevant (e.g. for setting early production plans) in

distinct domains, such as Agriculture, Finance, Sales and Production [82].

Before we introduce the used forecasting methods, we briefly recall the problem.

A time series is usually given as a finite sequence y1, y2, . . . , yT of real numbers.

Formally, a time series can be defined as follows [93].
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Definition 1 A time series is a function

y : T× Ω→ R, (1.1.1)

where T = {1, . . . , T} ⊂ N is a finite set of integers interpreted as time moments and

〈Ω,A, P 〉 is a probabilistic space, where Ω is a set of elementary events, A is a sigma

algebra on Ω and P is a probabilistic measure defined on A such that P (Ω) = 1.

If we fix some ω ∈ Ω then we obtain a realization of the time series (1.1.1), which

is a real discrete function yt for t = 1, . . . , T . Of course, in reality, we always have

only one realization of y at our disposal.

Time series is defined in (1.1.1) on the domain T = {1, . . . , T} ⊂ N. Let us now

consider a set TF = {T +1, . . . , T +h}. Then, forecasting of the time series y means

to find its future values {yt | t ∈ TF} on the basis of the known values {yt | t ∈ T}.

The number h is called forecasting horizon.

Now, we suppose that we are given the time series {yt | t ∈ T∪TF}. The elements

of the set {yt | t ∈ T} are called in-samples and the elements of the set {yt | t ∈ TF}

are called out-samples. Furthermore, we divide the in-samples {yt | t ∈ T} into two

subsets:

• learning set {yt | t ∈ TL} where TL = {1, . . . , TL} for some TL < T ,

• validation set {yt | t ∈ TV } where TV = {TL + 1, . . . , T}.

On the basis of the learning set we find the best model of the time series, where

we measure the quality of the model on the validation set. Finally, we compute the

estimation {ŷt | t ∈ TF} of the future values of the time series using the best model

above. We have to stress that only in-samples are used to build such a model. The

out-samples {yt | t ∈ TF} become the testing set using which we can measure how

good is our forecast.
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1.1.1 Classical forecasting methods

There are many distinct methods for time series analysis and forecasting. In this

subsection, we briefly mention only some of them, namely those, that are used in

the subsequent chapters. For more details about these methods, we refer to rich

literature [14, 15, 54, 63]

Exponential smoothing methods that were proposed in the late 1950s [16, 57]

belong to the most widely used forecasting methods. These techniques are very

robust and work well even when the data is noisy, irregular or relatively short. The

three most commonly used models are simple, Holt and Winter’s. The models differ

from one another in the way they treat trending and seasonality.

The most fundamental exponential smoothing methods is called simple expo-

nential smoothing. This method is appropriate for time series with no trend and no

seasonal patterns. The simple exponential smoothing model is given by the formula:

ŷt = αyt + (1− α)ŷt−1,

where ŷt is the smoothed value (forecast), t ≥ 3 and α ∈ (0, 1) is a smoothing

parameter.

The forecast is weighted average of the current value and the previous forecast

value with the weights decreasing exponentially depending on the value of parameter

α.

Holt exponential smoothing is an extension of exponential smoothing designed

for time series with a trend. It is not appropriate for seasonal data. Forecasts

extrapolate statistical estimates of the underlying level and trend at the end of the

data. There are two smoothing parameters α and β. Holt exponential smoothing
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model is given as follows:

ŷt = At +Bt, t = 1, 2, . . . , T

where

At = αyt + (1− α)ŷt−1

Bt = β(At − At−1) + (1− β)Bt−1

where At and Bt are (exponentially smoothed) estimates of the level and linear trend

of the series at time t, respectively. The parameter α determines the level of the

time series and the parameter β relates to its trend.

The forecasted values are determined as follows

yT+i = At + kBt, i = 1, . . . , h.

The Winter’s exponential smoothing is an extension of Holt exponential smooth-

ing taking into account seasonality. The seasonality is captured in the form of sea-

sonal indexes. There are two versions of the Winter’s exponential smoothing: the

multiplicative one and the additive one.

The Winter’s multiplicative method is appropriate when a time series with a

linear trend has a multiplicative seasonal component. The model of this method is

given by the following equations:

At = α
yt
ŷt−s

+ (1− α)(At−1 +Bt−1),

Bt = β(At − At−1) + (1− β)Bt−1,

ŷt = γ
yt
At

+ (1− γ)ŷt−s

where s is the number of period in one cycle of seasons, e.g., number of months or

quarters in a year. Parameters α, β, γ take values from the interval (0, 1).
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The forecasted values are determined as follows

yT+i = (At + kBt)ŷt−s+i, i = 1, . . . , h.

The Winter’s additive method, which is appropriate for time series with a linear

trend with an additive seasonal component, is analogous.

Another classical approach stems from the Box-Jenkins methodology [14, 54]

and it consists in autoregressive and moving average models. For instance, the

ARMA(p,q) model is a typical representative of this methodology, which assumes

that every value yt of a given time series can be computed as follows:

yt = c+ εt +

p∑
i=1

ϕiyt−i +

q∑
i=1

θiεt−i, (1.1.2)

where ϕ1, . . . , ϕp are parameters of the autoregressive model; θ1, . . . , θq are param-

eters of the moving average model; c is a constant; εt is a white noise term; and

εt−1, . . . , εt − q are error terms.

The ARMA model (1.1.2), like most of the other Box-Jenkins methods, works

under the stationarity assumption, i.e., assuming that the moments of yt, such as

mean and variance, do not change over time. This implicitly means that the time

series should not contain any observable trend. To apply the standard Box-Jenkins

approach to a trend-containing time series and, thus, take advantage of its powerful

properties, one must first de-trend a given time series or apply an autoregressive

integrated moving average ARIMA(p,d,q) model. The integrated part that has been

added to the ARMA process can model generally polynomial trends. The parameter

d determines the trend polynomial order; for example, d = 1 indicates a constant

trend (with non-zero average), whereas d = 2 indicates a linear trend, d = 3 indicates

a quadratic trend, and so on.

Let us mention that the ARIMA model has several variants; for example there
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is a seasonal version (called SARIMA) and a fractional version (FARIMA), which

allows parameter d to be a certain non-integer value.

A random walk [63] is another time series model where the current observation

is equal to the previous observation with a random step up or down. First of all, a

series of the first-order differences, i.e., the series of the changes between consecutive

observations in the original series

∆yt = yt − yt−1

is constructed. When such a series of the first-order differences performs as a white

noise, the model for the original series can be written as

yt − yt−1 = εt,

where εt denotes white noise. And thus, the random walk model is given as follows

yt = yt−1 + εt.

Random walk model is widely used for non-stationary data, particularly financial

and economic data. Random walk typically has the long periods of apparent trends

up or down and the sudden and unpredictable changes in direction.

The forecasts from a random walk model are equal to the last observation, as

future movements are unpredictable, and are equally likely to be up or down.

There are many other forecasting methods, ranging from very simple to very

sophisticated. Dealing with all of them is far beyond the scope of this work. Thus, we

mentioned only these methods that are used in experimental parts in the subsequent

chapters.
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1.1.2 Advanced forecasting methods

Besides many classical or say statistical approaches to time series forecasting, many

attempts to apply advanced methods and models from distinct branches to this task

have been provided. Here, we will only briefly mention some remarks related to the

computational intelligence methods that provide a promising alternative that can

enrich the existing powerful choice among statistical methods.

Computational intelligence denotes a branch of the Artificial Intelligence field

that relies on heuristic algorithms inspired in biological and natural intelligence.

These computational intelligence algorithms include elements of learning and adap-

tation (e.g., neural networks, fuzzy rules, evolutionary computation) that facilitate

intelligent behavior in complex real-world problems [37].

Although mainly statistical time series forecasting methods (e.g., Holt-Winter’s

exponential smoothing or ARIMA methodology) are widely used in practice [82],

several computational intelligence techniques have been proposed for forecasting as

well [98]. For instance, some examples of computational intelligence applied to fore-

casting time series are: Artificial Neural Networks [30], evolutionary computation

[27], Support Vector Machines [84], immune systems [97], fuzzy techniques [8], or

their combinations [68, 99].

Focusing mainly on fuzzy approaches to time series analysis and forecast, it

should be stressed that a significant number of works with this aim have been

published. For instance, a study presenting Takagi-Sugeno rules [116] in view of

the Box-Jenkins methodology has already been published, see [8]. However, the

Takagi-Sugeno rules use functional consequents without any linguistic meanings,

their antecedents are usually determined by a cluster analysis, and they do not

employ any kind of logical implication. Thus, they can be considered a special kind
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of regression model rather than a linguistic approach.

Let us also recall [118], where the authors directly fuzzify the ARIMA method

by employing fuzzy numbers ϕ̃i, θ̃i instead of real numbers ϕi, θi as the model pa-

rameters.

Analogously, various neuro-fuzzy approaches, which lie on the border between

neural networks, Takagi-Sugeno models and evolving fuzzy systems, are often suc-

cessfully used [107, 76]. However, quite often, Gaussian or other types of fuzzy sets

are tuned to have the center, say, at node 5.6989 and the width parameter equal to

2.8893 (see [76]), which is obtained using some optimization technique. The inter-

pretability of such fuzzy sets is undoubtedly far from the interpretability of systems

using models based on fragments of natural language.

Therefore, it may be reasonably stated that published approaches, although very

effective and powerful, are so far closer to standard regression methods than to an

interpretable linguistic approach.

A specific category is formed by the so-called “fuzzy time series” proposed in

[115] and followed by many authors (see, e.g., [60]). This concept, briefly speaking,

constructs fuzzy rules with fuzzy sets in antecedents as well as consequents (i.e.,

these models are linguistically motivated and constructed, in contrast to Takagi-

Sugeno rules). However, neither these works employ any concepts from linguistics as

a self-content scientific discipline, and they use mathematically incorrect notations.

Furthermore, they employ the Mamdani-Assilian style of modeling fuzzy rules, i.e.,

this approach does not deal with genuine fuzzy IF-THEN rules of a conditional

nature (called gradual rules [34] or implicative rules [120]) but with conjunctive

rules.

It has to be stressed that works dealing with the concept of fuzzy time series
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do not distinguish between the learning set plus the validation set and the testing

set∗). In other words, they measure forecasting precision on the same data that was

used for the model identification. Consequently, they solve an approximation/in-

terpolation problem rather than a time series prediction problem. Therefore, they

are inappropriate for any comparison because they have never been demonstrated

to perform the forecasting task.

It should be mentioned that while computational intelligence methods were suc-

cessfully employed in different real-world tasks and several papers on their use in

time series forecasting were published, they became more standard in data mining

applications rather than in time series, where statistical methods still dominate the

market [82]. Such preference for established statistical methods is due to several

factors, such as conservatism of some forecasting community members [104], but

mainly due to a heritage of inferior performance of the first attempts to apply com-

putational intelligence to time series forecasting. Moreover, recent computational

intelligence approaches to forecasting often ignore very important issues such as hy-

perparameter selection (e.g., optimal choice of Artificial Neural Networks topology),

although it has been proved that an appropriate feature and model selection for a

computational intelligence model is crucial in order to provide constantly better

performance [29]. Similarly, some typical arguments in favor of fuzzy models, such

as interpretability and linguistic nature of fuzzy models may seem to be a sort of an

unsupported claim or even an empty cliché [12].

∗)To the best of our knowledge, there is only one publication [77] dealing with the concept of
fuzzy time series that clearly and correctly treats the in-samples and out-samples.
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1.1.3 Accuracy measures

The global performance of a forecasting model is evaluated by an error measure.

The standard measures of forecast accuracy are the Mean Absolute Error

MAE =
1

h

T+h∑
t=T+1

|yt − ŷt|, (1.1.3)

the Mean Squared Error

MSE =
1

h

T+h∑
t=T+1

(yt − ŷt)2, (1.1.4)

and the Root Mean Squared Error

RMSE =

√√√√1

h

T+h∑
t=T+1

(yt − ŷt)2. (1.1.5)

Historically, Mean Absolute Error (MAE) or (Root) Mean Squared Error ((R)MSE)

are very popular error measures. However, Mean Square Error is too sensitive to

outliers [7] and furthermore, both (R)MSE and MAE are scale-dependent measures

and hence, it can be hardly used for a comparison across more time series since every

single time series has a different impact on the overall results [5]. For example, it

has been shown that five of the 1001 series from the M-competition dominated the

RMSE ranking of the forecasting methods and the remaining 996 series had only

little impact on the ranking [7].

For a comparison of distinct methods across more time series, scale-independent

measures have to be used. Symmetric Mean Absolute Percentage Error (SMAPE)

and Mean Absolute Scaled Error (MASE) [61], that are among the most suggested

ones, are given as follows:

SMAPE =
1

h

T+h∑
t=T+1

|yt − ŷt|
(|yt|+|ŷt|)

2

× 100%, (1.1.6)

MASE =
1

h

T+h∑
t=T+1

|et|
1

T−1

∑T
j=2 |yj − yj−1|

. (1.1.7)
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Although the SMAPE was originally proposed in [4] in a different form, formula

(1.1.6) adopts the variant used in [3] since it does not lead to negative values (ranging

from 0% to 200%). However, there are still two main SMAPE drawbacks [61]: the

denominator may be close to zero, and a heavier penalty is given to under-forecasting

when compared to over-forecasting.

More recently proposed [61], the MASE is more widely applicable and does not

hold the SMAPE disadvantages. When MASE > 1, the forecasts are worse (on

average) when compared with the in-sample one-step forecasts of the näıve random-

walk method. In other words, the MASE compares the average out-sample error

with the average in-sample first difference and it relativizes the prediction error with

respect to fluctuations from the past.

Generally, it is not suggested to rely only on one error measure [5, 30] since

distinct results may be obtained for different measures. However, it is worth recalling

the empirical evidence [30] that very good methods perform consistently well across

multiple measures.

1.2 Introduction to fuzzy set theory

Let us briefly recall the basic elements of the fuzzy set theory which development

has been initiated by L.A. Zadeh [128].

1.2.1 Fuzzy sets

A classical set A can be characterized by its characteristic function χA : U → {0, 1}

χA(x) =

{
1, x ∈ A
0, x 6∈ A

Fuzzy set is a generalization of a classical set which allows elements to belong

to it up to some extent that is given by the so-called membership degree. Usually,
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membership degrees can take values from the whole interval [0, 1]. Characteristic

function is then replaced by its generalization that is called membership function

µA : U → [0, 1]. However, this notion and mainly to denotation becomes a bit

redundant as we unify a fuzzy set A with its membership function µA and consider

A : U → [0, 1] denoted by A ⊂∼ U . F(U) denotes the set of all fuzzy sets on U . The

value A(x) for x ∈ U is called the membership degree of x to A. Immediately, it is

clear that each classical set is a special case of a fuzzy set and therefore, fuzzy sets

do not contradict classical sets but generalize them.

The definition of a fuzzy set allows us to model vague human language notions.

Especially, so-called evaluative linguistic expressions (small, very big, more or less

medium, about five, etc.) [87, 89] can be successfully modelled by fuzzy sets, see

Figure 1.3.

Definition 2 Let A ⊂∼ U . Then the support of A and the kernel of A are the

following sets

Supp(A) = {x | x ∈ U, A(x) > 0}, (1.2.1)

Ker(A) = {x | x ∈ U, A(x) = 1}, (1.2.2)

respectively.

The support is a set of elements from a domain with a non-zero membership

degree to a given fuzzy set or a set of those elements of U which at least partially

belong to a given fuzzy set. The kernel is a set of elements of U which fully belong

to a given fuzzy set.

If the universe U is a linear subspace of real numbers R, we can define convexity

of a fuzzy set.

Definition 3 Let A ⊂∼ U and U be a linear subspace of R. A is called convex if for
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any x, y ∈ U and for any λ ∈ [0, 1] the following formula holds

A(λx+ (1− λ)y) ≥ A(x) ∧ A(y). (1.2.3)

1.2.2 T-norms, t-conorms and residual (bi)implications

The main idea for introducing the triangular norms (t-norms) was to generalize the

concept of the triangular inequality. T-norms serve as natural generalizations of

classical conjunctions. We recall only some basic definitions and facts and refer to

very rich literature [72, 95, 49].

Definition 4 A binary operation ∗ : [0, 1]2 → [0, 1] is called triangular norm (t-

norm) if it fulfills the following properties for all x, y, z ∈ [0, 1]:

x ∗ y = y ∗ x (commutativity),

x ∗ (y ∗ z) = (x ∗ y) ∗ z (associativity),

x ≤ y =⇒ x ∗ z ≤ y ∗ z (monotonicity),

x ∗ 1 = x (boundary condition).

Example 1 Below, we show the most known examples of continuous t-norms which

serve as natural interpretations of a generalized conjunction:

(1) Minimum t-norm x ∗ y = x ∧ y,

(2) Product t-norm x� y = x · y,

(3)  Lukasiewicz t-norm x⊗ y = max(0, x+ y − 1).

Another operation associated with the t-norm is called triangular conorm (t-

conorm) and it corresponds (due to its behavior) to a generalization of the classical

disjunction. Consequently, it serves for the interpretation of unions of fuzzy sets.
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Definition 5 A t-conorm is a binary operation t : [0, 1]2 → [0, 1] which has the

properties of commutativity, associativity and monotonicity (introduced in Defini-

tion 4) and fulfills the following boundary condition for all x ∈ [0, 1]:

0 t x = x.

A t-conorm dual to a given t-norm ∗ is given by

a t b = 1− (1− a) ∗ (1− b).

Let us recall that for each t-norm, there exists a dual t-conorm and vice-versa.

Particularly, let ∗ be a t-norm. Then the binary operation t on [0, 1] given as follows

a t b = 1− ((1− a) ∗ (1− b))

is a t-conorm that is dual to the t-norm ∗.

Example 2 The most important t-conorms dual to the t-norms from Example 1

are:

(1) Maximum t-conorm (dual to minimum t-norm) x t y = x ∨ y,

(2) Product t-conorm (dual to product t-norm) x t y = x+ y − x · y,

(3)  Lukasiewicz t-conorm (dual to  Lukasiewicz t-norm) x⊕ y = min(1, x+ y).

It follows from the definition of the t-norm that it is a monoidal operation on

[0, 1]. Furthermore, 〈[0, 1],∧,∨〉 is a complete lattice. Therefore, we can define the

residuation operation in the following form.

Definition 6 Let ∗ be a t-norm. The residuation operation →∗: [0, 1]2 → [0, 1] is

defined by

x→∗ y = max{z |x ∗ z ≤ y}. (1.2.4)
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The residuation operation serves as an operation representing the generalized

implication for fuzzy logics.

Moreover, we will use the following derived operation

x↔∗ y = (x→∗ y) ∧ (y →∗ x)

that will be called biresiduation or a biresiduum. Biresiduation serves as a repre-

sentation of an appropriate multi-valued biimplication, i.e. a fuzzy equivalence.

1.2.3 Operations on fuzzy sets, fuzzy relations

In this subsection, we recall elementary definitions of operations on fuzzy sets.

Definition 7 Let A,B ⊂∼ U . Then the intersection C = A ∩ B and the union

C = A ∪B of these two fuzzy sets is a fuzzy set C ⊂∼ U given as follows

C(x) = A(x) ∧B(x), (1.2.5)

C(x) = A(x) ∨B(x), (1.2.6)

respectively.

Besides original Definitions 7, the ∗-intersection t-union can be defined by t-

norms and t-conorms, respectively. Given a t-norm ∗ and a t-conorm t, then the

∗-intersection C = A ∩∗ B and the t-union C = A ∪t B are given by

C(x) = A(x) ∗B(x), (1.2.7)

C(x) = A(x) tB(x), (1.2.8)

respectively.

Similarly to the classical set theory, also in the fuzzy set theory we may construct

relations and Cartesian products. Naturally, a fuzzy relation is a fuzzy set defined

on a Cartesian product of universes.
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Definition 8 An n-ary fuzzy relation R is a fuzzy set on a Cartesian product U1×

· · · × Un of n universes.

The membership degree R(x1, . . . , xn) expresses the degree, in which the n-tuple

(x1, . . . , xn) is in the fuzzy relation R.

Fuzzy relations play an important role in fuzzy modeling, more specifically, they

interpret so-called fuzzy rule bases .

Fuzzy rule bases are sets of fuzzy rules given in a natural language:

R1 := IF X is A1 THEN Y is B1

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (1.2.9)

Rm := IF X is Am THEN Y is Bm

that intuitively express a relationship between X and Y which may model a given

problem (control law, decision-making strategy etc). Linguistic expressions [130,

132, 133, 92] Ai,Bi are modelled by fuzzy sets Ai, Bi taking values from universes

U and V , respectively. Fuzzy rule Ri is modelled by a fuzzy relation Ri ⊂∼ U × V

and the whole fuzzy rule base by a fuzzy relation R ⊂∼ U × V .

In case of a crisp input x′ ∈ U , the inferred output obtained with help of the

fuzzy rule base modelled by a fuzzy relation R, is a fuzzy set B on V given by

B(y) = R(x′, y), for any y ∈ V.

