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Abstrakt

Práce je zamìøená na budování teorie fuzzy transformace (F-transformace), která
je zalo¾ená na novém pøístupu k poèítání jejích komponent, a její aplikaci v ana-
lýze èasových øad. Primárním cílem práce je zavést fuzzy transformaci vy¹¹ího øádu
ve výpoèetnì efektivní struktuøe a rozvíjet její obecnou teorii zahrnující zkoumání
úèinnosti F-transformace v otázce její aplikace pro aditivní dekompozice èasových
øad. Sekundárním cílem je navrhnout metody pro aditivní dekompozice a pøedví-
dání èasových øad, které jsou zalo¾ené na F-transformaci vy¹¹ího øádu a vybraných
metodách fuzzy pøirozené logiky, soft computingu a statistiky.

Nejprve uvádíme nový pøístup k výpoètu komponent F-transformace vy¹¹ího
øádu pro komplexní funkce více reálných promìnných. Rozdíl mezi na¹ím a pùvod-
ním pøístupem, který navrhla I. Per�lieva a kol. v klíèovém èlánku o F-transformaci
vy¹¹ího øádu, spoèívá ve volbì bází prostorù polynomù (aproximaèních prostorù),
kde pùvodnì pou¾ité ortogonální báze jsou nahrazeny neortogonálními bázemi mo-
nomiálù. Nový pøístup úspì¹nì odstraòuje nevýhody pùvodního pøístupu, které se
objevují v dùsledku netriviálního vyjádøení ortogonálních bází, obzvlá¹tì kdy¾ jsou
uva¾ovány více-dimenzionální prostory, a umo¾òuje budovat teorii F-transformace
vy¹¹ího øádu pro funkce více promìnných v jednoduchém rámci zalo¾eném na ma-
ticovém poètu.

Analýza èasových øad vy¾aduje F-transformací vy¹¹ího øádu de�novanou pro
komplexní funkce, jejich¾ de�nièním oborem hodnot je diskrétní mno¾ina. Abychom
pou¾ili navr¾ené nástroje, zavadíme F-transformaci vy¹¹ího øádu pro komplexní dis-
krétní funkce s pomocí jednoduché transformace diskrétních funkcí na funkce se
spojitým de�nièním oborem, které jsou po èástech konstantní. Navíc de�nujeme F-
transformaci komplexních náhodných procesù, abychom zkoumali náhodné výkyvy
v èasových øadách.

Abychom zdùvodnili pou¾itelnost F-transformace vy¹¹ího øádu v analýzu èaso-
vých øad, zamìøujeme se nejdøíve na otázku úèinnosti F-transformace v potlaèení
vysokých frekvencí a nepravidelných výkyvù, které se obvykle v èasových øadách
objevují. S teoretickou podporou poté aplikujeme F-transformaci vy¹¹ího øádu na
odhad trendo-cyklu a sezónní slo¾ky èasové øady. Konkrétnì zavádíme metodu její¾
úkolem je provést aditivní dekompozici èasové øady na trendo-cyklus, sezónní slo¾ku
a náhodnou slo¾ku popisující nepravidelné výkyvy. S vyu¾itím tohoto aditivního de-
kompozièního modelu a pomocí nástrojù fuzzy pøirozené logiky, soft computingu
a statistiky navrhujeme propracovanou metodu pro pøedvídání èasových øad, kde
predikce je urèitou kombinací odhadù trendo-cyklu, sezónní a náhodné komponenty.
Navr¾ené metody jsou ilustrovány na rùzných pøíkladech a srovnány s metodami
bì¾nì pou¾ívanými v praxi.

Klíèová slova: Fuzzy transformace, fuzzy aproximace, náhodný proces,
dekompozice èasových øad, pøedvídání èasových øad.



Abstract

The thesis is focused on the development of the theory of fuzzy transform (F-
transform) based on a novel computational approach to its components and its
application to time series analysis. The primary goal of the thesis is to establish the
F-transform of higher degree in a computationally e�ective framework and develop
its general theory including the investigation of the e�ciency of F-transform in the
issue of its application on the additive decomposition of time series. The secondary
goal is to propose methods for the additive decomposition and forecasting of time
series that are based on the higher degree F-transform and selected methods of fuzzy
natural logic, soft computing and statistics.

Firstly, we introduce a novel approach to the computation of components of
higher degree F-transform of multivariate complex-valued functions. The di�erence
of our approach from the original approach that was proposed by I. Per�lieva et al.
in the seminal paper on the F-transform of higher degree consists in the choice of
bases of the polynomial spaces (approximation spaces), where the originally used
orthogonal bases are replaced by the non-orthogonal monomial bases. The novel
approach successfully eliminates the disadvantages of the original approach that
arise as a consequence of non-trivial expressions of orthogonal bases, especially, when
higher dimensional spaces are considered, and enables us to develop the theory of
multivariate F-transform of higher degree in a simple framework based on matrix
calculus.

The analysis of time series involves the higher degree F-transform de�ned for the
univariate complex-valued functions over discrete domains. To employ the proposed
tools, we introduce the higher degree F-transform of univariate complex-valued dis-
crete functions with the help of a simple transformation of discrete functions to
functions over continuous domains, which are piecewise constant. Moreover, we
de�ne the higher degree F-transform for complex-valued random processes to inves-
tigate random uctuations in time series.

In order to justify the applicability of the F-transform of higher degree in time se-
ries analysis, we �rst focus on the issue of the e�ciency of the F-transform technique
in the suppression of high frequencies and irregular uctuations which commonly
appear in time series. With the theoretical support, we then apply the higher degree
F-transform to the estimation of the trend-cycle and the seasonal component of a
time series. Particularly, we introduce a method that provides the additive decom-
position of a time series into a trend-cycle, a seasonal component and a random
component describing irregular uctuations. Based on this additive decomposition
model and with the help of tools of fuzzy natural logic, soft computing and statis-
tics, we propose a sophisticated method for the forecasting of time series, where the
prediction is a combination of the forecasts of the trend-cycle, seasonal and ran-
dom component. The proposed methods are illustrated on various examples and
compared with the methods commonly used in practice.

Key Words: Fuzzy transform, fuzzy approximation, random process, �ltering,
time series, time series decomposition, time series forecasting.
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1 Introduction

The fuzzy transform (F-transform) was introduced by I. Per�lieva in [38] as an
approximation technique of univariate functions. It is based both on classical (inte-
gral) transformations and fuzzy approximation models. More precisely, the former
provide a technique called the direct F-transform for determination of local approxi-
mations of a given function (direct F-transform components) with respect to (local)
kernels determined by basic functions; fuzzy sets that form a fuzzy partition of the
domain of the given function. The latter provide a framework to derive a global
approximation of the given one. The global approximation function is then de�ned
as a weighted average of the direct F-transform components in which the weights
are determined by the basic functions. This phase is called the inverse F-transform.
Originally, the F-transform is motivated by the ideas and methods of fuzzy logic.
Its simple form can be regarded as a particular case of Takagi{Sugeno models [45]
with only one independent variable evaluated by basic functions and one dependent
variable locally determined by the corresponding direct F-transform components.

A signi�cant generalization of the F-transform by the framework of weighted
Hilbert spaces was �rst proposed in [40] under the names: fuzzy transform of higher
degree, higher degree F-transform or shortly Fm-transform, m ∈ N. The motivation
for this extension is to improve the approximation quality of the F-transform and
to make it possible to approximate derivatives of the given function. The direct Fm-
transform components in this case are polynomials determined as locally orthogonal
projections of the given one onto the spaces of all polynomials of degrees at most
equal to m (approximation spaces) that are subspaces of weighted Hilbert spaces
whose inner products are de�ned with respect to basic functions. The original F-
transform is then the F0-transform.