There are two standard approaches to model fuzzy rule base (1.2.9) by a fuzzy

relation. The first one respects the conditional nature of the rules and employs

a (usually residuated) fuzzy implication →∗. In such case, the fuzzy relation is

constructed as follows:

R(x, y) =
m∧
i=1

(Ai(x)→∗ Bi(y)) ,
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i.e., as a conjunction of implicative rules modelled by

Ri(x, y) = Ai(x)→∗ Bi(y).

The second approach, that is more often applied in real world applications, stems

from the seminal work od Mamdani and Assilian [83]. It models fuzzy rule base

(1.2.9) by the following fuzzy relation

R(x, y) =
m∨
i=1

(Ai(x) ∗Bi(y)) ,

which obviously does not implement any kind of implication and ignores the condi-

tional nature of fuzzy IF-THEN rules.

In this thesis, we will use another approach that is described in Section 1.3. This

approach is closer to the implicative one because it also views the individual rules

as implicative ones and models them with help of the  Lukasiewicz residual impli-

cation. However, it directly involves the theory of evaluative linguistic expressions.

Moreover, it does not model the whole rule base by a conjunction of fuzzy relations

modelling the individual rules.

1.3 Perception-based Logical Deduction

1.3.1 Evaluative linguistic expressions

One of main constituents of systems of fuzzy/linguistic IF-THEN rules are evalu-

ative linguistic expressions [89], in short evaluative expressions. They are special

expressions of natural language that are used whenever it is important to evalu-

ate a decision situation, to specify the course of development of some process, and

in many other situations. Typical examples of evaluative linguistic expressions are

expressions very large, extremely expensive, more or less hot, etc. Note that their
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importance and the potential to model their meaning mathematically have been

pointed out by L. A. Zadeh (e.g., in [129, 131, 134]).

A simple form of evaluative expressions keeps the following structure:

〈linguistic hedge〉〈atomic evaluative expression〉 (1.3.1)

Atomic evaluative expressions comprise any of the canonical adjectives small, me-

dium, big, abbreviated in the following as Sm, Me, Bi, respectively. It is important

to stress that these words are in practice often replaced by other kinds of evaluative

words, such as “thin”, “old”, “new”, etc., depending on the context of speech. Let us

note that in many situations, it is advantageous to extend the set of atomic evaluative

expressions by the evaluative expression zero. Moreover, a special expression any,

is also introduced.

Linguistic hedges are specific adverbs that make the meaning of the atomic ex-

pression more or less precise. We may distinguish hedges with narrowing effect,

e.g. very, extremely, etc. and with widening effect, e.g. roughly, more or less, etc. In

general, there can be a finite number of hedges with narrowing effect and a finite

number of hedges with widening effect. In practical applications, their number is of

course limited. In the following text, we, without loss of generality, use the hedges

introduced in Table 1.1 that were successfully used in real applications [122] and

that are implemented in the LFLC software package [35]. As a special case, the

〈linguistic hedge〉 can be empty. This enables us to include atomic evaluative ex-

pressions into the class of simple ones and develop a unified theory of their meaning.

Note that our hedges are of so-called inclusive type [33], which means that exten-

sions of more specific evaluative expressions are included in less specific ones†), see

Figure 1.1.

†)The expression any is modelled by a fuzzy set that attains normality at all points of a given
universe.
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Narrowing effect Widening effect
very (Ve) more or less (ML)

significantly (Si) roughly (Ro)
extremely (Ex) quite roughly (QR)

Table 1.1: Linguistic hedges and their abbreviations.

Figure 1.1: Graphical presentation of extensions (fuzzy sets) that interpret linguistic
expressions very small, small and roughly small.

Evaluative expressions of the form (1.3.1) will generally be denoted by script

letters A,B, etc. They are used to evaluate values of some variable X. The resulting

expressions are called evaluative linguistic predications, and have the form

X is A.

Examples of evaluative predications are “temperature is very high”, “price is low”,

etc.

The model of the meaning of evaluative expressions and predications makes

distinction between intensions and extensions in various contexts. The context

characterizes a range of possible values. This range can be characterized by a triple

of numbers 〈vL, vM , vR〉, where vL, vM , vR ∈ R and vL < vM < vR. These numbers

characterize the minimal, middle, and maximal values, respectively, of the evaluated

characteristics in the specified context of use. Let us stress that the middle value
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vM is not required to be in the exact center of the interval [vL, vR]. Therefore, we

will identify the notion of context with the triple 〈vL, vM , vR〉. By u ∈ w we mean

u ∈ [vL, vR]. In the sequel, we will work with a set of contexts W

W ⊂ {〈vL, vM , vR〉 | vL, vM , vR ∈ R, vL < vM < vR}

that are given in advance.

The intension of an evaluative predication “X is A” is a certain formula whose

interpretation is a function

Int(X is A) : W −→ F(R), (1.3.2)

i.e., it is a function that assigns a fuzzy set to any context from the set W . More

details and explanations can be found, e.g., in [89].

Given an intension (1.3.2) and a context w ∈ W , we can define the extension of

“X is A” in the context w as a fuzzy set

Int(X is A)(w) ⊂∼ [vL, vR],

where ⊂∼ denotes the relation of fuzzy subsethood.

We extend the theory of evaluative linguistic expressions by the following parti-

tion axiom: There exists no context w ∈ W in which there would exists a u0 ∈ w

such that

(Int(X is A)(w))(u0) = (Int(X is B)(w))(u0) = 1 (1.3.3)

for A,B with different atomic evaluative expressions. Partition axiom brings an ad-

ditional assumption to the theory that extensions of evaluative linguistic expressions

cannot overlap in the degree one if these expression are not of the same atomic type.

Indeed, no element u0 in any world is naturally assumed to belong in the degree one

to a fuzzy set of small objects as well as of medium or big objects – no matter the

influence of the widening or narrowing effect of applied linguistic hedges.
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Convention 1 For the sake of brevity and simplicity and having in mind that an

extension is a fuzzy set on a given context, we will omit the notion of extension from

our consideration when appropriate and write only the abbreviated forms:

A := (Int(X is A)(w)), w ∈ W, and

A(u0) := (Int(X is A)(w))(u0), u0 ∈ w

if there is no danger of any confusion caused by the fact that the left-hand side does

not explicitly mention the chosen context w and variable X.

To be able to state relationships among evaluative expressions, for example, when

one expression “covers” another, we need an ordering relation defined on the set of

them. Let us start with the ordering on the set of linguistic hedges. We may define

the ordering ≤H of examples of hedges introduced in Table 1.1 as follows:

Ex≤H Si≤H Ve≤H〈empty〉≤H ML≤H Ro≤H QR.

We extend the theory of evaluative linguistic expressions by the following inclu-

sion axiom. Let Ker(A) denotes the kernel of a fuzzy set A. For any w,

Int(X is 〈hedge〉iA)(w) ⊆ Int(X is 〈hedge〉jA)(w) (1.3.4)

and

Ker(Int(X is 〈hedge〉iA)(w)) ⊂ Ker(Int(X is 〈hedge〉jA)(w)) (1.3.5)

hold for any atomic expression A under the assumptions 〈hedge〉i≤H〈hedge〉j, i 6= j.

Based on ≤H we may define an ordering ≤LE of evaluative expressions.

Definition 9 Let Ai, Aj be two evaluative expressions such that Ai := 〈hedge〉iA

and Aj := 〈hedge〉jA. Then we write

Ai≤LEAj
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if A ∈ {Sm,Me,Bi} and 〈hedge〉i≤H〈hedge〉j. Moreover,

Ai≤LE any

for arbitrary Ai.

In other words, evaluative expressions of the same type are ordered according

to their specificity which is given by the hedges appearing in the expressions. If we

are given two evaluative expressions with different atomic expressions, we cannot

order them by ≤LE. There is an obvious natural extension of ≤LE to the ordering

of evaluative predications of the form (X is A).

1.3.2 Fuzzy/linguistic IF-THEN rules and linguistic descrip-

tions

Evaluative predications occur in conditional clauses of natural language of the form

R := IF X is A THEN Y is B (1.3.6)

where A,B are evaluative expressions. The linguistic predication “X is A” is called

the antecedent and “Y is B” is called the consequent of rule (1.3.6). Of course, the

antecedent may consist of more evaluative predications, joined by the connective

“AND”. The clauses (1.3.6) will be called fuzzy/linguistic IF-THEN rules in the

sequel.

Fuzzy/linguistic IF-THEN rules are gathered in a fuzzy rule base. But in order to

distinguish between fuzzy rule bases that are modelled by one of the standard fuzzy

relational approaches and between fuzzy rules that directly employ the theory of

evaluative linguistic expressions and thus, are supposed to be modelled in a different
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way, we introduce the notion of a linguistic description LD = {R1, . . . ,Rm}, m ≥ 1:

R1 := IF X is A1 THEN Y is B1,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (1.3.7)

Rm := IF X is Am THEN Y is Bm.

Because each rule in (1.3.7) is taken as a specific conditional sentence of natural

language, a linguistic description can be understood as a specific kind of a (struc-

tured) text. This text can be viewed as a model of specific behavior of the system in

concern.

The intension of a fuzzy/linguistic IF-THEN rule R in (1.3.6) is a function

Int(R) : W ×W −→ F(R× R). (1.3.8)

This function assigns to each context w ∈ W and each context w′ ∈ W a fuzzy

relation in w × w′. The latter is an extension of (1.3.8).

We also need to consider a linguistic phenomenon of topic-focus articulation

(see [52, 111]), which in the case of linguistic descriptions requires us to distinguish

the following two sets:

TopicLD = {Int(X is Aj) | j = 1, . . . ,m},

FocusLD = {Int(Y is Bj) | j = 1, . . . ,m}.

The phenomenon of topic-focus articulation plays an important role in the inference

method called perception-based logical deduction described below.

Convention 2 Besides the above introduced notions of topic and focus, it is some-

times advantageous to introduced the following notation:

TopicwLD = {Int(X is Aj)(w) | j = 1, . . . ,m}
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that will denote the set of extensions of evaluative predications that are contained in

TopicLD knowing the particular context w. This notation will be used later on when

defining the function of local perception. In the view of Convention 1 one can also

easily introduce the TopicwLD as follows:

TopicwLD = {Aj | j = 1, . . . ,m}.

Finally, we define the ordering of extensions with respect to an observation.

Definition 10 Let us be given a linguistic description LD (1.3.7), a context w ∈ W ,

an observation u0 ∈ w and two extensions Ai and Aj from the TopicwLD. We write

Ai≤(u0,w) Aj

either if

Ai(u0) > Aj(u0)

or if

Ai(u0) = Aj(u0), and Ai≤LEAj.

It should be noted that usually the antecedents of a linguistic description con-

tain evaluative predications which are formed by a conjunction of more than one

evaluative predication. In other words, we usually meet the following situation

(X is Ai) := (X1 is Ai1) AND · · · AND (XK is AiK).

In this case, the extended ordering ≤LE of compound evaluative expressions is

preserved with respect to the components:

Ai≤LEAj if Aik≤LEAjk for all k = 1, . . . , K. (1.3.9)

The extension of the compound linguistic predication is given as follows

(Int(X is Ai)(w1, . . . , wK))(u1, . . . , uK) =
K∧
k=1

(Int(Xk is Aik)(wk))(uk) (1.3.10)
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or in a shorter notation based on Convention 1 as follows

Ai(u1, . . . , uK) =
K∧
k=1

Aik(uk). (1.3.11)

Then, the final ordering≤(u0,w) is analogous to the one-dimensional one. First, we

determine the membership degrees of u0 = (u01, . . . , u0K) in extensions of compound

predications and in case of equal values, we determine the ordering ≤LE of the

expressions appearing in the components of the compound ones as given by (1.3.9).

Figure 1.2: Visualization of fuzzy rules R1,R2. Displayed rectangles symbolically
denote areas covered by antecedents of given fuzzy rules with their respective con-
sequents B1,B2.

On Figure 1.2, we provide the readers with a visualization of two fuzzy rules

with two input variables. This double-input example is fully sufficient for intuitive

understanding. Hence, it will be used for an illustration of distinct situations in the

rest of this thesis. Note that the rectangles denote areas covered by antecedents of

given fuzzy rules, in other words, they delimit areas where the antecedent of the

given rule is minimal with respect to the ordering ≤(u0,w). Each rectangle is also

denoted by a respective consequent (B1 or B2).
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1.3.3 Perception-based logical deduction

The perception-based logical deduction (PbLD) is a special inference method aimed

at the derivation of results based on fuzzy/linguistic IF-THEN rules. A perception

is understood as an evaluative expression assigned to the given input value in the

given context. The choice of perception is not arbitrary. It depends on the specified

linguistic description, too. In other words, perception is always chosen from evalua-

tive expressions which occur in antecedents of fuzzy/linguistic IF-THEN rules. For

details, see [88, 90, 122]. The perception is determined by a special function called

the local perception which is based on the ordering ≤(u0,w).

Definition 11 Let LD be a linguistic description (1.3.7). The local perception func-

tion is a mapping LPercLD : w × WK −→ P(TopicwLD) assigning to each value

u0 = (u1, . . . , uK) ∈ w for w = (w1, . . . , wK) ∈ WK a subset of extensions minimal

with respect to the ordering ≤(u0,w)

LPercLD(u0, w) = {Ai | Ai(u0) > 0 &

∀Aj ∈ TopicwLD : (Aj ≤(u0,w) Ai)⇒ (Aj = Ai)} (1.3.12)

The local perception function has a key role in the definition of the PbLD infer-

ence mechanism. It can be viewed as a function that“fires” chosen rules.

Definition 12 Let LD be a linguistic description (1.3.7). Let us consider a context

w ∈ W for the variable X and a context w′ ∈ W for Y . Let an observation X = u0 in

the context w be given, where u0 ∈ w. Then, the following rule of perception-based

logical deduction can be introduced:

rPbLD :
LPercLD(u0, w),LD

C
(1.3.13)
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where

C =
⋂
{Ci` | Ci`(v) = Ai`(u0)→ Bi`(v) & Ai` ∈ LPercLD(u0, w)}, v ∈ w′,

where → is the  Lukasiewicz implication and
⋂

is the Gödel intersection.

Informally, C is the conclusion corresponding to the observation in the following

way. Inputs to this inference rule are the linguistic description LD and the local

perception LPercLD(u0, w) given by (1.3.12). This local perception is formed by a

set of fuzzy sets Ai` , ` = 1, . . . , L, that are chosen from the topic of LD according

to (1.3.12). Formula (1.3.12) chooses these antecedents, which best fit the given

numerical input u0 and thus, they should be fired. Then, the individual conclusions

Ci` contained in C are computed as Ai`(u0) → Bi`(v) for all v ∈ w′. It means that

for each Ai` ∈ LPercLD(u0, w) we take the i`-th IF-THEN rule from LD and compute

the conclusion, for the time being forgetting other IF-THEN rules from LD.

Remark 1 Let us recall that the final inference output is aggregated using the inter-

section of all elements in C. Thus, it is easy to see that whenever an LD contains

two rules:

Ri := IF X is Ai THEN Y is Bi,

Rj := IF X is Aj THEN Y is Bj,

such that Ai = Aj and Bi≤LE Bj, the rule Rj is trivially redundant.

This fact may be used in the preprocessing of linguistic descriptions in order to

efficiently decrease the number of investigated rules.

The idea of assigning local perceptions is not restricted only to the topic of a

given linguistic description. If we generalize it slightly, we can learn the linguistic

description on the basis of the given data. More details about this method can be
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found in [20]. Let us remark that we have successfully implemented this method in

the software system LFLC (see [35]).

Lemma 1.3.1

Let LD be a linguistic description (1.3.7) and let Ri ∈ LD. For each w ∈ W there

exists u0 ∈ w such that

LPercLD(u0, w) = {Ai}. (1.3.14)

proof: Suppose first that K = 1 (there is just one antecedent variable). Sup-

pose that the following condition (K) holds: for every i, there is u0 ∈ w such that

Ai(u0) = 1, and for any j ∈ 1, . . . ,m, if Aj(u0) = 1, then Ai≤LEAj. It is easy to see

that the above condition is a sufficient condition for (1.3.14) to hold: From (1.3.12)

and the definition of ≤(u0,w) it follows that Ai ∈ LPercLD(u0, w). Suppose that

Aj ∈ LPercLD(u0, w), too. According to the definition of ≤(u0,w), it is possible only

if Aj(u0) = 1. But then either Ai <LE Aj and Aj 6∈ LPercLD(u0, w) (contradiction),

or Ai = Aj from (K).

The condition (K) for evaluative linguistic expressions easily follows from the

partition axiom (1.3.3) and the inclusion axiom (1.3.5). First, from (1.3.5) it follows

that there is u0 ∈ w such that Ai(u0) = 1 and that Aj(u0) < 1 for all expressions Aj

such that Aj ≤LEAi. Axiom (1.3.3) implies that there is no evaluative expression

Ak with different atomic expression than that of Ai such that Ak(u0) = 1.

Without a loss of generality,suppose that K = 2. Then,

(X is Ai) = (X1 is Ai1) AND (X2 is Ai2).

From partition and inclusion axioms it follows that there exist u01 ∈ w1 and u02 ∈ w2

for which (K) hold. From the definition of ≤LE (1.3.9) for more than one antecedent

variable and the definition of the extension of a compound linguistic predication
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(1.3.11) it follows that (K) holds for u0 = (u01, u02), too, and the proof is finished.

2

1.3.4 Defuzzification

Sometimes, for example in fuzzy control or in other fully automatized systems, it

is necessary to work with the accurate values. Therefore, we have to introduce the

concept of defuzzification. Defuzzification assigns an element of a given universe to

a fuzzy set on the universe in such a way that the assigned element appropriately

represents the fuzzy set. Thus, it can be successfully employed at the end of the

inference process to obtain a crisp representant (e.g. a control action) of the inferred

output fuzzy set. Mathematically, defuzzification is a mapping DEF : (F(U) \

{∅})→ U such that

DEF(A) ∈ Supp(A)

holds for any nonempty fuzzy set A ∈ F(U).

Now, we will work only with fuzzy sets having a finite support, i.e., the fuzzy

sets have the form

A = {a1/u1, . . . ,
ar /ur}. (1.3.15)

This restriction is motivated by practical reasons. Note that most of the formulas

given below can be defined for fuzzy sets on infinite universes as well.

The most commonly used defuzzification method is the Center of Gravity (COG).

This is mainly due to the fact that it is an appropriate defuzzification when the

Mamdani-Assilian models of fuzzy rule bases are used.

Definition 13 Let A ⊂∼ U . Then the center of gravity of A is defined as

COG(A) =

∑r
k=1 A(uk) · uk∑r
k=1A(uk)

.
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Another useful defuzzification methods are maxima methods. These methods

consider values with the maximum membership.

Definition 14 Let A ⊂∼ U . Then the mean of maxima of A is defined as

MOM(A) =
1

rmax

rmax∑
j=1

umaxj .

where umaxj = uj, ifA(uj) = max{A(uk)|k = 1, . . . , r}, that is, {umaxj |j = 1, . . . , rmax}

are all the elements of the support of fuzzy set (1.3.15) whose membership degree

A(umaxj ) is maximal.

The mean of maxima method is an appropriate defuzzification when implicative

models of fuzzy rule bases are used.

Definition 15 Let A ⊂∼ U . Then the first of maxima of A and the last of maxima

of A are defined as

FOM(A) = min{umaxj |j = 1, . . . , rmax},

LOM(A) = max{umaxj |j = 1, . . . , rmax},

where {umaxj |j = 1, . . . , rmax} are all the elements of the support of fuzzy set (1.3.15)

whose membership degree A(umaxj ) is maximal.

Defuzzifications FOM and LOM are not usually directly implemented although

they played an important role in case of use of specific implicative models of mono-

tone fuzzy rule bases [121]. Their importance for this thesis is given by the fact that

they are used in the construction of the Defuzzification of Evaluative Expressions

(DEE) that has been designed specifically for the outputs of the PbLD inference

mechanism. In principle, this defuzzification is a combination of FOM, MOM and

LOM that are applied based on the classification of the output fuzzy sets, see [87, 92].
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Figure 1.3: Fuzzy sets that model extensions of some expressions and their defuzzi-
fications.

Definition 16 Let A ⊂∼ U . Then the defuzzification of evaluative expressions of A

is defined as

DEE(A) =


LOM(A) if A is non-increasing,

FOM(A) if A is non-decreasing,

MOM(A) otherwise.

Results of the DEE defuzzification are depicted on Figure 1.3.

1.4 Fuzzy transform

The fuzzy transform is a special technique that can be applied to a continuous

function defined on a fixed real interval [a, b] ⊂ R. The essential idea is to transform

a given function defined in one space into another, which is usually a simpler space,

and then to transform it back. The simpler space consists of a finite vector of

numbers obtained on the basis of the well-established fuzzy partition of the domain

of the given function. The inverse transform then leads to a function approximately

reconstructing the original one. Thus, the first step, which is sometimes called

the direct fuzzy transform, results in a vector of averaged functional values. The
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second step, which is called the inverse transform, converts this vector into another

continuous function, which approximates the original one. In this section, we provide

a brief overview of the main concepts. More details can be found in [100].

The fuzzy transform is defined with respect to a fuzzy partition, which consists

of basic functions.

Definition 17 Let c1 < · · · < cn be fixed nodes within [a, b], such that c1 = a, cn = b

and n ≥ 2. We say that fuzzy sets A1, . . . , An ∈ F([a, b]) are basic functions forming

a fuzzy partition of [a, b] if they fulfill the following conditions for i = 1, . . . , n :

1. Ai(ci) = 1;

2. Ai(x) = 0 for x /∈ (ci−1, ci+1), where for uniformity of notation, we put c0 =

c1 = a and cn+1 = cn = b;

3. Ai is continuous;

4. Ai strictly increases on [ci−1, ci] and strictly decreases on [ci, ci+1];

5. for all x ∈ [a, b],
n∑
i=1

Ai(x) = 1. (1.4.1)

Usually, the uniform fuzzy partition is considered (i.e., n equidistant nodes ci =

ci−1 + h, i = 2, . . . , n are fixed). Let us note that the shapes of the basic functions

are not predetermined and can be chosen on the basis of additional requirements.

For some examples of fuzzy partitions satisfying Definition 17, see Figure 1.4.

Definition 18 Let a fuzzy partition of [a, b] be given by basic functionsA1, . . . , An, n ≥

2, and let f : [a, b] −→ R be an arbitrary continuous function. The n-tuple of real

numbers F[f ] = (F1[f ], . . . , Fn[f ]) given by

Fi[f ] =

∫ b
a
f(x)Ai(x)dx∫ b
a
Ai(x)dx

, i = 1, . . . , n, (1.4.2)
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(a) Triangular uniform fuzzy
partition

(b) Sinusoidal uniform fuzzy
partition

(c) Triangular non-uniform
fuzzy partition

Figure 1.4: Graphical presentation of several fuzzy partitions.

is a direct fuzzy transform of f with respect to the given fuzzy partition. The

numbers F1[f ], . . . , Fn[f ] are called the components of the fuzzy transform of f .

In practice, the function f is usually not given analytically, but we are at least

provided with some data, obtained, for example, from measurements. In this case,

Definition 18 can be modified in such a way that the definite integrals in For-

mula (1.4.2) are replaced by finite summations.

Let n basic functions forming a fuzzy partition of [a, b] be given, and let the

function f be given at T > n fixed points x1, . . . , xT ∈ [a, b]. We say that the set

of points {x1, . . . , xT} is sufficiently dense with respect to the fuzzy partition if for

every i ∈ {1, . . . n}, there exists t ∈ {1, . . . , T} such that

Ai(xt) > 0.

Definition 19 Let a fuzzy partition of [a, b] be given by basic functionsA1, . . . , An, n ≥

2, and let f : [a, b] −→ R be a function that is known on a set {x1, . . . , xT} of points

that is sufficiently dense with respect to the given fuzzy partition. The n-tuple of

real numbers F[f ] = (F1[f ], . . . , Fn[f ]) given by

Fi[f ] =

∑T
t=1 f(xt)Ai(xt)∑T

t=1Ai(xt)
, i = 1, . . . , n, (1.4.3)

is a discrete direct fuzzy transform of f with respect to the given fuzzy partition.

The F1[f ], . . . , Fn[f ] are the components of the (discrete) fuzzy transform of f .
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It has been proven [100] that the components of the fuzzy transform are weighted

mean values of the original function, where the weights are determined by the basic

functions.

The original function f can be approximately reconstructed from F[f ] using the

following inversion formula.

Definition 20 Let F[f ] = (F1, . . . , Fn) be the direct fuzzy transform of f with

respect to A1, . . . , An ∈ F([a, b]). Then the function f̂ given on [a, b] by

f̂(x) =
n∑
i=1

Fi[f ]Ai(x) (1.4.4)

is called the inverse fuzzy transform of f .

The inverse fuzzy transform is a continuous function on [a, b].

Let us recall the two main properties of the fuzzy transform. First, it should be

stressed that for uniform fuzzy partitions, the sequence of the inverse fuzzy transform

{f̂}n uniformly converges to the original function f for n → ∞ [100]. Assuming

certain additional properties, an analogous result is valid even for non-uniform fuzzy

partitions [123].

Second, the fuzzy transform components maintain a certain optimality, particu-

larly by minimizing the piecewise integral least square criterion.

Consequently, the direct fuzzy transform may serve as a discrete approximate

representation of a function and may be successfully used for numerical integra-

tion of a function, whereas, the inverse fuzzy transform is a suitable continuous

approximation of a given function. For various properties of the fuzzy transform

and detailed proofs, see [100, 102, 123].
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1.5 Linguistic associations

In this thesis, we employ the so-called linguistic associations mining [2] for the

fuzzy rule base identification. This approach, firstly introduced as GUHA method

[48, 50], finds distinct statistically supported associations among attributes of given

objects. Particularly, the GUHA method deals with Table 1.2 where o1, . . . , on

denote objects, X1, . . . , Xm denote independent boolean attributes, Z denotes the

dependent (explained) boolean attribute, and finally, symbols aij (or ai) ∈ {0, 1}

denote whether an object oi carries an attribute Xj (or Z) or not.

X1 X2 . . . Xm Z
o1 a11 a12 . . . a1m a1

o2 a21 a22 . . . a2m a2
...

...
...

. . .
...

...
on an1 an2 . . . anm an

Table 1.2: Standard GUHA table.

The original GUHA allowed only boolean attributes to be involved, see [51].

Since most of the features of objects are measured on the real interval, standard

approach assumed to booleanize the attributes by a partition of the interval into

subintervals, see Example 3.

The goal of the GUHA method is to search for associations of the form

C(X1, . . . , Xp) ' D(Z) (1.5.1)

where C, D are (compound) evaluative predications [89] containing only the con-

nective AND and X1, . . . , Xp for p ≤ m are all variables occurring in C. The C, D

are called the antecedent and consequent, respectively. Generally, for the GUHA

method, the well-known four-fold table is constructed, see Table 1.3.

Symbol a, in Table 1.3, denotes the number of positive occurrences of C as well

as D; b is the number of positive occurrences of C and of negated D, i.e. of ‘not D’.
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D not D
C a b

not C c d

Table 1.3: Classical GUHA four-fold table.

Analogous meaning have the numbers c and d. For our purposes, only numbers a

and b are important.

The relationship between the antecedent and consequent is described by so-called

quantifier '. There are many quantifiers that characterize validity of the association

in the data [50]. For our task, we use the so-called a binary multitudinal quantifier

':=@γ
r . This quantifier is taken as true if

a

a+ b
> γ

and

a

n
> r,

where γ ∈ [0, 1] is a confidence degree and r ∈ [0, 1] is a support degree.

Example 3 For example, let us consider Table 1.4.

BMI≤25 BMI>25 Chol>6.2 BP>130/90

o1 1 0 0 0
o2 0 1 1 1
o3 0 1 0 1
o4 1 0 0 0
o5 0 1 1 1
...

...
...

...
...

on 0 0 1 1

Table 1.4: Example of GUHA table. BMI≤25 denotes Body-Mass-Index lower or
equal to 25, BMI>25 denotes the same index above 25, Chol>6.2 denotes Cholesterol
higher than 6.2 and BP>130/90 denotes Blood Pressure higher than 130/90. Objects
oi are particular patients.

Depending on the chosen confidence and support degree, the GUHA method could
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generate the following association:

C(BMI>25,Chol>6.2) 'D(BP>130/90) .

In many situations, including ours, the fuzzy variant of the GUHA method [73,

94] seems to be more appropriate. In the fuzzy variant of the method, the attributes

are not boolean but rather vague (such as BMIExBi, BMIMLBi, CholVeBi etc.) and

thus, values aij(or ai) are elements of the interval [0, 1] that express membership

degrees, see Example 4.

The four-fold table analogous to Table 1.3 is constructed also for the fuzzy vari-

ant of the method. The difference is that the numbers a, b, c, d are not summations

of 1s and 0s but summations of membership degrees of data into fuzzy sets rep-

resenting the antecedent C and consequent D or their complements, respectively.

Otherwise, the main idea of the method remains the same. Naturally, the fact that

the antecedent C as well as the consequent D hold simultaneously leads to the nat-

ural use of a t-norm. In our case, we use the Gödel t-norm. For example, if an

object oi belongs to a given antecedent in a degree 0.7 and to a given consequent in

a degree 0.6, the value that enters to the summation equals to min{0.7, 0.6} = 0.6.

Summation of such values over all the objects equals to the value a in Table 1.3, the

other values from the table are determined analogously.

By using fuzzy sets, we generally get more precise results and we avoid unde-

sirable threshold effects. The further advantage is that the method searches for

associations that may be directly interpreted as fuzzy rules for the PbLD inference

system, i.e., each association (1.5.1) may be viewed as the fuzzy rule

R := IF (X1 is A1) AND · · · AND (Xp is Ap) THEN (Z is B).

The antecedent variablesX 6= Xi1, . . . , Xip have the assigned expression any – for the
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sake of brevity, they are not explicitly expressed in the rule R. All such associations

constitute a linguistic description LD.

Example 4 Let us consider Table 1.5.

BMIExSm . . . BMIExBi CholExSm . . . CholExBi BPExSm . . . BPExBi

o1 0 0.9 0.1 0.7 0 0.8
o2 0 0.2 0.8 0 0.9 0
o3 0 1 0 1 0 0.9
...

...
...

...
...

...
...

on 0 0.8 0 0.8 0 0.7

Table 1.5: Example of fuzzy GUHA table.

Depending on the chosen confidence and support degree, the fuzzy GUHA method

could generate the following linguistic associations:

C(BMIVeBi,CholExBi) 'D(BPExBi)

C(BMISiBi,CholExBi) 'D(BPExBi)

C(BMISiBi,CholSiBi) 'D(BPVeBi)

. . .

C(BMIVeBi,CholBi) 'D(BPBi)

. . .

that may be viewed and thus, directly represented, as fuzzy rules. For example, the

first association would be represented by the following fuzzy rule:

“ IF Body Mass Index is Very Big AND Cholesterol is High THEN Blood Pres-

sure is High.”
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Chapter 2

Linguistic approach to time series

forecasting

In Section 1.1.2, we introduced the potential as well as some drawbacks of compu-

tational intelligence methods in time series forecasting.

These observations are among the main motivations for this chapter, which has

a fourfold goal:

1. to provide readers with a kind of tasting of distinct methods that may serve as

an alternative to standard statistical methods and that may even outperform

them;

2. to introduce how these methods may be enhanced, e.g., by using the sensitivity

analysis to improve a feature selection for the Support Vector Machine or by

a genetic algorithm to search for the optimal Artificial Neural Networks;

3. to introduce purely new combinations of interpretable linguistic fuzzy rules

with improved Artificial Neural Networks and Support Vector Machine that

provide both – accurate forecasting models and easy to interpret and under-

stand descriptions of the data generating processes;
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4. to challenge prior evidence on the inferior forecasting accuracy of Computa-

tional Intelligence in operational forecasting [30].

Therefore, we present three Computational Intelligence approaches for multi-

step seasonal time series forecasting: the Automatic Design of Artificial Neural Net-

works (ADANN), which uses genetic algorithms to evolve Artificial Neural Networks

structures; the Support Vector Machine with time lag selection based on a sensitivity

analysis procedure; and the linguistic fuzzy approach to the trend-cycle analysis and

forecasts. The first two methods from different perspectives focus on feature and

model selection process for Computational Intelligence methods that is often omit-

ted [31]. These methods will be used to determine the de-trended time series, i.e., to

forecast seasonal components of given time series. The latter method focuses on the

interpretability issue of fuzzy models describing an forecasting so-called trend-cycle

of given time series.

We propose two hybrid combinations of these Computational Intelligence meth-

ods, such that the fuzzy approach to trend-cycle forecasts is complemented by the

earlier two approaches that forecast seasonal components. The main contribution

is the presentation of these methods and the experimental justification of their po-

tential. Besides the achieved high quality accuracy, such models are more easy to

interpret by decision-makers when modeling trended series.

2.1 Time series analysis

2.1.1 Time series decomposition

Let

{yt | t = 1, . . . , T} ⊂ R, T ≥ 3 (2.1.1)

40



be a given time series. The task is to analyze it and to forecast its future develop-

ment, i.e., to determine the values

{yt | t = T + 1, . . . , T + h} ⊂ R, h ≥ 1. (2.1.2)

There are two standard approaches to this task. The first uses autoregressive and

moving averages models from the so-called Box-Jenkins methodology [14], and the

second approach tries to decompose a given time series into its natural components.

The main disadvantage of the Box-Jenkins methodology is that its models (see,

for instance, Formula (1.1.2)) are not easily interpretable and, consequently, not as

transparent as a decomposition model.

The main idea of the decomposition model (see [13]) is to decompose each element

yt into the following components:

yt = Trt + St + Ct + Et (2.1.3)

where Trt, St, Ct, Et, t = 1, . . . , T are the trend, seasonal, cyclic and error compo-

nents of the time series, respectively.

Remark 2 Formula (2.1.3) describes so-called additive decomposition. If we use

multiplication instead of addition, we obtain multiplicative decomposition. Because

the treatment is similar in both cases, for the sake of simplicity, we restrict our focus

to the additive case only.

The name “cyclic” for the Ct component originates in economic cycles, which

are not regular. They cyclically replace each other, but they do not maintain con-

stant length, and they depend on many external factors. The error component is

a random noise and thus neither practically nor theoretically can be forecasted. In

some simplified classical models, these two components are omitted from further

consideration.
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In the traditional approach, a trend is assumed to be an a priori given function,

e.g., linear, polynomial, exponential or a saturation function such as the sigmoidal

function. This approach simplifies the analysis, which consists of a regressive deter-

mination of parameters of the predetermined function, as well as the forecast, which

is a simple prolongation, i.e., an evaluation of the determined trend function at time

points T + 1, . . . , T + h.

Figure 2.1: Time series with its inverse fuzzy transform. The standard trend analysis
would be inappropriate due to irregular cyclic changes.

Such an approach, however, is too restrictive and is thus not always the most

appropriate. For example, the trend of the time series in Figure 2.1 can hardly

be estimated using a simple function. Because the course of the trend can vary,

especially in the case of a long time series, its forecasting is very difficult. Typical

examples are equity indexes in which we cannot usually prolong the trend in a

simple way because robust growth is often followed by dramatic fall, which can be

followed by stagnation and then again by growth. This is directly caused by the

influence of the cyclic component. Here, prolongation might, in some cases, be the

worst procedure to be applied in forecasting. For such cases, complicated adaptive

trend-changing models or models with regime changes [54] are constructed.
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Thus, statistical agencies prefer using the so-called trend-cycle instead of the

trend. According to OECD [1], the trend-cycle is obtained by filtering out the

high-frequency fluctuations, i.e., the seasonal and the irregular (noise) components.

Following this idea, we propose to use the fuzzy transform method to estimate

the trend-cycle because it does not fix any shape for the curve and, moreover, has

powerful approximation and noise reduction properties (see [102]). By choosing an

appropriate fuzzy partition, we filter out only the high-frequency fluctuations, not

the cyclic part of the trend-cycle.

The time series {yt | t = 1, . . . , T} may be viewed as a function y defined on

the interval [0, T ] that is not given analytically. Instead, measurements y(t) = yt at

points t = 1, . . . , T are available.

Let us build a uniform fuzzy partition according to Definition 17 such that each of

the basic functions A2, . . . , An−1 “covers” a number of nodes equal to the number of

nodes belonging to a season. For example, in the case of a time series on the monthly

basis, each basic function covers 12 points, with the exception of the basic functions

A1, An, which cover the first and the last 6 points, respectively. Consequently, the

set of points yt is sufficiently dense with respect to the fuzzy partition. From this

point forward, we consider a time series on a monthly basis because everything may

be easily generalized for other cases.

Let

F [y] = (F1[y], . . . , Fn[y]) (2.1.4)

be a fuzzy transform of the function y with respect to the given fuzzy partition, and

let ŷ be its inverse fuzzy transform. The inverse fuzzy transform serves as a model

of the trend-cycle. Recall that the shape of the trend-cycle function is not fixed a

priori, which would enable us to capture the trend-cycle in a more realistic way.
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Remark 3 Let us note that the fact that the essential role that transparency plays

throughout the entire methodology also influences the above choice of constructing

basic functions to cover one year of monthly time series. From this point of view,

the fuzzy transform values are easily interpretable as average year values. Therefore,

a technically possible fuzzy partition with basic functions covering, for instance, 14

values would make no sense. However, a further natural fuzzy partition, for example,

with basic functions covering 24 values may make sense and sometimes even improve

results.

The seasonal component St from (2.1.3) can be obtained using the formula

St = yt − ŷ(t), (2.1.5)

where ŷ(t) = Trt+Ct. The trend-cycle may be further analyzed and described using

autoregressive fuzzy rules; see Section 2.2.

It should be stressed here that the suggested approach is an alternative to the

model with changes in regime [54] (also called the regime switching model). Unlike

our approach, that model is based on the theory of random processes and Markov

chains. Our motivation is to obtain a transparent description in natural language.

2.2 Trend-cycle forecasting

2.2.1 One step ahead forecasts

The suggested approach to trend analysis also implicitly treats possible cyclic com-

ponent influences without complicated, adaptive trend-changing mechanisms. This

is a significant difference from the classical approach, where we first model only the

trend and then determine the seasonal components that are influenced by the ir-

regular cyclic changes. Our approach treats this problem in reverse; the trend-cycle

44



model ŷ primarily serves to obtain pure seasonal components without the cyclic

influences.

However, we cannot easily forecast such a trend-cycle model by the prolonga-

tion, i.e., by the evaluation of the predetermined fixed trend function at points

t = T + 1, . . . , T + h. Due to the drawbacks of this traditional approach, it is not a

disadvantage but an advantage, as explained below.

We follow the idea of [101], and for the trend-cycle forecast, we employ perception-

based logical deduction (see Subsection 1.3.3). As antecedent variables, we consider

the fuzzy transform components of the given time series Yi, i = 1, . . . , n − 1 and

their first- and second-order differences:

∆Yi = Yi − Yi−1, i = 2, . . . , n− 1

∆2Yi = ∆Yi −∆Yi−1, i = 3, . . . , n− 1

respectively. The fuzzy/linguistic IF-THEN rules take the form

IF ∆2Yi−1 is A∆2i−1 AND ∆Yi−1 is A∆i−1 AND Yi is Ai THEN Yi+1 is Bi+1. (2.2.1)

The differences of the fuzzy transform components expressing the time series

trend-cycle of distinct orders are able to describe the dynamics of the time series

better than the fuzzy transform components themselves. Furthermore, due to the

use of the differences, the time series does not have to be de-trended, as in the case of

the classical autoregressive approach using, for example, the ARMA model (1.1.2),

nor does it have to be an integrated model, as in the case of the ARIMA.

The rules (2.2.1) may describe logical dependencies of trend-cycle changes (hid-

den cycle influences), which is highly desirable and suggested in comparison with the

standard prolongation of the trend-cycle observed in the past. The advantage of the

transparently interpretable form of fuzzy rules using fragments of natural language
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is unquestionable. It might be helpful in better understanding the functionalities

and motive factors determining the changes in a process yielding the time series in

question.

As mentioned before, the fuzzy/linguistic IF-THEN rules of the form (2.2.1) can

be understood as a description of an autoregressive process. Every rule describes

the local dependence of Yi+1 on previous values of Yi, Yi−1, and so on, expressed

in the form of differences ∆Yi−1, ∆2Yi−1 and the like. The perception-based logical

deduction algorithm described in Subsection 1.3.3 then chooses the best local rule

or rules with respect to a given situation.

Let us mention that fuzzy rules such as (2.2.1) are automatically generated by the

linguistic learning algorithm [20] implemented in the software package LFLC 2000

[35] from the fuzzy transform components of the time series and their differences.

Remark 4 Although the fuzzy/linguistic IF-THEN rules are also generated from

the past, the suggested approach can learn, describe, and successfully predict the

future of equity indexes mentioned as a motivating example at the beginning of Sub-

section 2.1.1. Of course, this is possible if similar progress has been observed and

measured in the past. The prolongation of a trend function is generally not able to

perform this task successfully.

2.2.2 More steps ahead forecasts with independent models

Let us now consider the fuzzy transform components (2.1.4) of the given time series.

Fuzzy/linguistic rules and perception-based logical deduction can be used to forecast

the next fuzzy transform components

Yn+1, . . . , Yn+ζ (2.2.2)
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from which the trend-cycle of the time series can be determined as values of the

inverse fuzzy transform ŷ(T + 1), . . . , ŷ(T + h), where ζ < h.

It is difficult to forecast the course of the time series for a long time interval.