Recently, the theory of fuzzy transform, especially the higher degree F-transform,
has been generalized to bivariate cases in [15, 21, 25] and elsewhere with many inte-
resting properties such as: its abilities to approximate bivariate functions as well as
their (partial) derivatives, to smooth noisy images (bivariate discrete functions), etc.
Especially, in [25], the authors considered the bivariate Fm-transform with respect to
a special type of fuzzy partitions, called B-spline fuzzy partitions. They showed that
the inverse Fm-transform in this case can exactly reconstruct even bivariate polyno-
mials of degree 2m+1. Since its origin, the theory of fuzzy transform (Fm-transform,
m ∈ N) has made a signi�cant progress. It has reached various techniques that are
successfully applied in signal and image processing (e.g., sampling theory [27], in-
tegral local polynomial approximation [3]) (see [42, 16]). But most of investigations
dealing with the Fm-transform use only the orthogonal bases of the approximation
spaces for representation of the direct Fm-transform components. Though the latter
are computed by very simple formulas using this approach, the determination of such
orthogonal bases is quite complicated. The Gram{Schmidt orthogonalization process
has been suggested for this task. However, we have to repeat it for the computation
of each component. Consequently, it takes undesirable time to compute the direct
Fm-transform. Moreover, complicated forms of the obtained orthogonal polynomials
make it di�cult to investigate the theory of the Fm-transform as well as its appli-
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cations, at least, from the point of view of mathematical justi�cation. To overcome
these disadvantages, in this thesis, we propose to use monomial (non-orthogonal)
bases of the approximation spaces for the representation of the direct Fm-transform
components. We then reformulate the theory of higher degree F-transform according
to this novel approach, and generalize it to multivariate complex-valued functions.
Additionally, by the aim of this thesis | to apply the Fm-transform to time series
analysis | we further investigate the Fm-transform applied to discrete functions
and to stochastic processes.

It would be a big de�ciency if we studied the fuzzy transform without considering
its applications. Indeed, the original purpose of the birth of the fuzzy transform is to
describe complicated functions explaining phenomena around the world. By its ro-
bustness, computational simplicity, noise removing ability, from the very beginning
it was successfully applied to solve many problems in practice such as: �nding nume-
rical solutions of partial di�erential equations [36, 48], data compression [37, 10], etc.
Especially, in the past few years, together with theoretical development of the higher
degree F-transform to the bivariate case, it has devoted a large number of e�cient
techniques to image processing, e.g., edge detection [41, 15], image reconstruction
[22, 43], etc.

In addition to the previous mentioned applications, the F-transform has been
successfully applied to analysis and forecasting of time series with the �rst publi-
cation [35]. Then, it was further elaborated in [34, 49, 33, 29, 32, 30]. From these
investigations, there is no doubt that the F-transform is a well working technique in
series processing. The key of these applications is the additive decomposition model
of time series. Namely, under the assumption that a time series can be additively
decomposed into a trend-cycle, a seasonal component and an irregular uctuation
(noise), the F-transform provides techniques for suppression of the seasonal com-
ponent, reduction of the noise and estimation of the trend-cycle. Additionally, with
the help of fuzzy natural logic (FNL) techniques it can be applied to forecasting
of the trend-cycle. Nevertheless, most of these investigations are limited to the use
of the F0-transform. In this thesis, by the bene�ts of the novel approach in the
computation of the Fm-transform, we propose to apply also the Fm-transform to
time series analysis. We provide mathematical justi�cation for the applications of
it to the suppression of high frequencies and to the reduction of noise that usu-
ally exhibit in time series. From this mathematical background, we then propose a
technique based on the Fm-transform to decompose a time series into the additive
decomposition model. Namely, we apply it to the estimation of the trend-cycle and
the seasonal component. We also propose a new method for forecasting of future
values of time series. This method is a combination of soft computing techniques
(Fm-transform, fuzzy natural logic and pattern model) and classical methodologies
(decomposition and Box-Jenkins models).

9



2 Author's contribution

• Section 4: We generalize the theory of fuzzy transform of higher degree (Fm-
transform) to multivariate complex-valued functions. With the help of mono-
mial bases of the approximation spaces, we provide a new representation of
the direct Fm-transform components. Using this representation, we prove es-
sential properties of the Fm-transform (e.g., linearity property, approximation
properties consisting in the approximations of the original function as well as
its (partial) derivatives).

• Section 5:We specialize the Fm-transform to univariate complex-valued functi-
ons. We then prove a certain property of the components of the direct Fm-
transform of a bounded function that are necessary for our analysis in Sections
7. A new representation of the Fm-transform applied to discrete functions is
proposed on the basis of their piecewise constant representation. Finally, we
devote theoretical justi�cation showing that the Fm-transform is an e�cient
technique for suppression of high frequencies (periodic signals) in complex-
valued signals.

• Section 6: We introduce the Fm-transform applied to random processes. It
is an extension of the fuzzy transform of stationary processes investigated by
Holèapek et al. in [17, 18]. With the help of the investigations in Sections
4 and 5, we then provide a simple way for the representation of the direct
Fm-transform components. We prove several theorems describing statistical
properties of the latter. Furthermore, the approximation theorem of the inverse
Fm-transform to the original stochastic process that was not considered in [18]
is generally proved for the case of stochastic processes. Last but not least, we
show that the Fm-transform can be successfully applied to reduction of the
irregular uctuation (noise) usually exhibiting in time series.

• Section 7: We devote new methods using fuzzy techniques and tools of soft
computing and statistics for decomposition and forecasting of time series.
Firstly, we show that the Fm-transform is a good technique for decomposi-
tion of time series. Namely, under the assumption that a time series can be
additively decomposed into a trend-cycle, a seasonal component and an irre-
gular uctuation, we prove that the �rst two components can be successfully
estimated by using the Fm-transform with respect to fuzzy partitions whose
parameters are reasonably adjusted. Finally, we suggest a sophisticated me-
thod based on the additive decomposition model for forecasting of time series.
The forecasting is an association of individual predictions of the trend-cycle,
the seasonal component, and the irregular uctuation. More precisely, the �rst
two components are predicted with the help of the Fm-transform, pattern mo-
dels and fuzzy natural logic techniques while the future states of the other are
determined by application of the classical Box-Jenkins (ARMA) methodology
to its estimation.

• List of author's publications:
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3 Preliminaries

In this section, we briey review the basis concepts and notation needed for our
analysis in the subsequent sections.

3.1 Review of multivariate polynomials

We �rst introduce notation of the multi-index that is a conventional means for de-
aling with multivariate functions. Moreover, to formalize explicit formulas for com-
putation of the direct fuzzy transform components in Section 4, we then introduce
a speci�c form of multivariate polynomials.

3.1.1 Multi-index notation

The multi-index is an n-tuple, n ≥ 1 of natural numbers. In this thesis, we speci�-
cally use

p = (p1, . . . , pn), and q = (q1, . . . , qn)

to denote multi-indexes. It should be distinguished from the notation of n-tuples
of real numbers, e.g., x = (x1, . . . , xn), y = (y1, . . . , yn) and z = (z1, . . . , zn). The
following list provides the de�nitions of basic operations with multi-indexes and
n-tuples of real numbers that are necessary for our analysis in this thesis.