First, note that the fuzzy transform components Y1, Yn related to the first and last

basic functions are singular because they can be depreciated. This property results

from the fact that the corresponding basic function of Y1, like that of Yn, is only

a half of the regular one. Therefore, even the last fuzzy transform component Yn,

which may otherwise be calculated from the given data, is forecasted.

There are two principal ways to forecast the fuzzy transform components:

(i) forecast the next component on the basis of the previous n components (or a

subset) and their corresponding first and second differences;

(ii) forecast some of the following components (not necessarily the immediate next

one) from some of the components (2.1.4) and their first and second differences.

In case (i), we consider components Y1, . . . , Yn−1 and their differences ∆Y2, . . . ,∆Yn−1

and ∆2Y3, . . . ,∆
2Yn−1 to forecast the component Yn. Then, using the same linguistic

description, we forecast Yn+1 from Y1, . . . , Yn, ∆Y2, . . . ,∆Yn, ∆2Y3, . . . ,∆
2Yn, and

so on.

Obviously, there is a danger of propagating forecast errors because we are fore-

casting based on forecasted values. The longer the prediction term is, the higher

the damage.

Case (ii) overcomes this problem because we build a finite number of independent

trend-cycle forecasting linguistic descriptions (models) using the technique described

in Subsection 2.2.
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The linguistic descriptions consist of rules of the form

IF ∆2Yi−1 is A∆2i−1 AND ∆Yi−1 is A∆i−1 AND Yi is Ai THEN Yn+j is Bn+j,

for suitable i < n and j = 0, 1, 2, . . .. Each linguistic description is generated by the

linguistic learning algorithm and each linguistic description may be used to forecast

j-steps ahead.

On the basis of the forecasted fuzzy transform components (2.2.2), we can com-

pute the forecasted trend-cycle of the time series, where the latter consists of the

values of the inverse fuzzy transform:

ŷ(T + 1), . . . , ŷ(T + h).

2.3 Seasonal component forecasting

Since the linguistic fuzzy approach focuses only on modeling and forecasting the

trend-cycle of a given time series, the next step in the time series forecasting has to

be to forecast the seasonal components separately and to compose them with pre-

dicted trend-cycle. The seasonal components may be predicted statistically, as de-

scribed in [96, 122]. Of course, any other forecasting techniques may be used as well.

We propose the use of Computational Intelligence approaches, i.e., the use of Auto-

matic Design of Artificial Neural Networks and Support Vector Machine approaches

introduced in the following subsections. The combination of these techniques to-

gether with the linguistic approach leads to two novel fuzzy hybrids, termed Fuzzy

Artificial Neural Networks (FANN) and Fuzzy Support Vector Machine (FSVM).

2.3.1 Automatic Design of Artificial Neural Networks

Time series processes often exhibit temporal and spatial variability and suffer by

issues of nonlinearity of physical processes, conflicting spatial and temporal scale
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and uncertainty in parameter estimates. Artificial Neural Networks are flexible

models that have the capability to learn the underlying relationships between the

inputs and outputs of a process, without needing the explicit knowledge of how

these variables are related. We recall typical examples in market predictions [36] or

in meteorological [39] and network traffic forecasting [26].

As mentioned above, finding an adequate Artificial Neural Networks model for

a particular time series is a key issue. Different studies have treated with the design

of an Artificial Neural Networks from three different points of view.

• Connection weights [126, 11]: values for each connection in an Artificial Neural

Networks.

• Topology [40, 85]: number of hidden layers, hidden nodes in each layer, etc.

• Learning rules [65]: learning factor and momentum values.

In this thesis, a novel evolving hybrid system that uses both, a genetic algorithm

and the backpropagation learning, is proposed. This approach involves an evolution

of the Artificial Neural Networks topology and backpropagation learning parameter,

with multiple initializations.

Normalization of the time series data has to be done as an initial step and after

fitting the Artificial Neural Networks, the inverse process is carried out. This step

is important as Artificial Neural Networks with logistic activation functions output

values within the range [0, 1]. Time series in-samples are transformed into a pattern

set with I inputs. A single neuron is placed at the output layer and multi-step

forecasts are often performed using an iterative feedback of the previous forecasts

[28]. Therefore, each time series is transformed into a patterns set where each
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pattern consists of:

(Nt−I , . . . , Nt−2, Nt−1)→ Nt

where all Ni values correspond to the normalized yi ones. This pattern set is used

to train and validate each Artificial Neural Networks generated during the Genetic

Algorithm (GA) execution. Thus, the data is split into training (with the first X%

data) and validation sets (with the remaining patterns).

The search for the best Artificial Neural Networks design can be performed by a

Genetic Algorithm [38] using exploitation and exploration. When using such Genetic

Algorithm, there are three crucial issues:

1. the solution space and what is included into a chromosome;

2. how each solution is codified into a chromosome, i.e. encoding schema;

3. what is the fitness function.

In this work, we opted for a multilayer perceptron as the base forecasting model,

with one hidden layer and backpropagation as the learning algorithm, according to

[32]. Regarding the backpropagation choice, we note that we use multiple initializa-

tions (as distinct seeds are used, see Equation (2.3.1)) and also evolve its learning

factor. Under such scheme, backpropagation is unlikely to fall into a local minima.

Moreover, backpropagation is the most used algorithm in the time series forecasting

domain.

A direct encoding schema for fully connected multilayer perceptron is consid-

ered. For this encoding scheme the information placed into the chromosome is: two

decimal digits, i.e., two genes to codify the number of inputs nodes (I); two genes

for the number of hidden nodes (H); two genes for the learning factor (α); and the

last ten genes for the initialization seed (s) value of the connection weights, as the
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seed in the Stuttgart Neural Network Simulator (SNNS) [135] is a “long int”. This

way, the values of I, H, α and s are obtained from the chromosome as follows:

chromosome = gI1gI2gH1gH2gα1gα2gs1gs2 . . . gs10 |∀k, gk ∈ {0, 1, . . . , 9},
s = gs1gs2 . . . gs10 ,

I = 10gI1 + gI2 + 1,

H = 10gH1 + gH2 + 1,

α = (10gα1 + gα2)/100.

(2.3.1)

The search process (Genetic Algorithm) will consist of the following steps:

1. A randomly generated population, i.e., a set of randomly generated chromo-

somes, is obtained.

2. The phenotypes (Artificial Neural Networks architectures) and fitness value of

each individual of the actual generation is obtained. To obtain the phenotype

associated to a chromosome and its fitness value:

(a) The phenotype of an individual of the actual generation is first obtained

(using SNNS tool).

(b) Then for each neural network i, training and validation pattern subsets

are obtained from time series data depending on the number of inputs

nodes of neural network i.

(c) The net is trained with backpropagation using SNNS [135]. When the

validation error is minimal during the training process, the architecture

(topology and weights) is saved – early stopping. This architecture is the

final phenotype of the individual.

3. The fitness is the minimum mean square validation error∗), during the learning

∗)The mean square error in the fitness function is chosen in order to reduce extreme errors that
may highly affect multi-step ahead forecasts. Preliminary experiments have shown that this choice
leads to the best forecasts.
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process.

4. Once the fitness value for whole population is available the Genetic Algorithm

operators, namely elitism, selection, crossover and mutation, are applied in

order to generate the population of the next generation.

5. Steps 2, 3 and 4 are iteratively executed till a maximal number of generations

is reached.

Since the Genetic Algorithm works as a second order optimization procedure,

the tuning of its internal parameters is not very crucial, i.e., using a population

size of 46, 50 or 54 does not substantially change the results. Based on a few

empirical experiments, we set the Genetic Algorithm parameters to: population size,

50; maximum number of generations, 100; percentage of the best individual that stay

unchangeable to the next generation (percentage of elitism), 10%; crossover: parents

are split in one point randomly selected, offspring are the mixed of each part from

parents; mutation probability will be one divided by the length of the chromosome

(1/16 = 0.07), and it will be carried out for each gene of the chromosome.

2.3.2 Support Vector Machine

The Support Vector Machine is a powerful learning tool based on two key concepts:

using a kernel function the Support Vector Machine transforms input variables into

a high dimensional feature space and then it finds the best hyperplane to model the

data in the feature space.

When applying the Support Vector Machine to time series forecasting, variable

(e.g., a time lag) selection process is useful to discard irrelevant time lags in order to

obtain a simpler model that is easier to interpret and that usually performs better

[28, 56]. Hence, the variable selection process is a critical issue. Additionally, the
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Support Vector Machine hyperparameters such as its kernel parameter need to be

adjusted [55]. We address this crucial issue by proposing a computationally efficient

procedure that performs a simultaneous time lag and the Support Vector Machine

model selection for multi-step ahead forecasting.

The Support Vector Machines as any regression algorithm can be applied to time

series forecasting by adopting a sliding time window of time lags {k1, k2, . . . , kI},

that is used to build a forecast. For a given time period t, the model inputs are

y = (yt−kI
, . . . , yt−k2 , yt−k1) and the desired output is yt.

In the Support Vector Machine regression [114], the input (y with domain Y )

is transformed into a high m-dimensional feature space (=), by using a nonlinear

mapping φ : Y → = that does not need to be explicitly known but that depends on

a kernel function κ(x, x′) = 〈φ(x), φ(x′)〉, where 〈u, v〉 denotes the inner product of

vectors u and v. Then, the Support Vector Machine algorithm finds the best linear

separating hyperplane tolerating a small error ε when fitting the data in the feature

space:

ŷt,t−1 = w0 +
m∑
i=1

wiφ(y) (2.3.2)

where wi ∈ < are coefficient weights. The ε-insensitive loss function sets an insen-

sitive tube around the residuals and the tiny errors within the tube are discarded.

We adopt the popular gaussian kernel, which presents less parameters than other

kernels [125]: κ(x, x′) = exp(−λ||x − x′||2), λ > 0. The Support Vector Machine

performance is affected by three parameters: λ, ε and C (a trade-off between fitting

the errors and the flatness of the mapping). The kernel parameter λ produces the

highest impact in the Support Vector Machine performance, in comparison to C or

ε. To reduce the search space, the values are set using the heuristics [22]: C = 3

(for a standardized output) and ε = σ̂/
√
N , where σ̂ = 1.5/N ×

∑N
i=1(yi − ŷi)2 and
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ŷi is the value predicted by a 3-nearest neighbor algorithm.

Given the setup adopted, the forecasting performance is affected by both time

lag and model selection. A better generalization, due to the reduced input space,

is achieved if only relevant time lags are fed into the model [56]. Also, if the kernel

parameter λ is set with values that are too large or too small, a poor generalization

will be achieved.

Sensitivity analysis [70] is a procedure that is applied after the training phase

and analyzes the model responses when the inputs change. Let ŷt−k(j) denote the

output obtained by holding all input variables at their average values except yt−k,

which varies through its entire range with j ∈ {1, . . . , L} levels. If a given input

variable yt−k is relevant then it should produce a high variance Vk. Thus, its relative

importance Rk can be given by:

Vk =
∑L

j=1 (ŷt−k(j)− ŷt−k(j))2/(L− 1),

Rk = Vk/
∑I

i=1 Vi × 100 (%).
(2.3.3)

This is a simple procedure that only measures single input variance and not interac-

tions of inputs. Yet, even with this limitation, this computationally fast procedure

has outperformed other more sophisticated algorithms, e.g., genetic algorithms, for

the input variable selection [70].

We propose a simultaneous variable and model selection procedure for multi-step

ahead forecasting. The method starts with a maximum of Imax time lags and itera-

tively deletes one input until there are no time lags. The sensitivity analysis is used

to select the least relevant lag to be deleted in each iteration, allowing a reduction of

the computational effort by a factor of Imax when compared to the standard back-

ward selection procedure. Before feeding the Support Vector Machine, all variables

are standardized to a zero mean and one standard deviation. After the training, the

Support Vector Machine outputs are post-processed with the corresponding inverse
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scaling function. During a given iteration, a grid search is used to find the best

model hyperparameter γ ∈ {2−15, 2−13, . . . , 21}. The training data is divided into

training and validation sets. The former, with 2/3 of the training data, is used

to train the Support Vector Machine model. The latter, with the remaining 1/3,

is used to select the best model. Similarly to the Automatic Design of Artificial

Neural Networks, we adopted the MSE metric for selecting such a model. After the

variable and model selection phase, the final model is retrained using all training

data (i.e., in-samples). The last known values are fed into the model and multi-step

forecasts are built iteratively by using 1-ahead predictions as inputs [26].

The Support Vector Machine experiments were conducted using the rminer

library[25] of the R tool, which adopts the Sequential Minimal Optimization algo-

rithm to fit the model. In this work, we set L = 6 [70] and also, Imax was set to

K + 1 where K denotes the seasonal period (i.e., 13 for monthly time series). The

intention is to include all up to the seasonal lag plus an additional one that may be

relevant for trended series.

2.4 Results

2.4.1 Time series data sets and evaluation

We deal with seasonal data, since we believe multi-step forecasts are particularly

useful for these type of series. Furthermore, seasonal series are commonly present in

several domains, such as agriculture, sales, or economy. To compare the proposed

forecasting methods, we selected eight benchmark time series (Table 2.4.1).

Seven of them are monthly series from the well-known Hyndman’s Time Series

Data Library [62]:

• Passengers data set [14] containing the information about the number (in
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Time series Seasonal period (K) #in-samples (T ) #out-samples (h3)
Passengers 12 120 24
Pigs 12 164 24
Cars 12 84 24
Abraham12 12 168 24
Milk 12 144 24
Writing 12 96 24
Cryer7 12 90 24
Mackey-glass 30 731 60

Table 2.1: Time series seasonal period and in-sample/out-sample sizes

thousands) of passengers of international airlines (Jan’49-Dec’60),

• Pigs series related to numbers of pigs slaughtered in Victoria (Jan’80-Aug’95),

• Cars data consisting of car sales in Quebec (’60-’68),

• Abraham12 representing gasoline demand at Ontario in millions of gallons

(’60-’75),

• Milk including monthly milk production in pounds per cow (’62-’75),

• Writing containing industry sales for printing and writing paper in thousands

of French francs (Jan’63-Dec’72),

• Cryer7 collecting Portland Oregon average monthly bus ridership divided by

one hundred (Jan’73-Jun’82).

All these seven data sets contain real-world data from different areas, which

makes them interesting to forecast. First, because accurate forecasts can have an

impact in their application domains. Second, these data sets suffered indirectly

from external and dynamic phenomena, such as weather, economic or technological

conditions that are more difficult to predict.
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The last series, called Mackey-glass, is based on the Mackey-Glass differential

equation [46] and it is widely regarded as a benchmark for comparing the general-

ization ability of different methods. This series is a chaotic time series generated

from a time-delay ordinary differential equation. This time series has been chosen

in order to extend the experimental data sets by a different kind of a benchmark,

i.e., by a time series that is not based on real-world data, that is not on a monthly

basis, and that contains neither a trend nor a noise component.

To evaluate of the global performance of a forecasting model, we apply SMAPE

and MASE forecasting errors (see Subsection 1.1.3). It is worth recalling that fore-

casting accuracy depends upon forecasting horizons [30]. Thus, we opted to compute

errors for three distinct forecasting horizons: h1 = K; h2 = 1.5K; and h3 = 2K,

where K is the seasonal period. The K, T and h3 values for the eight benchmark

series are presented in Table 2.4.1.

2.4.2 ARIMA by ForecastPror as a comparison benchmark

In order to present the results with a clear insight of how good they are, a well-known

method is used as a comparison benchmark. We chose the seasonal variant of the

very popular seasonal Autoregressive Integrated Moving Average (ARIMA) model

[14]. Note, that in order to avoid any bias from a naive implementation of ARIMA,

we adopted the ForecastPror (FP) [47] professional forecasting software. In par-

ticular, the tool was fed with the in-samples of the data sets from Table 2.4.1 and

executed the full automatic parameter selection of ARIMA to obtain the forecasts.

This automatic selection includes the search for the best ARIMA variant, including

its internal parameters, and detection of events such as level shifts or outliers.

The choice of FP ARIMA was straightforward because of several reasons. First,

all presented Computational Intelligence methods are also of autoregressive nature.
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Second, the chosen benchmark is by far better than standard ARIMA. This is mainly

due to the implementation by ForecastPror enhanced by above mentioned events

detection and optimization which make the FP ARIMA a method that is difficult to

outperform. This is underlined by the fact that other methods, such as exponential

smoothing or mathematical curve fitting, were also tested as possible benchmarks

but did not outperform FP ARIMA. Third, the automatic FP ARIMA is a popular

tool that is at disposal of many forecasting professionals, who may easily check the

results. Moreover, comparison to a such widely used tool has a significant explana-

tory value, which is fully coherent with principles of evaluating method [5]. Finally,

latest advanced methods have no standardized implementations and thus, one risks

that the results highly depends rather on the particular chosen implementation than

on the potential of the method itself.

2.4.3 Forecasting performance

First, we analyze the performance of the fuzzy hybrids Fuzzy Artificial Neural Net-

works and Fuzzy Support Vector Machine from Section 2.3, when compared with the

automatic ARIMA (ForecastPro). Accuracy was measured on all three forecasting

horizons h1, h2, h3 by both SMAPE and MASE (Table 2.4.3 and 2.4.3).

For both SMAPE and MASE metrics, Fuzzy Artificial Neural Networks obtains

the best results for Passengers, Abraham12, Mackey-glass and partly also for Writing

(for h2 and h3). ARIMA performed generally best for Pigs, Cars, Cryer7 and partly

also for Milk (for h1 and h3). Fuzzy Support Vector Machine wins only in a single

case.

The overall comparison is performed using the arithmetic mean and median

(over all series, last rows of Tables 2.4.3 and 2.4.3) for both metrics and all horizons.

When compared with the arithmetic mean, the median is more robust with respect

58



Horizon
Series h1 h2 h3

FP FANN FSVM FP FANN FSVM FP FANN FSVM

Passengers 6.5 2.1 3.0 7.3 2.6 3.8 8.0 2.5 3.9
Pigs 6.1 6.7 7.7 6.1 6.7 7.9 7.1 8.2 7.8
Cars 7.4 12.1 11.6 8.4 10.5 10.3 9.1 10.0 10.9
Abraham12 5.5 4.0 4.8 6.2 5.1 5.5 6.2 5.6 5.9
Milk 0.8 1.1 1.0 1.0 1.1 0.9 0.9 1.1 1.0
Writing 7.3 8.8 7.5 9.0 8.0 9.0 9.9 8.7 9.9
Cryer7 9.0 16.1 14.1 12.1 18.4 17.5 13.8 18.5 17.7
Mackey-glass 22.7 3.9 6.8 21.5 3.9 10.5 26.2 9.6 19.0
Mean 8.2 6.9 7.1 9.0 7.0 8.2 10.2 8.0 9.5
Median 6.9 5.4 7.2 7.9 5.9 8.5 8.6 8.5 8.9

Table 2.2: Comparison of Fuzzy Artificial Neural Networks (FANN), Fuzzy Support
Vector Machine (FSVM) and ForecastPro (FP) (SMAPE, best values in bold)

to outliers. Fuzzy Artificial Neural Networks is ranked at first place with respect

to SMAPE for all horizons, followed by Fuzzy Support Vector Machine. A similar

observation is found for median values of MASE errors with the only change that

Fuzzy Support Vector Machine shares the best median with Fuzzy Artificial Neural

Networks for h1. Thus we can state that although ARIMA performed best for half

of the series considered, its accuracy for the remaining series was not that stable,

when compared with the other two methods, yielding an overall mean and median

that globally ranks this method at third place. However, taking into account only

the arithmetic mean of errors measured by MASE, then ARIMA outperforms both

fuzzy hybrids although not significantly. More detailed discussion will be provided

in Section 2.4.5.

2.4.4 Interpretability of fuzzy rules

Interpretability is often assumed to be a key feature (and advantage) of fuzzy mod-

els in various areas of application [21]. However, this aspect of fuzzy models is

sometimes overused. Undoubtedly, there is a significant difference between rather
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Horizon
Series h1 h2 h3

FP FANN FSVM FP FANN FSVM FP FANN FSVM

Passengers 1.24 0.39 0.56 1.40 0.50 0.75 1.60 0.49 0.80
Pigs 0.64 0.70 0.80 0.64 0.71 0.81 0.76 0.87 0.81
Cars 0.54 0.79 0.75 0.62 0.71 0.69 0.66 0.75 0.74
Abraham12 1.12 0.80 0.96 1.23 1.01 1.09 1.27 1.15 1.22
Milk 0.19 0.24 0.22 0.22 0.25 0.21 0.21 0.24 0.22
Writing 0.47 0.61 0.52 0.63 0.58 0.65 0.69 0.62 0.69
Cryer7 3.06 5.66 4.91 4.11 6.41 6.09 4.77 6.52 6.18
Mackey-glass 1.30 0.22 0.36 1.29 0.23 0.58 1.48 0.49 1.03
Mean 1.07 1.18 1.14 1.27 1.30 1.36 1.43 1.39 1.46
Median 0.88 0.66 0.66 0.94 0.65 0.72 1.02 0.69 0.81

Table 2.3: Comparison of Fuzzy Artificial Neural Networks (FANN), Fuzzy Support
Vector Machine (FSVM) and ForecastPro (FP) (MASE, best values in bold)

numerically oriented fuzzy models such as the Takagi-Sugeno rules and models that

are, say, more linguistically oriented, such as fuzzy rules with fuzzy sets that in-

terpret both antecedents and consequents. But even in the latter case there are

fundamental differences. For example, a misleading interpretation of conjunctive

(Mamdani-Assilian) rules as fuzzy IF-THEN rules, although their meaning is rather

different [34, 91], is a common weakness. In addition, even if the interpretation

is correct, some types of treatment of the interpretations of linguistic labels with

several parameters may lead to something that is very far from anything that may

be called “linguistic”.

The previous sentence aims at well-tuned fuzzy models constructed with help

of various tuning strategies leading to black-box functions that disregard the im-

portance of interpretability. Let us recall the following crucial idea [12]: “one may

argue that proper input-output behavior is the central goal of automatic tuning. To

some extent, this is true; however, this is not the primary mission of fuzzy systems.”

This idea perfectly addresses the time series forecasting. Even here, the accuracy

of forecasts is undoubtedly the key issue. Nevertheless, we have to keep in mind
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the motivation behind using a fuzzy model, which generally assumed to provide

an interpretable, transparent and understandable model rather than to follow only

optimality goals.

We do not claim that fuzzy models should not be precise. On the contrary,

fuzzy models seem to be very promising within the forecasting area so far and any

forecasting model, including a fuzzy one, should perform the time series forecasting

task with high accuracy. The goal is an interpretable model that does not necessarily

“lead to a painful loss of accuracy” [12].

The key issue in maintaining the interpretability even in the case of a tuned fuzzy

model, should be the fulfillment of several constrains on fuzzy sets that interpret

linguistic expressions. Namely, they should be ordered according to natural order

of linguistic expressions. That is, the interpretation of small should placed to the

left of the interpretation of medium and so on. In addition, they should be convex

and form a partition of the universe. Let us stress, that these constraints are fully

consistent with the theory of evaluative expressions based on the basic trichotomy

of small, medium and big and the ordering of linguistic hedges.

A similar idea is adopted in [103] where authors claim that their tuning method

does not modify the initial partition in a severe manner (and interpretability is thus

kept), because the widths of membership functions change by 12.9% on average

and their centers change by 3.1%. Membership functions of fuzzy sets assigned to

linguistic expressions in the approach discussed in this chapter do not change at all.

Thus, an interpretation of each linguistic expression is the same anywhere in any

linguistic description.

To underline the interpretability and the linguistic nature of evaluative expres-

sions and the used fuzzy/linguistic IF-THEN rules, we present one of the generated

models. Let us consider the Pigs time series. In addition to the forecast itself, a
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Nr. Antecedents Consequent
Yi ∆Yi ∆Yi−1 ⇒ ∆Yi+1

1 Bi QR Sm Ex Sm ⇒ QR Sm
2 QR Bi −Ro Bi QR Sm ⇒ −Si Bi
3 Ex Bi QR Sm QR Sm ⇒ −Ro Bi
4 Ro Bi Ex Sm Sm ⇒ QR Sm
5 Ze −Ex Bi −Ro Bi ⇒ Ex Sm
6 Ex Sm Ex Sm −Ex Bi ⇒ Ve Sm
7 Si Sm Ve Sm Ex Sm ⇒ Sm
8 Sm Sm Ve Sm ⇒ QR Sm
9 QR Sm QR Sm Sm ⇒ QR Bi

10 QR Bi QR Bi QR Sm ⇒ −Ex Sm

Table 2.4: Fuzzy rules generated for the description and prediction of Pigs time
series. Abbreviations of evaluative expressions can be found in Section 1.3.

user is provided by the linguistic description composed of ten fuzzy rules symboli-

cally displayed in Table 2.4.4. As we can see, all of the rules are purely linguistic –

all the antecedents and consequents are linguistic evaluative expressions according

to the respective theory.

Thus, every single fuzzy rule can indeed be taken as a sentence in natural lan-

guage. For instance, consider the very first fuzzy rule:

IF Yi is Bi AND ∆Yi is QR Sm AND ∆Yi−1 is Ex Sm THEN ∆Yi+1 is QR Sm.

It may be read as follows:

If the number of pigs slaughtered in the current year is big and the biannual

increment is quite roughly small and the previous biannual increment was also

positive with extremely small strength then the upcoming biannual increment will be

quite roughly small.

Hence, such a rule may be understood as follows. Given a big number of slaughtered

pigs and with increasing and slight increasing trend from the last observation the
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increase will not finish but will continue with quite roughly slight strength.

Similarly, we can consider the second fuzzy rule where one can find an information

that having quite roughly big number of slaughtered pigs with trend that changed its

direction from (quite roughly) small increment to (roughly) big decrease signalizes

that the trend numbers really reached a kind of saturation of the market and the

number of slaughtered pigs will continue in a strong decrease.

We claim, that such readable information is an additional value that might be

very helpful (e.g., to check if the model makes sense within the domain) for further

decision-making and management processes. This is particularly useful for critical

domain applications (e.g., control or medicine).

2.4.5 Discussion

When analyzing the obtained results in Subsection 2.4.3, it is clear that the combined

methods Fuzzy Artificial Neural Networks and Fuzzy Support Vector Machine in

overall evaluations (means and medians with respect to both metrics) outperform the

benchmark with the exception – means of error measured by MASE. Observing Table

2.4.3, it is clear that the reason lies in the inaccurate predictions of Fuzzy Artificial

Neural Networks and Fuzzy Support Vector Machine in one series – Cryer7. And

this time series has significantly higher influence on the overall evaluation measured

by MASE than the other series. And as stated above, the arithmetic mean is more

sensitive to such outliers when compared with the median. It is also interesting to

note that measured by SMAPE, Cryer7 is not that much significant in the overall

evaluation. This confirms the necessity of using more that just one accuracy metric

that can lead to misleading conclusions.

Since the Automatic Design of Artificial Neural Networks as well as the Support

Vector Machine performed well for Cryer7, it is the fuzzy approach forecasting the
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trend-cycle that is responsible for the weak forecasting performance of Fuzzy Artifi-

cial Neural Networks and Fuzzy Support Vector Machine. This fact can be visually

observed from Figure 2.2. The problem is that there is a change in the trend-cycle

development that has not been observed before and thus, can hardly be predicted.

The top element of the so far nearly constantly increasing Cryer7 series is only

three values before the end of in-samples set. The last three decreasing values are

sufficient for the Automatic Design of Artificial Neural Networks and the Support

Vector Machine methods which underlines their flexibility but rather insufficient for

the fuzzy approach and enhanced FP ARIMA that forecast a continually increasing

trend.

In the case of the fuzzy approach, the problem is that it takes into account the

components of the F-transform and these are average values. Last three decreasing

values do not change the whole component sufficiently in order to provide an evi-

dence of a decreasing trend-cycle. This is a common weakness of any method using

aggregated values (recall e.g. PAA – the Piecewise Aggregate Approximation [69])

in case of an unlucky placement of the border point between the in-sample set and

the out-sample set.

Moreover, if we artificially delete the Cryer7 time series, Fuzzy Artificial Neural

Networks as well as Fuzzy Support Vector Machine outperform not only the FP

ARIMA but for some horizons also their related individual methods Automatic De-

sign of Artificial Neural Networks and Support Vector Machine. So, it is a harmony

of several conditions (unobserved change in the trend-cycle development; specific

placement of the border between in-samples and out-samples; too significant influ-

ence of one series to overall results with respect to a single accuracy metric) that

leads to the overall evaluation that does not favor the fuzzy hybrids in comparison

to the benchmark when using mean and MASE.
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Figure 2.2: Graph of Cryer7 time series. Black line depicts the in-samples, red line
depicts the out-samples, blue line depicts the trend-cycle including its prediction.

On the other hand, we have to stress that the proposed fuzzy approach is targeted

for trended series. For comparison purposes, we applied the fuzzy variants (Fuzzy

Artificial Neural Networks and Fuzzy Support Vector Machine) to the stationary

Mackey-glass series, although it makes no sense to describe linguistically a trend for

such series.
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Chapter 3

Redundancies in systems of

fuzzy/linguistic IF-THEN rules

3.1 Basic concepts

Linguistic descriptions may suffer from several problems, such as redundancy or

inconsistency. The danger of an existence of these problems is even strengthened in

cases when the fuzzy rule base is automatically generated from data. For example,

the redundancy, i.e., the existence of redundant fuzzy rules in a given linguistic

description, is usually caused by redundant measurements that are used to generate

a linguistic description, see the properties of the learning procedure in [20]. Such

situations are not typical only for fuzzy control but also for further applications,

such as analysis and forecast of time series with the help of fuzzy rules, see [96, 122].

Generally, redundancy in fuzzy rules is observed as an existence of fuzzy rules

with distinct but not contradictory antecedents (an antecedent is fully overlapped by

an antecedent of another rule) and identical consequents. However, we will show that

the situation is not straightforward and that the redundancy phenomenon requires

further formal investigation.

66



Remark 5 Let us fix the notation for the rest of this thesis. Let us consider a

linguistic description LD and let us be given an observation u0 in a given context

w ∈ W . Let C be the conclusion derived from u0 based on LD using the rule of

perception based logical deduction given by (1.3.13). Then this fact will be denoted

by

rPbLD
(
LPercLD(u0, w)

)
: C. (3.1.1)

Note that C is a set of fuzzy sets, in general. By writing, e.g., C = D we are

expressing the fact that sets C and D are equal, i.e., they have precisely the same

elements (fuzzy sets).

In the following, we will suppose that linguistic descriptions under consideration

contain at least two fuzzy/linguistic IF-THEN rules, i.e., LD = {R1, . . . ,Rm} and

m ≥ 2.

Definition 21 Let LD = {R1, . . . ,Rm} be a linguistic description (1.3.7). The rule

Ri is redundant in LD if D1 = D2 for each value u0 ∈ w, w ∈ W , where

rPbLD
(
LPercLD(u0, w)

)
: D1,

rPbLD

(
LPercLD

′

(u0, w)
)

: D2

and LD
′
= LDr {Ri}.

As we have mentioned, redundancy is observed as an existence of fuzzy rules with

distinct overlapping antecedents and identical consequents. However, as we will show

below, sometimes such an intuitively redundant fuzzy rule does not have to be always

redundant with respect to a formal definition of the redundancy. Therefore, such

a rule will be called suspected of redundancy and a further analysis of its potential

redundancy is necessary.
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Definition 22 Let LD be a linguistic description (1.3.7), let {Ri,Rj} ⊆ LD, i 6= j.

The rule Ri is suspected of redundancy with respect to Rj (denoted by Ri ↪→ Rj) if

C1 = C2 for each value u0 ∈ w, w ∈ W , where

rPbLD

(
LPerc{Ri,Rj}(u0, w)

)
: C1

and

rPbLD :
(

LPerc{Rj}(u0, w)
)

: C2.

Theorem 3.1.1

Let LD be a linguistic description (1.3.7), let {Ri,Rj} ⊆ LD. The rule Ri is

suspected of redundancy with respect to Rj if and only if Ai≤LEAj and Bi = Bj.

proof: Let Ai≤LEAj. Then there exists no w ∈ W and u0 ∈ w such that

LPerc{Ri,Rj}(u0, w) = {Ai, Aj}.

Let us discuss distinct situations with respect to u0 ∈ w.

(i) If u0 ∈ w is such that Ai(u0) = Aj(u0) = 0 then C1 = ∅ as well as C2 = ∅ and

hence C1 = C2.

(ii) If u0 ∈ w is such that Ai(u0) < Aj(u0) then LPerc{Ri,Rj}(u0, w) = {Aj} and

therefore

C1 = {Aj(u0)→ Bj(v) | v ∈ w′}, C2 = {Aj(u0)→ Bj(v) | v ∈ w′}

and thus, C1 = C2.

(iii) If u0 ∈ w is such that Ai(u0) = Aj(u0) then necessarily Ai(u0) = Aj(u0) = 1

and together with Ai <LE Aj it yields LPerc{Ri,Rj}(u0, w) = {Ai}. Therefore, we

may continue with

C1(v) = Ai(u0)→ Bi(v) = 1→ Bi(v) = Bi(v)

68



and with

C2(v) = Aj(u0)→ Bj(v) = 1→ Bj(v) = Bj(v),

which by the assumption Bi = Bj gives C1 = C2.

Let us prove the opposite direction, i.e., that assumingRi ↪→ Rj necessarily leads

to Ai≤LEAj and Bi = Bj. Let us assume Ai 6≤LE Aj or Bi 6= Bj. If Ai 6≤LE Aj

then for each w ∈ W there exists u0 ∈ w such that Aj(u0) < Ai(u0) which yields

LPerc{Ri,Rj}(u0, w) = {Ai}. Therefore, we may continue with

C1(v) = Ai(u0)→ Bi(v), C2(v) = Aj(u0)→ Bj(v)

and thus C1 6= C2 which is in a contradiction with the assumption Ri ↪→ Rj.

Thus only the case Ai≤LEAj remains. Even if it holds but Bi 6= Bj then for

each w ∈ W there exists u0 ∈ w such that

Aj(u0) = Ai(u0) = 1

and for such u0

C1 = {Bi}, C2 = {Bj}

which together with Bi 6= Bj leads to C1 6= C2 which is in a contradiction with the

assumption Ri ↪→ Rj. 2

Theorem 3.1.1 claims that a fuzzy rule with an antecedent overlapped by an

antecedent of another rule with the identical consequent is suspected of redundancy

with respect to that rule. Furthermore, there are no other fuzzy rules that could

be suspected of redundancy with respect to another fuzzy rule besides those that

meet the above mentioned situation. In other words, Theorem 3.1.1 specifies fuzzy

rules that makes sense to investigate. The situation is displayed on Figure 3.1 where

one can see that nothing changes if fuzzy rule Ri is removed, unless other rules are

involved.
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Figure 3.1: Visualization of the fuzzy rule Ri that is suspected of redundancy with
respect to the fuzzy rule Rj. Displayed rectangles symbolically delimit areas where
the respective fuzzy rules fire. Both rectangles are black and solid to symbolize that
Bi = Bj.

Lemma 1 The binary operation ↪→ is a strict partial order.

proof: It follows directly from Definition 22 that ↪→ is irreflexive. Due to

Theorem 3.1.1, the proof of the lemma then reduces only to the proof of the fact

that ≤LE is antisymmetric and transitive. All these properties can be easily shown.

2

3.2 Detection of suspected rules and their possi-

ble cancellation

In Theorem 3.1.1, we have specified the rules suspected of redundancy. However, due

to the involvement of other rules, the suspected rules do not have to be necessarily

redundant which may be demonstrated easily. Let us consider a linguistic description

LD with {Ri,Rj,Rk} ⊆ LD where Ri ↪→ Rj, the antecedents are ordered as follows

Ai≤LEAk≤LEAj and the consequent Bk is different from the consequents Bi =

Bj. Then, the fuzzy rule Rk “cancels” the suspected redundancy of Ri. For a
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visualization of such a situation we refer to Figure 3.2.

Figure 3.2: Visualization of a situation when the fuzzy rule Rk “cancels” the poten-
tial redundancy of the fuzzy rule Ri with respect to Rj. The area where Rk fires is
delimited by blue dashed line to show that Bk 6= Bi(Bj).

Naturally, one could release a hypothesis describing the situation in which fuzzy

rule Ri which is suspected of redundancy with respect to Rj is not really redundant.

Formally, this hypothesis could be formulated as follows.

Hypothesis 1 Let {Ri,Rj} ⊆ LD and let Ri be suspected of redundancy with re-

spect to Rj. If there exists a rule Rk ∈ LD such that

(1) Bk 6= Bi,

(2) Ak≤LEAj,

and either

(3a) Ai≤LEAk,

or

(3b) Ai ‖LEAk, (where ‖LE denotes the incomparability)
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then Ri is NOT redundant in LD.

However, after a careful investigation, one may find a counterexample that refutes

Hypothesis 1. It is sufficient to consider another fuzzy rule Rp ∈ LD with the

consequent Bp = Bi and with an appropriate antecedent, see Figure 3.3. In this

case, fuzzy rule Rk ∈ LD cancels the suspicion of the fuzzy rule Ri, but the fuzzy

rule Rp ∈ LD cancels the cancellation provided by Rk ∈ LD. Thus, Hypothesis 1

does not hold.

Figure 3.3: Scheme showing fuzzy rules that contradict Hypothesis 1 because Rp

with BP = Bi(Bj) cancels the cancellation of Rk.

Nevertheless, Hypothesis 1 may be rewritten into a valid theorem if we consider

a linguistic description with three rules only.

Theorem 3.2.1

Let LD = {Ri,Rj,Rk} and let Ri be suspected of redundancy with respect to Rj.

If either (1), (2), (3a) or (1), (2), (3b) from Hypothesis 1 hold, then Ri is NOT

redundant in LD.
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proof: Let us denote

rPbLD
(
LPercLD(u0, w)

)
: C1,

rPbLD

(
LPercLD

′

(u0, w)
)

: C2

where LD′ = LDr {Ri}.

Let (1)-(3a) or (1)-(3b) hold. Due to the fact that Ri ↪→ Rj and due to Theo-

rem 3.1.1 we know that Ai≤LEAj. Furthermore, due to Ak≤LEAj (from (2)) we

know that Ai and Ak are of the same type (they have identical atomic evaluative

expressions) and thus, for any w ∈ W there exists u0 ∈ w such that

Ai(u0) = Ak(u0) = 1.

Further, from (3a) or (3b) we know that either Ak ‖LEAi or Ai≤LEAk. In the

first case

LPercLD(u0, w) = {Ai, Ak}, but

LPercLD′(u0, w) = {Ak} (because Ri 6∈ LD′)

Therefore C1 = {Bi, Bk}, but C2 = {Bk} and because of Bk 6= Bi (from (1)), we

immediately get C1 6= C2.

In the second case

LPercLD(u0, w) = {Ai}, but

LPercLD′(u0, w) = {Ak} (because Ri 6∈ LD′)

Therefore C1 = {Bi}, but C2 = {Bk} and because of Bk 6= Bi (from (1)), we

immediately get C1 6= C2 which completes the proof. 2

There exists another hypothesis which seems to be naturally valid. Let a linguis-

tic description LD be given , let {Ri,Rj,Rk} ∈ LD and let Ri ↪→ Rj. If Ak ‖LEAj
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but they are of the same type (they use the same atomic expression) and Bk is dif-

ferent from Bi = Bj then rule Rk “cancels” the redundancy that Ri was suspected

to possess, see Figure 3.4.

Figure 3.4: Visualization of another situation when the fuzzy rule Rk “cancels” the
potential redundancy of the fuzzy rule Ri with respect to Rj. The area where Rk

fires is delimited by blue dashed line to show that Bk 6= Bi(Bj).

Hypothesis 2 Let {Ri,Rj} ⊆ LD and let Ri be suspected of redundancy with re-

spect to Rj. If there exists a rule Rk ∈ LD such that

(4) Bk 6= Bi,

(5) Ak ‖LEAj, but Ak,Aj have the same atomic expression,

(6) Ai≤LEAk,

then Ri is NOT redundant in LD.

In both Hypothesis 1 and Hypothesis 2, it is necessary to assume the consequents

of cancelling rules Bk to be different than the consequent Bi that appears in fuzzy

rules Ri as well as Rj. This assumption is specified by conditions (1) and (4),
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respectively. The difference between Hypothesis 1 and Hypothesis 2 consists in

the “placement” of the cancelling fuzzy rule Rk in a sense of determining the area

(with respect to Ri and Rj) where this rule fires. In the case of Hypothesis 1, the

cancelling rule Rk fires in an area that is fully embedded into the area where Rj

fires, which is given by condition (2). More specifically, the antecedent of Rj fully

overlaps the antecedent of Rk, see Figure 3.2. Moreover, the antecedent of Rk must

not be fully overlapped by the antecedent of Ri.

In case of Hypothesis 2, the situation is different. The antecedent of Rk neither

overlaps the one of Rj nor is overlapped by it, see Figure 3.4. This is given by

condition (5). On the other hand, the antecedent Rk must necessarily overlap the

antecedent of Ri, which is given by condition (6). This is a significant difference to

condition (3b) from Hypothesis 1 which allowed also incomparable position instead

of the full overlap.

Analogously to the case of Hypothesis 1, neither Hypothesis 2 holds, see the

counterexample on Figure 3.5. There can exist a rule Rp ∈ LD with the consequent

Bp = Bi and with an appropriate antecedent that cancels the cancellation of the

suspicion of the rule Ri provided by rule Rk.

However, Hypothesis 2 may be rewritten into a valid theorem where we again

consider a linguistic description that consists of just three rules.