(i) p ≤ q i� pi ≤ qi for any i = 1, . . . , n,

(ii) |p| := p1 + · · ·+ pn,

(iii) p! := p1!p2! · · · pn!,

(iv)

(
p
q

)
= p!

q!(p−q)!
:=

(
p1

q1

)
· · ·
(
pn
qn

)
,

(v) cx = (cx1, . . . , cxn), c ∈ R,

(vi) xp := xp11 · · ·xpnn ,

(vii) x± y := (x1 ± y1, . . . , xn ± yn),

(viii) xy := (x1y1, . . . , xnyn),

(ix) x
y

:=
(
x1
y1
, . . . , xn

yn

)
, yj 6= 0 for any j = 1, . . . , n,

(x) |x| = (|x1|, . . . , |xn|),

(xi) ∂pf(x) := ∂|p|

∂x
p1
1 ...∂xpnn

f(x), f is an n-variate function.
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The following theorems are important in the proofs of the approximation pro-
perties of the multivariate higher degree fuzzy transform considered in Section 4.
The �rst statement is the multinomial theorem, and the second one is a variant of
Taylor's expansion theorem with the remainder expressed in Lagrange form (see,
e.g., [11, 12, 26]). Let m ∈ N. We say that a function f : Rn → R is of the class
Cm(S) where S ⊂ Rn if all of the (partial) derivatives of f up to order m exist and
are continuous at any point from S.

Theorem 1. For any x = (x1, . . . , xn) ∈ Rn and any positive integer k, the following
statement holds true

(x1 + · · ·+ xn)k =
∑
|p|=k

k!

p!
xp. (1)

Theorem 2. Suppose f : Rn → R is of class Cm+1 on an open convex set S. Let
a,h ∈ Rn. If a ∈ S and a + h ∈ S, then

f(a + h) =
∑
|p|≤m

∂pf(a)

p!
hp +Ra,m(h) (2)

where the remainder is given in Lagrange form by

Ra,m(h) =
∑

|p|=m+1

∂pf(a + ch)

p!
hp for some c ∈ (0, 1). (3)

3.1.2 Multivariate polynomials

Let m,n ∈ N, where n > 0, and let Dn,m = {p ∈ Nn | |p| ≤ m} be the set of
multi-indexes. For any i = 0, . . . ,m, we denote by

Ni =

(
i+ n− 1

n− 1

)
the number of distinct multi-indexes p of Dn,m with |p| = i. Obviously, the number
of elements of Dn,m is

N =
m∑
i=0

Ni.

For any p,q ∈ Dn,m, we write p ≺ q if |p| < |q|, or if |p| = |q| and there exists 1 ≤
i ≤ n such that pi < qi and pj = qj for any j > i. Obviously, for |p| = |q|, the order
≺ is de�ned as the reverse lexicographical order. The order is important to express
explicit formulas for the computation of the direct fuzzy transform components.

Example 1. Given p1 = (1, 0, 2, 1, 1), p2 = (1, 0, 1, 0, 2), p3 = (1, 2, 0, 1, 1) ∈ D5,5.
We see that |p1| = |p3| = 5, and |p2| = 4. Therefore, we have p2 ≺ p1 and p2 ≺ p3.
Moreover, it is easy to see that p3 ≺ p1. Hence, we obtain p2 ≺ p3 ≺ p1.
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In the sequel, to emphasize the linear order ≺ of elements of Dn,m, we use the
linearly ordered sequence p1 ≺ · · · ≺ pN .

A complex-valued n-variate polynomial of degree m is represented by

Pm(x) =
N∑
`=1

C`x
p` (4)

where C` ∈ C, p` ∈ Dn,m for any ` = 1, . . . , N , and pi ≺ pj for any i < j. The set
of all such polynomials of degrees at most equal to m will be denoted by Pn,m. It is
easy to see that Pn,m is a linear space with the dimension N .

Example 2. (a) A binary variate polynomial of degree 3 has the following form

p(x, y) = c1 + c2x+ c3y + c4x
2 + c5xy + c6y

2 + c7x
3 + c8x

2y + c9xy
2 + c10y

3.

(b) A ternary variate polynomial of degree 2 has the following form

p(x, y, z) = c1 + c2x+ c3y + c4z + c5x
2 + c6xy + c7y

2 + c8xz + c9yz + c10z
2.