Theorem 3.2.2

Let LD = {Ri,Rj,Rk} and let Ri be suspected of redundancy with respect to

Rj. If for Rk conditions (4), (5) and (6) from Hypothesis 2 hold, then Ri is NOT

redundant in LD.
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Figure 3.5: Scheme showing fuzzy rules that contradicts Hypothesis 2 because Rp

with BP = Bi(Bj) cancels the cancellation of Rk.

proof: Let us denote

rPbLD
(
LPercLD(u0, w)

)
: C1,

rPbLD

(
LPercLD

′

(u0, w)
)

: C2

where LD′ = LDr {Ri}.

Let (4)-(6) hold. Due to the fact that Ri ↪→ Rj and due to Theorem 3.1.1 we

know that Ai≤LEAj. Furthermore, due to Ai≤LEAk (from (6)) we know that for

any w ∈ W there exists u0 ∈ w such that

Ai(u0) = Ak(u0) = Aj(u0) = 1.

Furthermore, LPercLD(u0, w) = {Ai} but since Ri 6∈ LD′ and due to Ak ‖LEAj

(from (5)), LPercLD′(u0, w) = {Ak, Aj}.

Therefore C1 = {Bi}, but C2 = {Bk, Bj} and because of Bk 6= Bi (from (4)), we

obtain C1 6= C2 which completes the proof. 2

Theorem 3.2.1 and Theorem 3.2.2 were formulated for a linguistic description

that consist of only three rules, which makes their importance from a practical
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point of view rather low. Nevertheless, their existence is justified by the following

theorem that stems from them. This theorem already provides us with a general

result for an arbitrary number of fuzzy rules.

Theorem 3.2.3

Let LD = {R1, . . . ,Rm} be a linguistic description (1.3.7) and let Ri ↪→ Rj. If

there exists no rule Rk ∈ LD such that either (1)-(3a), (1)-(3b) or (4)-(6) holds,

then Ri is redundant in LD.

proof: Let us denote

rPbLD
(
LPercLD(u0, w)

)
: C1,

rPbLD

(
LPercLD

′

(u0, w)
)

: C2

where LD′ = LDr {Ri}.

Let us prove the Theorem by contradiction, i.e., let us assume that although

there exists no rule fulfilling either (1)-(3a), (1)-(3b) or (4)-(6), the rule Ri is not

redundant in LD. This mean that for an arbitrary w ∈ W there exists u0 ∈ w for

which C1 6= C2. This is possible only if there exists a rule Rp ∈ LD such that

either (αp → Bp) ∈ C1 but (αp → Bp) 6∈ C2, (3.2.1)

or (αp → Bp) 6∈ C1 but (αp → Bp) ∈ C2 (3.2.2)

where αp = Ap(u0).

There exist the following two possibilities for the rule Rp:

either (a) p 6= i or (b) p = i.

Let us discuss the case denoted by (3.2.1). It occurs when

Ap ∈ LPercLD(u0, w) but Ap 6∈ LPercLD′(u0, w) (3.2.3)

Let us investigate both possibilities (a), (b).
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(a) p 6= i

Then due to (3.2.3): Ap ∈ LPercLD(u0, w) and therefore, Ap(u0) ≥ Ah(u0)

for arbitrary Rh ∈ LD from which necessarily Ap ∈ LPercLD′(u0, w) so, (a)

contradicts (3.2.3) and it cannot occur when assuming (3.2.1).

(b) p = i

In this case, Ai 6∈ LPercLD′(u0, w) due to the fact that Ri 6∈ LD′. There has

to exist Rk ∈ LD′ such that

Ak ∈ LPercLD′(u0, w) (3.2.4)

and assuming that Ri is not redundant we get Bk 6= Bi. Hence, the property

denoted as (1) is necessary if Ri is supposed to be not redundant by (3.2.1).

Because Bk 6= Bi, i.e., Bk 6= Bj (due to the fact that Ri ↪→ Rj and thus

Bi = Bj), then clearly Rk 6= Rj. There are three possible mutual orders of the

linguistic expressions in the respective antecedents:

(I) Aj ≤LEAk, (II) Aj ‖LEAk, (III) Ak≤LEAj.

Let us discuss the case (I) Aj ≤LEAk.

In this case, property (3.2.4) is possible only if Ak(u0) > Aj(u0) and conse-

quently Ak(u0) > Ai(u0) and therefore Ai 6∈ LPercLD(u0, w) which contradicts

(b). Consequently, (b) and (I) do not occur together when assuming (3.2.1).

Analogously, even in case of (II) Aj ‖LEAk property (3.2.4) leads to the same

conclusion that Ai 6∈ LPercLD′(u0, w) which contradicts (b). Consequently, (b)

and (II) do neither occur together when assuming (3.2.1).

Finally, the case (III) Ak≤LEAj, denoted as (2), is the only possibility.
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So far, we have proved that assuming (3.2.1) necessarily leads to an existence

of a rule fulfilling conditions (1), (2). Finally, let us discuss the mutual order

of the linguistic expressions Ai and Ak.

If Ak≤LEAi, then due to (b): Ai ∈ LPercLD(u0, w) necessarily Ai(u0) >

Ak(u0) but then also Aj(u0) > Ak(u0) which leads to Ak 6∈ LPercLD′(u0, w)

which contradicts (3.2.4). Then necessarily Ak�LEAi which is equivalent

to (3a) or (3b). Therefore, assuming (3.2.1) is in a contradiction with non-

existence of Rk fulfilling (1)-(3a) or (1)-(3b).

The other possibility of non-redundancy may be caused by (3.2.2). It occurs

when

Ap 6∈ LPercLD(u0, w) but Ap ∈ LPercLD′(u0, w). (3.2.5)

Let us consider both possibilities (a) and(b), but only in the reverse order.

(b) p = i

This case is immediately impossible because it contradicts (3.2.5), which re-

quiresAi ∈ LPercLD′(u0, w) which is not possible due to the fact thatRi 6∈ LD′.

(a) p 6= i

In this case, we assume that there has to exist Rp ∈ LD′ such that

Ap ∈ LPercLD′(u0, w) (3.2.6)

and assuming that Ri is not redundant we get Bp 6= Bi. So, the property

denoted as (4) is necessary if Ri is supposed to be not redundant by (3.2.1).

Because Bp 6= Bi, clearly Rp 6= Rj. There are three possible mutual orders of

linguistic expressions in their respective antecedents:

(I) Aj ≤LEAp, (II) Ap ‖LEAj, (III) Ap≤LEAj.
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Let us discuss the case (I) Aj ≤LEAp.

In this case, property (3.2.6) is possible only if Ap(u0) > Aj(u0) and conse-

quently Ap(u0) > Ai(u0) and therefore Ap ∈ LPercLD(u0, w) which contra-

dicts (3.2.5). Consequently, (a) and (I) do not occur together when assuming

(3.2.2).

Let us discuss the case (II) Ap ‖LEAj.

There are two clear subcases, either Ap and Aj are of the same type or

not. If they were not of the same type, then necessarily (3.2.6) leads to

Ap(u0) ≥ Aj(u0) and consequently to Ap(u0) ≥ Ai(u0). Since neither Ap and

Ai can be of the same type, then Ai�LEAp and therefore Ap ∈ LPercLD(u0, w)

which contradicts (3.2.5). Therefore, Ap and Aj of the same type is the only

possibility for the case (II) when assuming (3.2.2), i.e, we get the condition

denoted as (5).

The last thing we involve into our consideration for the case (II) is the mutual

order of Ai and Ap. Obviously, Ai 6≤LE Ap leads to Ap ∈ LPercLD(u0, w) which

again contradicts (3.2.5). So, assuming (3.2.2) either yields the existence of a

rule Rp fulfilling properties (4)-(6) or the case (III) not investigated yet.

Let us finally discuss the case (III) Ap≤LEAj, which is denoted by (2).

Property (3.2.6) together with (III) leads to Ap(u0) = Aj(u0) = 1 and con-

sequently to Ap(u0) ≥ Ai(u0) = 1 and if even Ap≤LEAi then it leads to the

conclusion that

Ap ∈ LPercLD(u0, w)

which contradicts (3.2.5). Consequently, (a) and (III) can occur together

when assuming (3.2.2) only if the condition Ap 6≤LE Ai equivalent to (3a) and

(3b) holds.
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So, we have proved that assuming (3.2.1) necessarily leads to an existence of

a rule Rk ∈ LD fulfilling conditions (1)-(3a) or (1)-(3b) while assuming (3.2.2)

necessarily leads to the existence of a rule Rp ∈ LD fulfilling either conditions (1)-

(3a), (1)-(3b) or (4)-(6), which completes the proof. 2

The main contribution of Theorem 3.2.3 is that it provides a full characterization

of fuzzy rules that may cancel the suspicion of redundancy and that no other fuzzy

rules may be responsible for that. Hence, we may introduce the notion of cancelling

rule.

Definition 23 Let LD = {R1, . . . ,Rm} be a linguistic description (1.3.7) and let

Ri ↪→ Rj. If either (1)-(3a), (1)-(3b) or (4)-(6) holds for Rk ∈ LD, then the rule

Rk is called a cancelling rule.

Theorem 3.2.3 then actually states that if some suspected Ri ↪→ Rj exists and

no cancelling rule exists in LD, then Ri is redundant.

3.3 Complete answer

Sections 3.1 and 3.2 introduced basic concepts of a redundant rule, a rule that

is suspected of redundancy with respect to another rule and also the concept of

cancelling rules. We obtained a full characterization of cancelling rules. Hence,

we know in which situation a given suspicion may be canceled. However, we also

know that even such cancellation may be also eliminated (by another rule) and the

suspected rule may be really redundant even if there exists a cancelling rule, see

Figure 3.3 and Figure 3.5.

In this section, we attempt to obtain a complete answer on a given question

whether a rule is redundant in a given linguistic description or not.
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Theorem 3.3.1

Let LD be a linguistic description, let {Ri,Rj,Rk} ⊆ LD and let Ri ↪→ Rj. Fur-

thermore, let either (1 )− (3a) or (4 )− (6 ) holds for Rk and no further cancelling

rule related to Ri ↪→ Rj exists in LD. Then, it holds that if Ri is redundant in LD

then there exists a rule Rp ∈ LD, Rp 6= Rk such that

a) Ri ↪→ Rp,

b) Ap≤LEAk.

proof: Let assume that (1 )− (3a) holds for Rk ∈ LD. Let us denote

rPbLD
(
LPercLD(u0, w)

)
: C1,

rPbLD

(
LPercLD

′

(u0, w)
)

: C2,

where LD′ = LD r {Ri}. Let Ri be redundant in LD. It means that C1 = C2 for

each w ∈ W and for each u0 ∈ w. Due to Lemma 1.3.1, for each w ∈ W there exists

u0 ∈ w such that LPercLD(u0, w) = {Ai} and thus C1 = {Bi}, for such u0 ∈ w.

However, since Ri 6∈ LD′, obviously Bi 6∈ C2 for such u0 ∈ w. Furthermore, because

Ri is redundant, C1 and C2 have to be equal and thus there has to exist Rp ∈ LD

such that C2 = {Bp} and

Bp = Bi (3.3.1)

and moreover that LPercLD
′

(u0, w) = {Ap}. This may happen only if Ap(u0) = 1

because also Ak(u0) = 1 and therefore necessarily

Ap≤LEAk. (3.3.2)

Since Ap 6∈ LPercLD(u0, w) the following also has to hold:

Ai≤LEAp. (3.3.3)
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Formulas (3.3.1), (3.3.2) and (3.3.3) prove the Theorem for the assumption that

(1 )− (3a) holds for Rk. The proof for the assumption that (4 )− (6 ) holds for Rk

is analogous. Hence, it is omitted. 2

The importance of Theorem 3.3.1 for the procedure that determines redundant

rules in a given linguistic description is following. This proves that in the case we

have a cancelling rule fulfilling (1 )− (3a) or (4 )− (6 ), we do not have to investigate

this pair Ri ↪→ Rj anymore because the influence of the cancelling rule may be

eliminated only by another rule Rp with respect to which Ri is suspected of being

redundant and moreover, the cancelling rule does not have the cancellation property

with respect to this “eliminating” rule Rp. Thus, in order to detect the redundancy

of Ri it is sufficient to investigate this new suspected rule Ri ↪→ Rp. Once more we

refer to Figure 3.3 and Figure 3.5 that depict these situations.

Finally, we should investigate also the case of a cancelling rule fulfilling properties

(1 )− (3b). This is the most complicated case, because, as we will show below, the

elimination is not always achieved based on a rule for which the investigated rule

Ri is also suspected. However, a satisfactory answer is even obtained in this case.

Theorem 3.3.2

Let LD be a linguistic description, let {Ri,Rj,Rk} ⊆ LD and letRi ↪→ Rj. Further-

more, let (1 )− (3b) holds for Rk and no further cancelling rule related to Ri ↪→ Rj

exists in LD. Then, it holds that Ri is redundant in LD if and only if there exists

a rule Rp ∈ LD, Rp 6= Rk such that

a) Ak�LEAp,

b) Ker(Ai) ∩Ker(Ak) ⊆ Ker(Ap)

c) Bp = Bi or Ap≤LEAi
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proof: Let us denote

rPbLD
(
LPercLD(u0, w)

)
: C1,

rPbLD

(
LPercLD

′

(u0, w)
)

: C2,

where LD′ = LDr {Ri}. Let Ri be redundant in LD, i.e. C1 = C2.

Because Ai ‖LEAk, for any w ∈ W there exists u0 ∈ w such that

Ai(u0) = 1 and Ak(u0) = 1. (3.3.4)

Let us assume that there exists no Rp ∈ LD such that it fulfills a). It means

that either no Rp ∈ LD, Rp 6= Rk exists at all which would directly lead to a

contradiction with the assumption on redundancy of Ri or for any Rp ∈ LD it holds

that Ak≤LEAp. A direct consequence of the latter case is that also Ap(u0) = 1 for

the given u0 ∈ w. But due to the order of the antecedents we get

LPercLD(u0, w) = {Ai, Ak} and LPercLD
′

(u0, w) = {Ak} (3.3.5)

and consequently

C1 = {Bi, Bk} and C2 = {Bk} (3.3.6)

which due to Bi 6= Bk contradicts the assumption that C1 = C2.

Hence, necessarily there has to exist at least one rule Rp ∈ LD, Rp 6= Rk such

that a) holds but let us assume that none of these rules fulfills b). Then, for any

w ∈ W there exists u0 ∈ w such that (3.3.4) holds but Ap(u0) < 1 for such u0 and

thus, (3.3.5) and consequently (3.3.6) again holds which is again in a contradiction

with the assumption that C1 = C2. It follows that necessarily there has to exist at

least one rule Rp ∈ LD, Rp 6= Rk such that a)-b) hold.

There are only the following four possible mutual positions of antecedents of such

a rule Rp and rules Rk,Ri:
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(I) Ap≤LEAk and Ai ‖LEAp,

(II) Ap ‖LEAk and Ai ‖LEAp,

(III) Ap ‖LEAk and Ai≤LEAp,

(IV) Ak�LEAp and Ap≤LEAi.

Figure 3.6: Situation for case (I) from the proof of Theorem 3.3.2.

In the case (I), that is displayed on Figure 3.6, for each w ∈ W there exists

u0 ∈ w such that the perception function gives the following results

LPercLD(u0, w) = {Ap, Ai} and LPercLD′(u0, w) = {Ap}.

No other fuzzy set may be an element of the result of the perception function because

of the assumption that no other cancelling rule occurs with respect to the suspected

rule Ri ↪→ Rj.

Such a result of the perception function leads to

C1 = {Bp, Bi}, C2 = {Bp}

which means that C1 = C2 if and only if Bp = Bi.
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Figure 3.7: Situation for case (II) from the proof of Theorem 3.3.2.

Similarly, in the case (II), that is displayed on Figure 3.7, for each w ∈ W there

exists u0 ∈ w such that the perception function gives the following results

LPercLD(u0, w) = {Ap, Ai, Ak} and LPercLD(u0, w) = {Ap, Ak}

which leads to

C1 = {Bp, Bi, Bk} and C2 = {Bp, Bk}

which means that C1 = C2 if and only if Bp = Bi.

Figure 3.8: Situation for case (III) from the proof of Theorem 3.3.2.

Once again, in the case (III), that is displayed on Figure 3.8, for each w ∈ W
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there exists u0 ∈ w such that the perception function gives the following results

LPercLD(u0, w) = {Ai, Ak} and LPercLD′(u0, w) = {Ap, Ak}

which leads to

C1 = {Bi, Bk} and C2 = {Bp, Bk}

which means that C1 = C2 if and only if Bp = Bi.

Figure 3.9: Situation for case (IV) from the proof of Theorem 3.3.2.

Finally, in the case (IV), that is displayed on Figure 3.9, for each w ∈ W and

for each u0 ∈ w for which b) holds (this is the investigated area), the perception

function gives the following results

LPercLD(u0, w) = {Ap, Ak} and LPercLD′(u0, w) = {Ap, Ak}

which leads to C1 = C2 without any further requirements.

The cases (I)-(III) lead to Bp = Bi and the case (IV) assumes Ap≤LEAi which

together prove that c) has to hold for Rp and this completes the proof. 2

3.4 Implementation and applications

The theoretical results introduced in Sections 3.1, 3.2 and 3.3 are important for

applications because of two reasons. First, they indicate the potential directions
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for the further redundancy analysis of other, possibly related, methods and models.

Second, they may be employed directly to design an algorithm that searches for

redundant rules in a given linguistic description. This algorithm has been designed

and it is presented in this section. Furthermore, we describe a brief real-world

demonstration of its performance.

Algorithm LDRed: input LD,

1) Preprocessing (using Remark 1)∗).

2) Using Theorem 3.1.1, search for all pairs Ri ↪→ Rj in LD. Denote a set of

Investigated Pairs as IP.

3a) For a pair Ri ↪→ Rj ∈ IP search for an Rk ∈ LD (using Theorem 3.2.3).

3b) If there is no such Rk, delete Ri from LD and delete all pairs containing Ri

from IP.

3c) If there is such an Rk ∈ LD for which either (1 )− (3a) or (4 )− (6 ) holds,

the pair Ri ↪→ Rj is deleted from IP (using Theorem 3.2.3).

4) Repeat step 3) for all the pairs from IP.

5a) For each remaining pair Ri ↪→ Rj ∈ IP, there must be an Rk ∈ LD for which

(1 )− (3b) holds. If there is another cancelling rule related to this pair, delete

the pair Ri ↪→ Rj from IP.

5b) If there is another cancelling rule related to this pair, search for an Rp ∈ LD

that satisfies (a)− (c) from Theorem 3.3.2. If there is such an Rp, then delete

Ri from LD and delete all pairs containing Ri from IP. Otherwise, delete only

the pair Ri ↪→ Rj from IP.

∗)We delete all trivially redundant rules with the same antecedents and fully overlapping
consequents.
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6) Repeat step 5) for all the pairs from IP.

In the following chapter, we describe an ensemble approach to time series fore-

casting based on a combination of several forecasting methods. The combination is

defined as a weighted mean of the forecasts obtained by individual methods and the

goal is to determine appropriate weights for individual methods using fuzzy rules.

The weight given to each method for each time series prediction is determined with

the help of a linguistic description using quantitative features of the given time series

as antecedent variables. Thus, a single linguistic description must be identified for

each individual method. This can be achieved with the help of linguistic associations

mining, particularly with a fuzzy variant of the GUHA method.

However, the fuzzy GUHA method necessarily produces many approved but

redundant IF-THEN rules, especially when it is apllied to enormous volumes of

data. Obviously, an efficient method that significantly decreases the number of

fuzzy rules in the generated linguistic descriptions is highly desirable.

As shown in the following chapter, the theoretical research that led to the design

of the LDRed algorithm introduced in Section 3.3 significantly reduced the number

of fuzzy rules in linguistic descriptions. Moreover, this reduction did not affect the

behavior of the rule base compared with the original rule base.

We also provide the linguistic descriptions before and after the redundancy analy-

sis (Table 3.1). The linguistic descriptions were derived from a real-world application

related to ensemble time series forecasting.

For example, we can see that R1 ↪→ R7. However, there is a cancelling rule R6

fulfilling (1 )− (3b) but no elimination rule. Nevertheless, R1 is redundant because

R1 ↪→ R8 also holds and there is no cancelling rule related to this suspected rule.

Later, R8 was also deleted as redundant because of the suspected rule R8 ↪→ R7
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Rule IF part THEN part
X1 X2 Y

R1 Me Sm Ro Bi
R2 ML Me Sm Ro Bi
R3 ML Me Ve Sm Ro Bi
R4 ML Sm Ve Sm Ro Bi
R5 Ro Me Ex Sm Ro Bi
R6 Ro Me Ex Sm ML Bi
R7 Ro Me ML Sm Ro Bi
R8 Ro Me Sm Ro Bi
R9 Ro Me Ve Sm Ro Bi
R10 Ro Me Ve Sm ML Bi
R11 Sm Ro Me Ro Bi
R12 Sm Sm Ro Bi
R13 — Ex Sm Ro Bi
R14 — Ex Sm ML Bi
R15 — Sm Ro Bi
R16 — Ve Sm Ro Bi
R17 — Ve Sm ML Bi

Table 3.1: Example of the performance of the proposed algorithm, LDRed. Redun-
dant rules are denoted in bold, other rules remain in the description.

and there was no cancelling rule.

3.5 Conclusions

We introduced our approach for detecting so-called redundancies in systems of

fuzzy/linguistic IF-THEN rules (linguistic descriptions). We showed that intuitively

redundant rules are not always redundant from a formal point of view. Hence, we

introduced a deeper and formally correct approach.

Our approach is based on detecting the rules that are suspected of redundancy

and that require further investigation. We provided a full characterization of the

rules that are suspected of redundancy. We also disproved intuitively valid hypothe-

ses determining situations when a rule suspected of redundancy is not redundant.

However, both hypotheses led us to a full characterization of “cancelling rules”, i.e.,
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to a full characterization of rules that may cancel those suspected of redundancy.

After considering the preliminary study, we focused on further investigation of

situations that occur when cancelling rules exist. These situations may lead to

actual confirmation of the cancellation of the suspicion, or determining that a sus-

pected rule is indeed redundant. We introduced theoretical results that allowed us

to propose a deterministic algorithm that could automatically check (and remove)

redundancies in any linguistic description consisting of a finite number of fuzzy/lin-

guistic IF-THEN rules. These theoretical results were formulated in the theorems

provided in Sections 3.3, which also provided the requisite deterministic algorithm,

LDRed. Section 3.4 demonstrated the need for such an algorithm and it illustrated

the performance of the algorithm on a real application that used linguistic descrip-

tions generated from data using the fuzzy GUHA method.

In general, when a linguistic description is higher-dimensional (i.e., when it con-

sists of IF-THEN rules with more than one antecedent variable, see (1.3.11) and

discussion above), it may seem that there are not many IF-THEN rules with an-

tecedents that can be ordered using the ordering ≤(u0,w) from Section ??. Hence,

it may seems that our method is not very useful in this case. However, if these

IF-THEN rules are generated automatically from data by a learning procedure, re-

dundant rules can occur quite often, irrespective of the dimension of the linguistic

description. Thus, their detection and removal can be really useful from the point

of view of performance and interpretability. However, if no rules are found that are

suspected of redundancy, then we can say that there are no redundancies in the strict

formal sense of Definition 21. In general, this formal understanding of redundancy,

which stresses that original and new linguistic descriptions are equivalent from the

point of view of their behavior, is significantly different from other approaches that

mainly aim to simplify linguistic descriptions [109, 110] using various techniques,
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such as merging rules. Of course, their use may be also beneficial. However, there is

no guarantee that the output of simplified linguistic descriptions is equivalent to the

original output. Finally, in the case of learning high-dimensional fuzzy/linguistic

IF-THEN rules, we can restrict the number of linguistic hedges (Section ??) and

the number of rules may be reduced (because similar data records produce identical

rules that are pruned down).
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Chapter 4

On ensemble techniques for time

series forecasting

4.1 Introduction and motivation

As mentioned in Section 1.1, there are many different methods to predict future

values of a time series. Unfortunately, there is no single forecasting method that

generally outperforms any other. Thus, there is a danger of choosing a method

which is inappropriate for a given time series. Note that even searching for methods

that outperform any other for narrower specific subsets of time series has not been

successful yet, recall e.g., [6], where the authors stated:

“Although forecasting expertise can be found in the literature, these sources often

fail to adequately describe conditions under which a method is expected to be

successful”.

4.1.1 Ensembles

In order to eliminate the risk of choosing an inappropriate method, distinct ensemble

techniques (ensembles in short) have been designed and successfully applied. The
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main idea of ensembles consists in an appropriate combination of several forecasting

methods. Typically, the ensemble techniques are constructed as a linear combination

of the individual ones. It can be described as follows. Let us assume that we are

given a set of M individual methods and for a given times series y1, y2, . . . , yT and

a given forecasting horizon h, j-th individual method provides us with the following

prediction:

ŷ
(j)
T+1, ŷ

(j)
T+2, . . . , ŷ

(j)
T+h, j = 1, . . . ,M.

Then the ensemble forecast is given by the following formula:

ŷT+i =
1∑M

j=1wj
·
M∑
j=1

wj · ŷ(j)
T+i, i = 1, . . . , h

where wj ∈ R is a weight of the j-th individual method. These weights are usually

normalized, that is
∑M

j=1wj = 1.

Let us recall that Bates and Granger [10] was one of the first to show signifi-

cant gains in accuracy through combination. Another early work by Newbold and

Granger [86] combined various time series forecasts and compared the combination

against the performance of the individual methods. They showed that for a set of

forecasts, a linear combination of these forecasts could be obtained which would

also be unbiased and achieve a combined forecast error variance smaller than the

individual forecasts. They found that the combining procedures produced an overall

forecast superior to individual forecasts on the majority of tested time series.

How to combine methods, i.e., how to determine appropriate weights, is still a

relatively open question. For instance, Makridakis et al. [80] showed that taking a

simple average outperforms taking a weighted average method combination. In other

words, the so-called “equal-weights combining” [23], that is an arithmetic mean of

individual forecasts, is a benchmark that is hard to beat and finding appropriate

non-equal weights rather leads to a random damage of the main averaging idea that
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is behind the robustness and accuracy improvements.

4.1.2 Motivation for the suggested approach

Although the equal-weights performs as accurately as mentioned above, there are

works that promisingly show the potential of more sophisticated approaches. We

recall Lemke and Gabrys [75] that describes an approach using meta-learning for

time series forecasting based on the features of time series such as: a measure for

the strength of the trend, the standard deviation, the skewness, etc. Given time

series were clustered using the k-means algorithm. Individual methods were ranked

according to their performance on each cluster and then the three best methods

for each cluster were selected. For a given new time series, the closest cluster was

determined and the given three best methods were combined.

It should be stressed that this approach performed very well on sufficiently big

set of time series. For us, this approach is one of the main motivations because

it demonstrates that there exists a dependence between time series features and a

performance of a forecasting method.

The second major motivation stems from the so-called Rule-Based Forecasting

developed by Collopy and Armstrong [6, 23]. It is an expert system that uses domain

knowledge to combine forecasts from various forecasting methods. Using IF-THEN

rules, the Rule-Based Forecasting determines the weights of individual forecasting

methods.

We follow the main ideas of the rule-based forecasting [6] and of using time series

features [75] to obtain an interpretable and understandable model.
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4.2 Fuzzy Rule-Based Ensemble

As mentioned above, the Rule-Based Forecasting uses the rules to determine weights

[6]. However, only few of these rules are directly used to set up weights. Most of

them set up rather a specific model parameters, e.g., the smoothing factors of the

Brown’s exponential smoothing with trend. Moreover, in antecedents, the rules very

often use properties that are not crisp but rather vague, e.g., expressions such as:

“last observation is unusual; trend has been changing; unstable recent trend” etc.,

see [23]. For such cases, using crisp rules that are either fired or not and nothing

between, seems to be less natural than using fuzzy rules. Similarly, the use of crisp

consequents such as: “add 10% to the weight; subtract 0.4 from beta; add 0.1 to

alpha” etc. [23], seems to be less intuitive than using vague expressions that are

typical for fuzzy rules.

4.2.1 General structure of the model

Therefore, our goal was to propose a method that uses fuzzy rules instead of crisp

rules in order to capture the omnipresent vagueness in the expressions; to use only

quantitative features (no domain knowledge) in the antecedent variables which en-

able to fully automatize the method; to use only individual forecasting method

weights as the consequent variables [112, 113]. The result of such motivated in-

vestigation is the Fuzzy Rule-Based Ensemble that is schematically illustrated on

Figure 4.1.

The Fuzzy Rule-Based Ensemble method uses a single linguistic description,

i.e. a fuzzy rule base with evaluative linguistic expressions [89], for each forecast-

ing method. Each of these linguistic descriptions determines a weight of a single

individual method based on transparent and interpretable rules, such as:
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Figure 4.1: Structure of the Fuzzy Rule-Based Ensemble method.

“IF Strength of Seasonality is Small AND Coefficient of Variation is Roughly

Small THEN Weight of the j-th method is Big.”

After an appropriate inference method is applied (see Section 4.2.2) in order to

obtain a fuzzy output, a defuzzification method is employed and thus, a crisp result

(weight of a particular method) is determined.

So far, based on experiments and previous publications [75], the following fea-

tures were considered: strength of trend, strength of seasonality, length of the time

series, skewness, kurtosis, coefficient of variation, stationarity and frequency.

Based on listed features, the inference mechanism sets weights to the following

forecasting methods in our ensemble: seasonal Autoregressive Integrated Moving Av-

erage (ARIMA), Exponential Smoothing, Theta and the Random Walk process. We

denote defuzzified values of these weights as wAR, wES, wTheta, and wRW , respec-

tively.
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4.2.2 Components of the model

In order to estimate (set up) a particular value of the weight for each forecasting

method with help of the fuzzy rules, an appropriate fuzzy inference mechanism has

to be employed. As mentioned above, the Fuzzy Rule-Based Ensemble method

employs linguistic descriptions, i.e., the fuzzy rule bases with so-called evaluative

linguistic expressions.

Such linguistic expressions have their theoretical model of the semantics based

on intension, context and extension, which is described in 1.3.1.

If a fuzzy rule base is viewed as a linguistic description and thus, uses the above

recalled evaluative linguistic expressions with their model of semantics, one can nei-

ther model the rules (and consequently the whole description) as a conjunction of im-

plicative rules nor as a disjunction of conjunctions (Mamdani-Assilian model). The

used expressions, mainly their full overlapping, require a specific inference method

– Perception-based Logical Deduction, see 1.3.3.

Finally, the inferred output is defuzzified by the Defuzzification of Evaluative

Expressions (DEE) that has been designed specifically for the outputs of the PbLD

inference mechanism. In the case of the Fuzzy Rule-Based Ensemble method, the

defuzzification DEE is applied after the inference so that, the deduced weights

wAR, wES, wTheta, wRW displayed on Figure 4.1 are already crisp numbers.

4.2.3 Fuzzy rule base identification

The last missing point is the identification of the linguistic descriptions. This may

be done by distinct approaches. One could expect a deep applicable expert knowl-

edge, however, neither our experience nor the experience of others confirms this

expectations. Let us once more refer to the observation of Armstrong, Collopy and
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Adya in [6], already recalled in Section 4.1.

Because of the missing reliable expert knowledge, we focus on data-driven ap-

proaches that may bring us the interpretable knowledge hidden in the data.

However, before we apply any data-mining technique, we have to clarify how we

interpret the weights in the data because only the features serving as antecedent

variables are measured. Naturally, the individual method weights should be propor-

tionally higher if a given method is supposed to provide lower forecasting error and

vice-versa. Thus, it is natural to put

wj = 1− accj (4.2.1)

where accj denotes an appropriate normalized forecasting error of the j-th method.

Now, any appropriate data-mining technique may be applied in order to determine

the dependence between features and the precision (weight) of each method.

4.3 Generating fuzzy rules bases

4.3.1 Application of fuzzy GUHA to Fuzzy Rule-Based En-

semble

As mentioned in Subsection (4.2.3), an appropriate data-driven approach may be

used for the identification of the linguistic descriptions in the Fuzzy Rule-Based

Ensemble. The chosen data-mining technique, in our case the fuzzy GUHA, may

be applied on a time series data set in order to determine linguistic descriptions

capturing the relationship between time series features and the forecasting accuracy.

In this subsection, we describe only the main idea. Further details about the data

sets and the features are described in Section (4.6).

Assuming we have a sufficiently big data set of times series, we may separate it

99



into a training set and a testing set. Then we determine features for every single

time series from the training set and perform forecasts by all individual methods

at disposal and we determine their accuracies for every single time series. Using

(4.2.1), we determine the weight values for every single time series and each indi-

vidual forecasting method. For each individual forecasting method, this approach

transforms the training data set into a table similar to Table 4.1 which shows the

case for the ARIMA method.

ΦExSm
1 . . . ΦExBi

q WExSm
AR . . . WExBi

AR

TS1 0.9 . . . 0.7 0 . . . 0.9
...

...
. . .

...
...

. . .
...

TSn 0.1 . . . 0.2 0.8 . . . 0

Table 4.1: The transformed training data set for the ARIMA forecasting method.

Objects TS1, . . . ,TSn in Table 4.1 are the time series from the training set;

Φ1, . . . ,Φq are features of given time series; and symbol WAR stands for the weight

(inverted accuracy) of the ARIMA method.

The fuzzy GUHA then combinatorically generates hypotheses that are immedi-

ately statistically either declined or confirmed as linguistic associations based on the

chosen quantifier parameters, see Example 5. These associations serve as linguistic

descriptions that are used in Fuzzy Rule-Based Ensemble in order to determine the

weight of each individual method in the ensemble for any time series. As we deal

with four individual methods in our case, this led to the four-fold use of the method.

The performance of such approach to build Fuzzy Rule-Based Ensemble is confirmed

on the testing set, see Section 4.6.

Example 5 Let Φ1 be Length and Φ2 be Kurtosis. Our fuzzy GUHA approach

provided us with the following implicative hypothesis:

C(LengthQRSm,KurtosisRoMe) @γ
r D(WQRBi

AR )

100



where Length and Kurtosis denote the length and the kurtosis of a given time series,

respectively, and WAR denotes the weight of the ARIMA method. This association

was confirmed on the following confidence and support degree:

γ = 0.50, r = 0.09,

respectively.

Such a confirmed association may be viewed and thus, directly interpreted, as the

following fuzzy rule:

“ IF Length is Quite Roughly Small AND Kurtosis is Roughly Medium THEN

Weight of the ARIMA method is Quite Roughly Big.”

4.4 Quality measures and the size reduction

In order to construct a “good” rule base, some measures of quality of the rules

have to be employed. An extensive research has been made already especially with

respect to crisp association rules. See e.g., [42] for a comprehensive survey on that

topic.

Regarding fuzzy association rules, e.g., fuzzy confirmation measures have been

introduced [44] and thoroughly studied [74, 45, 43]. Other works focus on the GUHA

method [73, 48, 50] and its generalized quantifiers [108, 74] or quality measures based

on the assumption of independence [17].

Whereas the studied measures focus on quality of a single rule in the rule base,

in this section we describe an approach that employs the quality measure of the

whole rule base as it has found useful in recent research [19].
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4.4.1 The coverage of data

Due to the curse of dimensionality phenomenon, the number of tested hypotheses

and also the number of confirmed associations may turn to be enormous. This is

even strengthened by the use of evaluative linguistic expressions that are modeled by

fuzzy sets in full inclusion, see Figure 1.3. An appropriate setting of confidence and

support degrees is useful but usually not sufficient and some redundancy removal

or simplification and size reduction algorithms are necessary to be used. In both,

another global “quality measure” or concept, that will be defined below, may be very

useful. The concept is called the coverage of data by LD and expresses a support of

antecedents of a set of rules (associations).

Definition 24 Let us be given a set of objects O = {o1, . . . , on} where oi =

(oi1, . . . , oik), let us be given a set of association rules of the type (1.5.1) repre-

sented as an LD = {R1, . . . ,Rm}. Let the value aji for the rule Rj ∈ LD be given

as follows:

aji = Aji1(oi1) ∧ · · · ∧ Ajik(oik)

where Aji1, . . . , A
j
ik denote the antecedent fuzzy sets of Rj.

Then the coverage of O by LD, denoted by covLD(O) ∈ [0, 1], is given as follows

covLD(O) =

∑n
i=1

∨m
j=1 a

j
i

n
. (4.4.1)

Remark 6 Note that the definition of coverage appears already in [53] where the

same idea is introduced. However, similarly to other quality measures, it relates only

to a single rule, not to a set of rules. Moreover, that definition is provided for crisp

rules only.

The definition of coverage by (4.4.1) expresses a very intuitive measure of cover-

age of data by the generated rules. It is not necessarily expected to be close to 1, as
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some data sets may be generated rather by a pure noise than by some statistically

significant dependencies expressible by associations. On the other hand, high values

of coverage clearly express high coverage of the data by generated association rules.

Therefore, the concept of coverage may be very useful in setting the appropriate

parameters of support and confidence degrees. Moreover, when applying any sim-

plification or size reduction algorithm that modifies original yet too big LD into a

smaller reduced LD′, observing the difference between covLD(O) and covLD′(O) is

highly desirable.

The problem of possible redundancy of fuzzy rules is well-known and has been

studied by many authors, see [9, 109, 110]. Investigations presented so far provided

mainly algorithms that may slightly change the output of modified rule bases in

comparison to original ones, but are very efficient in size-reducing simplification.

It is worth recalling, e.g., the study [41] that focuses on redundancies in Takagi-

Sugeno fuzzy rules or another interesting investigation dealing with the redundancy

in Takagi-Sugeno models [79] that is based on merging of similar rules. In Chapter 3,

we focused on a theoretically-based algorithm of detection and removal of redundant

rules in linguistic descriptions connected to the perception-based logical deduction.

However, as we may see from Table 4.2, although the number of detected redundant

rules in our application was very high, still the remaining size of the linguistic

descriptions did not allow us to view the model as a transparent and interpretable

white-box.

4.4.2 The size reduction algorithm

For the reason mentioned above, it is necessary to develop a size-reducing simplifi-

cation algorithm also for linguistic descriptions. Apart from keeping covLD′(O) as

close to covLD(O) as possible, the algorithm should possess the desirable property
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of the least possible modification of the resulting function.

Natural yet partly naive approaches would harm this goal. For example, an

algorithm taking k rules with the highest confidence would not be very appropriate as

the highest confidence is always obtained for rules with narrow antecedents and very

wide consequents. Thus, such modified LD′ would not necessarily keep covLD′(O) as

close to covLD(O) as possible, and moreover, the inferred weights would be very close

to the equal weights. The reason is that the wider the consequent, the closer the

defuzzified output is to the middle of the output universe. A similar approach based

on k rules with the highest support would not be appropriate as there is always a

problem of the determination of the parameter k.

One could design an algorithm that takes the rule from LD with the highest

support to LD′, and then it iteratively adds rules that increase covLD′(O) as much

as possible up to a certain reduction threshold

% =
covLD′(O)

covLD(O)
, % ∈ [0, 1],

is exceeded, e.g., up to % ≥ 0.9. Setting the % is much easier as this does not require

any knowledge on the number of rules and one transparently expresses the lowest

allowed decrease in the value of the coverage.

On the other hand, even such approach is not appropriate as it happens that,

e.g., the following rule

R′ := IF Xi1 is any AND · · · AND Xim is any THEN W is QR Bi

with an “empty” antecedent ∗) is mined, as the precision of the given forecast-

ing method may be at least quite roughly high for any time series independently

on its features. Due to the empty antecedent, such rule fires everywhere, unless

∗)Recall that the model of expression any attains normality at any point.
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there are other rules with narrower antecedents. The influence of such rule is ob-

viously positive, as it sets-up the default value of the weight quite roughly high,

and not medium, which is statistically confirmed by GUHA as reasonable. How-

ever, for narrower antecedents, GUHA may mine other rules that determine even

a higher weight, and obviously, some of these refining rules should be preserved by

any appropriate reduction. Nevertheless, due to its empty antecedent, the linguis-

tic description LD′ = {R′} containing a single item has the coverage equal to 1,

and therefore, any reduction threshold would be exceeded. So, such an algorithm

would stop adding rules to LD′ immediately and the reduced linguistic description

would contain only R′. As a consequence, all rules with other consequents would be

omitted, which is not desirable anymore.

Therefore, in order to keep the modified LD′ as varied as possible, first of all,

we separate the mined LD into several sub-descriptions with the same consequent,

and then, we apply the above mentioned algorithm separately to each of the sub-

description. Finally, reduced sub-descriptions are merged into the final LD′. For-

mally, the algorithm may be described as follows, see Algorithm 1.

The process of the creation of rule bases for our ensemble of forecasts consists

in an automatic detection and deletion of redundant rules based on a rather com-

plicated and sophisticated, yet fully theoretically justified algorithm, see 3. As can

be seen in Table 4.2, the redundancy detection algorithm reduced significantly the

number of rules, although not sufficiently in some cases. After that, a heuristic size

reduction and simplification algorithm was applied again on redundancy-free rule

bases to obtain even smaller rule bases. For results see Table 4.2.