3.2 Introduction to stochastic processes

Through out this subsection as well as this thesis, we use E and Var to denote
the expectation and the variance of a random variable, respectively. We also use
Cov and Cor to denote the covariance and the correlation of two random variables,
respectively. Let us recall that the variance, covariance and correlation can be de�ned
using the expectation as follows. Let X, Y be two complex-valued random variables
on the space (Ω,F , P ). Then,

Var(X) = E |X − E(X)|2 ,

Cov(X, Y ) = E
[
(X − E(X)) · (Y − E(Y ))

]
,

Cor(X, Y ) = E(XY ).

Consequently, Var(X) = Cov(X,X), Cov(X, Y ) = Cov(Y,X), Cor(X, Y ) =
Cor(Y,X) and Cov(X, Y ) = Cor(X, Y )− EX · EY .

3.2.1 Stochastic processes

Let T be an index set. A real (complex)-valued stochastic process (or random pro-
cess) of time t ∈ T , denoted by ξ(t), t ∈ T , is a family {ξ(t) | t ∈ T} where ξ(t) is a
real (complex)-valued random variable, for each t ∈ T . In this thesis, we restrict our
analysis to the class of continuous-time complex-valued stochastic processes ξ(t),
t ∈ R de�ned on a probability space (Ω,F , P ) where Ω is a sample space, F is a
σ-algebra on Ω, and P is a probability measure de�ned on F .
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The covariance function Υ and the correlation function Γ of a stochastic process
ξ(t), t ∈ R are bivariate functions respectively de�ned as follows:

Υ(t, s) = Cov(ξ(t), ξ(s)),

Γ(t, s) = Cor (ξ(t), ξ(s)) ,

for any t, s ∈ R. It is easy to see that Γ(t, s) = Γ(s, t), Υ(t, s) = Υ(s, t) and
Υ(t, s) = Γ(t, s)− E(ξ(t)) · E(ξ(s)).

Now, we briey introduce a special class of stochastic processes called stationary
processes. They are very important in time series analysis. There are two types of
stationarity consisting in weak stationarity and strict stationarity that are standar-
dly used in the theory of random processes. In this thesis, we restrict our analysis
to the former. Conventionally, we then omit the adjective \weak", and speak only
about the \stationarity"if no confusion can happen. For people interesting in the
strict stationarity, we refer to [51].

De�nition 1. A stochastic process ξ(t) is said to be a stationary process if for any
t ∈ R, the following statements are satis�ed

(i) E(ξ2(t)) <∞,

(ii) E(ξ(t)) is constant and independent on t,

(iii) Cor(ξ(t), ξ(t+ τ)) is independent on t for each τ .

By this de�nition, the correlation function Γ(t, s) of ξ(t) depends only on the
di�erence of two time moments, say s − t. Consequently, Γ can be considered as a
univariate function de�ned by

Γ(τ) = Cor(ξ(t), ξ(t+ τ)), τ ∈ R. (5)

Moreover, if E(ξ(t)) = 0 the covariance function of ξ(t) coincides with the correlation
function Γ(·).

Below, we introduce some classes of stationary processes that are very important
in time series analysis.

Example 3. (a) White noise process: A stochastic process ξ(t) is called a white
noise, denoted by ξ(t) ∼ WN(0, σ2), if

E(ξ(t)) = 0,Var(ξ(t)) = σ2, and Cor(ξ(t), ξ(s)) = 0 for all t 6= s.

(b) ARMA1 process: A stochastic process ξ(t) is said to be an ARMA process of
order ρ, % ≥ 1, denoted by ξ(t) ∼ ARMA(ρ, %), if

ξ(t) = ϕ+ ϕ1ξ(t− 1) + · · ·+ ϕρξ(t− ρ) + ε(t) + φ1ε(t− 1) + · · ·+ φ%ε(t− %)

1Autoregressive and moving average
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where

ϕ =

(
1−

ρ∑
j=1

ϕj

)
µ

with µ denoting the process mean, and ε(t) ∼ WN(0, σ2).

(c) AR and MA processes: A stochastic process ξ(t) is said to be an AR (au-
toregressive) process of order ρ ≥ 1 (or MA (moving average) process of order
% ≥ 1), denoted by AR(ρ) (or MA(%)), if it is de�ned by ARMA(ρ, 0), i.e., ξ(t) =
ϕ+ϕ1ξ(t−1)+ · · ·+ϕρξ(t−ρ)+ε(t) (or ARMA(0, %), i.e., ξ(t) = µ+ε(t)+φ1ε(t−
1) + · · ·+ φ%ε(t− %)).

Example 4. Let X1, . . . , XN be N random variables such that E(X`) = 0,Var(X`) =
σ2
` , and Cor(X`, Xk) = 0 for any `, k = 1, . . . , N , ` 6= k. Let ω1, . . . , ωN be real num-

bers. Then, the stochastic process ξ(t) de�ned by

ξ(t) =
N∑
`=1

X`e
iω`t (6)

where i is the imaginary unit, is a stationary process. Furthermore, its correlation
function is given by

Γ(τ) =
N∑
`=1

σ2
` e

iω`τ . (7)

Remark 1. Every stationary process can be approximated with arbitrary precision
by stationary processes in the form (6) (see [51]).

The following proposition states an important property of the correlation function
of a stationary process that is necessary for our analysis in Section 6.

Proposition 3. Let Γ(·) be the correlation function of a stationary process ξ(t). If
Γ(·) is continuous at the origin then it is uniformly continuous on R.

Proof: This can be found in [6]. 2

3.2.2 Mean-square integral

The aim of this subsection is to review de�nition and important properties of the
mean-square integral of a stochastic process.

Let us �rst recall the de�nitions of essential types of convergence of a sequence
of random variables.

De�nition 2. Let {Xn}∞n=1 be a sequence of random variables, and X be a random
variable de�ned on the probability space (Ω,F , P ). Then,

(i) {Xn}∞n=1 converges in mean-square to X, denoted by l.i.mn→∞Xn = X, if

lim
n→∞

E|Xn −X|2 = 0.
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(ii) {Xn}∞n=1 converges in probability to X, denoted by limn→∞Xn
P
= X, if, for any

ε > 0,

lim
n→∞

P {|Xn −X| > ε} = 0.

(iii) {Xn}∞n=1 almost surely converges to X, denoted by limn→∞Xn
a.s.
= X, if,

P
{

lim
n→∞

Xn = X
}

= 1.

Remark 2. By the Chebyshev inequality that

P {|Xn −X| > ε} ≤ E |Xn −X|2

ε2
,

the mean-square convergence implies the convergence in probability. However, it
does not imply the almost sure convergence, namely, as n→∞, an increasing ratio
of realizations of Xn gets close to the limit, but it allows some realizations to be far
from the limit.

Below, we show important properties of the mean-square convergence which are
used when providing the properties of the mean-square integral.

Lemma 4. Let {Xn}∞n=1 and {Yn}∞n=1 be two sequences of random variables, and let
us suppose that l.i.mn→∞Xn = X and l.i.mn→∞ Yn = Y . Then,

(i) E (l.i.mn→∞Xn) = EX,

(ii) E
(
l.i.mn→∞Xn

)
= EX,

(iii) E (l.i.mn→∞XnYn) = E(XY ).

Proof: The proof can be found in [23].

The convergence of random sequences can be extended to stochastic processes
as follows.