The reduction of rule bases is also beneficial from the perspective of the com-

putational efficiency. Whereas the inference performed on a non-reduced rule base
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Algorithm 1 Reduction of LD to LD′

1: LD′ ← ∅
2: for each unique consequent B of any rule from LD do
3: LDB ← {R ∈ LD | B is the consequent of R}
4: LD′B ← ∅
5: while covLD′B

(o) < covLDB(o) · % do
6: Let R ∈ (LDB − LD′B) be such rule that covLD′B∪{R}(o) is maximal
7: LD′B ← LD′B ∪ {R}
8: end while
9: LD′ ← LD′ ∪ LD′B

10: end for

Setting
Number of rules Error

R-ARIMA R-ES R-THETA R-RW Avg. SD
Fuzzy GUHA 807 2518 2380 4937 13.24 14.22
Redundancy Removal 204 1911 1261 2903 13.24 14.22
Reduction % = 1 74 111 133 181 13.34 14.43
Reduction % = 0.975 47 56 63 80 13.31 14.39
Reduction % = 0.95 39 44 51 60 13.29 14.37
Reduction % = 0.925 36 39 45 46 13.26 14.40
Reduction % = 0.9 30 36 39 40 13.24 14.38
Reduction % = 0.85 27 29 31 31 13.24 14.40
Reduction % = 0.8 25 26 26 25 13.24 14.41
Reduction % = 0.7 20 19 20 18 13.31 14.67

Table 4.2: Results of the FRBE method with fixed settings of the minimum support
r = 0.05, the minimum confidence γ = 0.5 and various settings of the reduction
threshold %. The table shows the mean and standard deviation of SMAPE computed
from forecasts of the time series from the testing data set. The variant selected by
the cross-validation is in bold.

took hours for the whole data set, the reduced rule bases costed seconds of the com-

putational time for the inference engine to prepare weights of each of the 2829 time

series in the data set. See [19] for a more detailed study on that topic.
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4.5 Implementation

4.5.1 Time series data sets and accuracy measures

To develop and validate the model, we have used 2829 time series from the M3

data set repository that contains 3003 time series from the M3-Competition [81].

The original M3 data set contains time series with yearly, quarterly, monthly, and

unknown frequencies, the 74 time series with unknown frequencies were omitted.

Note that we talk about frequency in a sense of a periodicity of measurements

and this feature is neither dependent on the seasonality, which can (but does not

have to) be present or which can be multiple, nor on the periodicity of the data-

generating process in the mathematical sense. Vast majority (nearly all) of real life

situations lead to a time series where the frequency of measurements is at disposal

and also vast majority of the M3 time series was provided by this feature. Therefore,

we do find this feature very suitable and not restrictive.

Note also that omitting a time series with unknown measure frequency does not

mean that our model cannot forecast time series with other frequencies or without

the knowledge of the frequency. In such cases, this feature as an input variable is

ignored and the ensemble combines the individual forecasting methods dependently

only on the other features. Moreover, if there was a similar huge data set of time

series with other frequencies at disposal, it would be only a matter of retraining

the ensemble for these newly added frequencies. Similarly, the Fuzzy Rule-Based

Ensemble method can be retrained to forecast some specific time series from a

particular domain, and thus, one has to view this investigation showing a potential

in a general perspective.

The M3 data set of time series serves as a generally accepted benchmark database

provided by the authority of the International Institute of Forecasters. The time
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series are of five categories: Microeconomy, Macroeconomy, Industry, Finance, De-

mography. The data set was divided into two distinct sets simply by putting time

series with even or odd IDs into a training or testing set, respectively, see Table 4.3.

The same table also indicates the distribution of time series lengths across the train-

ing and testing set. The lengths h of forecasting horizons (i.e. the number of values

in the future to be forecasted) were the same as in the original M3-Competition: 18

for monthly, 8 for quarterly, and 6 for yearly time series.

Source
Training (Testing) Set

TotalMonthly Quarterly Yearly
h = 18 h = 8 h = 6

By category:
– Demographic 55 (56) 28 (29) 123 (122) 206 (207)
– Finance 73 (72) 38 (38) 29 (29) 140 (139)
– Industry 167 (167) 42 (41) 51 (51) 260 (259)
– Macro 156 (156) 168 (168) 41 (42) 365 (366)
– Micro 237 (237) 102 (102) 73 (73) 412 (412)
– Other 26 (26) — 5 (6) 31 (32)

By length:
– to 25 — 26 (26) 220 (227) 246 (253)
– 26–50 — 147 (150) 102 (96) 249 (246)
– 51–75 172 (167) 205 (202) — 377 (369)
– 76–125 43 (48) — — 43 (48)
– 126+ 499 (499) — — 499 (499)
Total 714 (714) 378 (378) 322 (323) 1414 (1415)

Table 4.3: The split of the M3 data set into the training set and the testing set. The
table shows the number of time series for different categories and lengths. Accord-
ingly to the original M3-Competition, forecasting horizons h were set identically for
both training and testing set, as indicated in the table.

The training set was used for an identification of our model, that is, for generation

of our fuzzy rule base. The testing set was used for testing whether the determined

knowledge encoded in the fuzzy rules works generally well also for time series “not

seen” by the rule base generation algorithm.
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All forecasts were computed using the R-project, version 3.1.2, and the package

forecast [64]. We started with the following forecasting methods that are available

in that package: Autoregressive Integrated Moving Average (ARIMA), Exponential

Smoothing, Random Walk, Random Walk with Drift, Theta model, Bats model,

Linear model, Structural Time Series, and Forecasting using STL objects.

Using the hill-climbing optimization technique on the training data set, we se-

lected such forecasting method that increased the accuracy of the whole ensemble

maximally. After several steps, we ended with the following set of methods that

formed our ensemble: seasonal Autoregressive Integrated Moving Average (abbr. R-

ARIMA), Exponential Smoothing (R-ES), Theta (R-Theta) and the Random Walk

process (R-RW). These methods were executed with a fully automatic parameter

selection and optimization which made possible to concentrate the investigation

purely on the combination technique. Moreover, their arithmetic mean (R-AM),

that represents the equal weights ensemble method, was also determined and used

as a valid benchmark.

To compare the forecasting methods, we use Symmetric Mean Absolute Per-

centage Error (SMAPE), see Subsection 1.1.3. Let SMAPEij represents a SMAPE

value of the j-th individual method on the i-th training time series. Then the j-th

method’s weight wij for the i-th time series is computed accordingly to equation

(4.2.1) in Subsection 4.2.3 as follows:

wij = 1− accij,

where accij is the SMAPEij normalized as follows:

accij =
SMAPEij −min{SMAPE.j}

max{SMAPE.j} −min{SMAPE.j}

with max{SMAPE.j} and min{SMAPE.j} being computed for each j over all time
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series. That way is ensured that the weights of the individual methods are in the

interval [0, 1].

4.5.2 Time series features

For further investigation, some important features need to be extracted from a given

time series. We used the following features: frequency, length of the time series,

absolute skewness, kurtosis, coefficient of variation, strength of trend, strength of

seasonality and stationarity.

Let a given time series y1, y2, . . . , yT is of the frequency F , i.e., F = 1, 4, 12 for

yearly, quarterly and monthly time series, respectively. Then, the features used to

predict weights of the forecasting methods are defined as follows.

The frequency is given by the reciprocal value of F , i.e., it is given as 1/12, 1/4

and 1 in the case of the monthly, quarterly and yearly time series, respectively.

The length of the time series is equal to the number of known time lags.

The absolute skewness is given as

absolute skewness =

∣∣∣∣ m3

m2
3/2

∣∣∣∣ ,
where mi = 1

T

∑T
t=1(yt − ȳ)i and ȳ is the arithmetic mean of the given time series

{yt}Tt=1.

The kurtosis is given as

kurtosis =
m4

m2
2
,

with mi given as above.

The coefficient of variation is given as

CV =
sy
ȳ
,

where sy is the standard deviation of {yt}Tt=1.
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The strength of trend is given by (1− p), where p is a p-value of a statistical test

of a null hypothesis H0 : β1 = 0, where β1 is a slope parameter of a linear regression

model:

yt = β0 + β1t+ εi, t ∈ {1, 2, . . . , T}.

The strength of seasonality is given by 1 − min{p2, p3, . . . , pF}, where pi (for

i ∈ {2, 3, . . . , F}) is a p-value of a test of a null hypothesis H0 : βi = 0, where βi is

a coefficient of the linear regression model

yt = β0 + β1t+ β2xt,2 + β3xt,3 + . . .+ βFxt,F + εi,

for t ∈ {1, 2, . . . , T}, and xt,j ∈ {0, 1} is an artificial variable such that xt,j = 1 if

t mod F = j mod F .

The stationarity is given by (1 − p), where p is a p-value of the Augmented

Dickey-Fuller Test of stationarity.

The last step is to set up appropriate thresholds of the support and confidence

of the fuzzy GUHA method, and the reduction threshold. This is done using a

grid optimization and cross-validation technique on the training set. In our case,

we have used the 10-fold cross-validation, i.e., the training set was separated into

ten subsets, with nine of them being used to generate linguistic descriptions using

given parameter values, while the last (validation) subset being used to validate

the forecasting performance. This was done ten times as the validation subset

went through all ten subsets. The obtained forecasting performance measured by

SMAPE was then aggregated by the arithmetic mean over all ten validations. This

procedure was repeated as many times as we had combinations of parameters in our

grid. Particularly, the grid was set up for confidence γ ∈ {0.5, 0.55, 0.6, 0.65, 0.7},

for the support r ∈ {0.025, 0.05, 0.075}, and for the reduction threshold % ∈

{0.7, 0.8, 0.9, 0.95}.
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The best performance on the cross-validation was achieved by the combination

of γ = 0.5, r = 0.05, and % = 0.95. We consider as best a such combination

of parameters that achieves simultaneously best mean and standard deviation of

SMAPE as follows: obtained SMAPE means are sorted and their rank is computed

as well as ranks of SMAPE standard deviations. Then a combination with lowest

sum of mean and standard deviation ranks is considered as the winner.

The winning combination was then used on the whole training set to generate

rules that were then reduced by the size reduction algorithm with the chosen reduc-

tion threshold % = 0.95 . This way we have finally obtained the Fuzzy Rule-Based

Ensemble whose performance can be independently evaluated and compared on the

testing set, i.e., on a set that has not been previously used within any step of the

training phase, so far.

4.6 Results

In order to judge its performance, the Fuzzy Rule-Based Ensemble was applied

on the 1415 time series from the testing set, i.e., on all monthly, quarterly and

yearly time series with odd IDs in the M3-Competition. Table 4.4 shows that the

arithmetic mean and the standard deviation of SMAPE forecasting errors obtained

on all testing time series is better for the Fuzzy Rule-Based Ensemble than any

individual forecasting method from the R-package used in the ensemble (i.e., R-

ARIMA, R-ES, R-THETA, R-RW). Moreover, the equal-weights, i.e., arithmetic

mean (R-AM), and the three best methods from the M3-Competition according to

the average precision on the testing set (M3-THETA, M3-ForecastPro, M3-ForcX)

have been outperformed as well.
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To evaluate the results even more thoroughly, we have also trained several state-

of-the-art machine learning algorithms as well as some of the most well-known fuzzy

inference methods that were at disposal to estimate weights for the ensemble from

the time series features, as done by our R-FRBE method. Namely, the following

non-fuzzy techniques were evaluated: Random Forest [78] (R-RF), Support Vector

Machines with linear kernels [67] (R-SVM), Conditional Inference Random Forest

(R-CForest) [59], CART (R-CART) of the rpart package [117], Neural Network (R-

NNet) [119], Linear Regression Model (R-LM). Furthermore, several fuzzy inference

mechanisms implemented in the frbs R-package [106] were used for the comparison

too, namely: ANFIS (R-ANFIS) [66], DENFIS (R-DENFIS) [68], Hy-FIS (R-HyFIS)

[71], WM model (R-WM) [124], Subtractive Clustering and Fuzzy C-Means Model

(R-SBC) [127], and Genetic Fuzzy System for Fuzzy Rule Learning based on the

MOGUL Methodology (R-GFS) [24].

The results of the comparison can be found in Table 4.4. To indicate superi-

ority of our method, a statistical test of significance has been performed. Namely,

we have performed the Wilcoxon signed rank test with continuity correction that

assesses whether the forecasting accuracy (measured by SMAPE) mean rank differs

for FRBE and any of the methods listed above. The null hypothesis (no difference)

was rejected for all the methods except for the ensembles created with Random

Forests (R-RF) and Support Vector Machines (R-SVM) where the difference was

not considered statistically significant by the test. Also the robustness of the fore-

casts, i.e., the standard deviation of the SMAPE forecasting errors, was evaluated.

For that purpose, multiple F-tests were performed to test the null hypothesis of

ratio of variances being equal to 1.

All the statistically significant differences to the R-FRBE method are labelled

with the star symbol (“*”) in Table 4.4. The p-values of the statistical tests were
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Method
SMAPE

Total For h = 6 For h = 8 For h = 18
Avg SD Avg SD Avg SD Avg SD

R-RF 13.14 14.03 15.79 14.45 8.97 10.74 14.16 14.88
R-SVM 13.26 14.19 15.94 14.59 8.95 10.79 14.33 15.07
R-FRBE 13.29 14.37 16.43 15.99 9.03 10.49 14.12 14.88
R-CForest *13.30 14.10 16.00 14.48 9.09 10.76 14.30 14.99
R-CART *13.33 14.14 16.11 14.60 9.04 10.79 14.34 14.99
R-Nnet *13.37 14.11 16.01 14.62 9.15 10.76 14.41 14.94
R-LM *13.38 14.11 15.99 14.39 9.10 10.76 14.46 15.05
R-SBC *13.38 14.19 15.94 14.38 9.18 10.88 14.45 15.17
R-DENFIS *13.45 14.31 16.12 14.71 9.17 10.83 14.52 15.25
R-HyFIS *13.47 14.18 16.12 14.77 9.28 10.85 14.50 14.99
R-WM *13.52 14.13 16.03 14.45 9.29 10.89 14.62 15.01
M3-THETA *13.56 *15.42 17.66 18.73 8.89 10.62 14.18 15.29
R-GFS *13.66 14.22 16.10 14.46 9.40 10.83 14.82 15.19
R-AM *13.66 14.22 16.10 14.46 9.40 10.83 14.82 15.19
M3-ForecastPro *13.67 *15.50 17.42 18.89 9.76 12.38 14.04 14.82
M3-ForcX *13.76 14.94 16.71 16.30 9.35 11.88 14.76 15.26
R-ES *13.95 15.23 17.34 17.27 9.67 11.36 14.69 15.54
R-ARIMA *14.58 *16.77 17.87 18.12 9.80 12.71 15.62 17.48
R-THETA *14.73 *15.33 17.34 16.40 10.44 11.40 15.83 16.18
R-ANFIS *14.73 *15.33 17.34 16.39 10.44 11.40 15.83 16.18
R-RW *16.53 *17.20 18.32 14.94 11.33 13.02 18.48 19.40

Table 4.4: Average and standard deviation of the SMAPE forecasting errors. Stars
in the second and third column indicate statistically significant difference to the
R-FRBE method. The tests were evaluated only for total results.
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adjusted with the Benjamini-Hochberg correction that controls the false discovery

rate. The significance level was set to α = 0.05 .

R1 := IF Skewness is QRSm THEN wAR is QRBi

R2 := IF SeasonStrength is V eBi THEN wAR is QRBi

R3 := IF SeasonStrength is QRBi AND Frequency is Me THEN wAR is ExBi

R4 := IF Lenght is QRMe AND SeasonStrength is QRSm AND

Kurtosis is MLMe THEN wAR is RoSm

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.6.1)

Figure 4.2: An example of a part of the post-processed rule base for the R-ARIMA
method.

In order to emphasize the linguistic nature of the approach, we present Figure 4.2

that provides readers with a part of one of the linguistic descriptions generated by

the fuzzy GUHA method. The fuzzy rules symbolically displayed in Figure 4.2 can

be easily read as conditional sentences of a natural language. Recall, that we have

chosen the weight to be proportional to the expected method accuracy and thus the

weight and the accuracy may be freely replaced. This makes the rule even more

interpretable, which underlines the goal of our approach. Due to this nature of

the model, one can easily extend the linguistic descriptions by new knowledge, no

matter if obtained from an expert or again in a data-driven way.

Remark 7 As one may see, most of the rules for R-ARIMA use the consequents

derived from the linguistic expression Big, which is natural as R-ARIMA provided

rather good results. For some case, specified, e.g., by the antecedent of the rule R3,

the accuracy (and consequently the weight) was determined even as extremely good.

However, the fuzzy GUHA also found a case, specified, e.g., by the antecedent of the

rule R4, where the accuracy of the R-ARIMA method was found roughly small.
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The presented approach using the fuzzy GUHA and the linguistic descriptions

is not restricted only to this particular Fuzzy Rule-Based Ensemble model. Users

can build their own Fuzzy Rule-Based Ensemble (using the linguistic association

mining) for specific time series (e.g. for daily time series from the finance domain)

where they could use less variables, obtain less rules and get even more readable

results, which might be again very helpful in further decision-making processes, not

only in the prediction itself.

4.7 Conclusions

The introduced fuzzy rule-based ensemble has been “equipped” with fuzzy rule

bases that were generated by the fuzzy GUHA method on 1414 time series from

the training data set. The performance of the final model has been verified on the

testing set composed of comparably very high number of 1415 times series, which

makes this study undoubtedly comprehensive yet still possibly extendable.

The obtained results showed an improvement in the accuracy as well as in the

standard deviation of the accuracy that confirms the improvement in the sense of

“robustness”.

Undoubtedly, the results confirm some sort of improvement. One could surely

express objections to the too slight improvement and also to the too difficult and

technologically demanding approach. Both objections have to be taken seriously as

they have reasonable cores.

Related to the first objection, we have to stress that we have tested the improve-

ment in accuracy not only compared to the arithmetic mean but also compared to

all the individual methods (with p-value adjustment for multiple comparisons).

The suggested Fuzzy Rule-Based Ensemble method was found significantly better
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in accuracy by the Wilcoxon test than any of the used individual method from the

R package forecast. Any of the M3-methods was beaten as well. Moreover, the same

can be stated about the equal weights method represented in this study by R-AM.

The same can be stated about all the ensembles built in the same way as our Fuzzy

Rule-Based Ensemble while using a different fuzzy method for the determination of

the weights. We have used six methods from frbs, the key package for fuzzy methods

in R, namely ANFIS, DENFIS, Hy-FIS, Wang-Mendel’s generating fuzzy rules by

learning from examples (R-WM), Yager-Filev’s Subtractive Clustering and Fuzzy

C-Means Model (R-SBC) [127], and the MOGUL Methodology (R-GFS). Apart

from the ANFIS, all these fuzzy methods confirmed that they can be very useful as

the ensembles based on them outperformed all individual methods from the forecast

package and also the R-AM equal weights ensemble. However, the proposed Fuzzy

Rule-Based Ensemble outperformed all of them which was confirmed by the above

mentioned statistical significance test.

In order not to restrict our focus only on fuzzy approaches to determine the

weights, also other very well-known machine learning methods were chosen. As one

may see from Table 4.4, four out of six chosen methods were outperformed by the

Fuzzy Rule-Based Ensemble and this fact was again confirmed by the statistical

test. Two methods, namely the support vector machine and the random forrest,

obtained higher accuracy. However, note, that this has not been confirmed by the

chosen test as statistically significant!

This means that the results provide maybe slight yet statistically significant

improvement. This is not that much surprising, having in mind the extremely high

number of time series in the testing set. However, this is nothing against the validity

of the results. Vice-versa, the bigger the testing set, the better for the experimental

justification.
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Regarding the second objection, let us stress that the difficulty appears only in

the construction phase. In the application phase, a user only takes a rather simple

tool built into an R-package lfl [18] that automatically determines a given time

series features, uses the pre-determined fuzzy rules to set-up weights of individual

methods, performs individual method forecasts, combines them accordingly to the

determined weights, and finally, provides a user with a single accurate and robust

forecast. Let us note that R-packages became very useful and standard statistical

tools, and recently they turn into a preferable way of how to disseminate the state-

of-art and the latest methods under the open source platform also in the fuzzy

community, see [58, 105, 106].

Based on the actual investigation, we can summarize the following conclusions:

• using the standard forecasting methods implemented in the R-package forecast

is not a bad choice even if compared to top commercial products;

• ensembling, even in the simple equal weights setting, is a valuable step that

may be very helpful;

• in building a more sophisticated ensemble, fuzzy GUHA is very appropriate

candidate that has been confirmed to provide better results than the equal

weights, the chosen fuzzy methods or most of the chosen machine learning

approaches;

• the advantage of the approach based on the fuzzy GUHA lies in the inter-

pretable form that is easy to update by new knowledge, no matter if mined

from data or obtained from an expert;

• the use of the concept of coverage of data by a linguistic description is highly
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desirable, it can be helpful in setting the GUHA parameters and also in re-

duction algorithms;

• the size reduction algorithm proposed in this paper is characterized by an

enormous reduction with keeping analogous behaviour and thus, it may be

suggested also for other application areas of the association mining algorithms.

Regarding the interpretability issues, which is unquestionably an important

point, let us note, that there is a difference compared to the interpretability of

econometrical models, where the interpretability is on the level of the time series

generating process. For example, in case of the decomposition model, the model it-

self gives nicely interpretable information about trends, seasonalities etc. The Fuzzy

Rule-Based Ensemble model as suggested, does not give any information about the

time series generating process itself. However, it provides us with information, which

forecasting models are of which accuracy expectations, which is undoubtedly also

information of a significant importance.
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