De�nition 3. Let ξ(t) and X be respectively a stochastic process and a random
variable on the probability space (Ω,F , P ), and put t0 ∈ R. Then,

(i) ξ(t) converges in mean-square to X as t tends to t0, denoted by l.i.mt→t0 ξ(t) =
X, if

lim
t→t0

E|ξ(t)−X|2 = 0,

(ii) ξ(t) converges in probability to X as t tends to t0, denoted by limt→t0 ξ(t)
P
= X,

if, for any ε > 0,

lim
t→t0

P {|ξ(t)−X| > ε} = 0,
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(iii) ξ(t) almost surely converges to X as t tends to t0, denoted by limt→t0 ξ(t)
a.s.
= X,

if,

lim
t→t0

P

{
lim
t→t0

ξ(t) = X

}
= 1.

Analogously, in this case, the relationships between the mean-square convergence
and the other ones are the same as in Remark 2.

Now, we recall de�nition of the mean-square integral of a stochastic process.

De�nition 4. Let ξ(t), t ∈ R be a stochastic process, and let a, b ∈ R, a < b. The
mean-square integral

I =

∫ b

a

ξ(t)dt (8)

(if it exists) is de�ned as the mean-square limit of random variables

In =
n∑
j=1

ξ(t′j)(tj+1 − tj)

in such a way that max{tj+1 − tj | j = 1, . . . , n} → 0 where a = t1 < t2 < · · · <
tn < tn+1 = b and tj ≤ t′j ≤ tj+1 holds for any j = 1, . . . , n.

A necessary and su�cient condition for the existence of (8) is the existence of
the double integral ∫ b

a

∫ b

a

Γ(t, s)dtds,

where Γ is the correlation functions of ξ(t) (see [23]). Therefore, in the sequel, when
considering the mean-square integral of random processes, we always assume that
the previous condition is satis�ed. Moreover, let us note that if the integral in (8)
exists then so does the integral ∫ b

a

ξ(t)f(t)dt,

for any continuous real-valued function f on [a, b].

In what follows, we provide essential properties of the mean-square integral that
are needed for our analysis in the subsequent sections.

Lemma 5. Let ξ(t) and η(t) be two random processes, let X be a random variable
and let f(t) and g(t) be two continuous real functions on [a, b] and [c, d], respectively.
The following statements are satis�ed

(i)
∫ b
a

[ξ(t) + η(t)] f(t)dt =
∫ b
a
ξ(t)f(t)dt+

∫ b
a
η(t)f(t)dt,

(ii)
∫ b
a
ξ(t) [f(t) + g(t)] dt =

∫ b
a
ξ(t)f(t)dt+

∫ b
a
ξ(t)g(t)dt, if [a, b] ⊂ [c, d],
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(iii)
∫ b
a
Xξ(t)f(t)dt = X

∫ b
a
ξ(t)f(t)dt,

(iv) E
(∫ b

a
ξ(t)f(t)dt

)
=
∫ b
a
E(ξ(t))f(t)dt,

(v) Cor
(∫ b

a
ξ(t)f(t)dt,

∫ d
c
η(t)g(t)dt

)
=
∫ b
a

∫ d
c
Cor (ξ(t), η(s)) f(t)g(t)dtds, if the

integral at the right side exists.

Proof: We will only prove the last statement. The rest can be found in [23, 51].

(v) Let a = t1 < t2 < · · · < tn < tn+1 = b and c = s1 < s2 < · · · < sm < sm+1 = d
be partitions of [a, b] and [c, d], respectively. For each 1 ≤ i ≤ n and 1 ≤ j ≤ m, let
t′i and s

′
j in such a way that ti ≤ t′i ≤ ti+1, sj ≤ s′j ≤ sj+1. We have

E

(
n∑
i=1

ξ(t′i)f(t′i)(ti+1 − ti) ·
m∑
j=1

η(s′j)g(s′j)(sj+1 − sj)

)
=

n∑
i=1

m∑
j=1

E
(
ξ(t′i)η(s′j)

)
f(t′i)g(s′j)(ti+1 − ti)(sj+1 − sj).

It follows from (ii) and (iii) of Lemma 4 that

E

(∫ b

a

ξ(t)f(t)dt ·
∫ d

c

η(t)g(t)dt

)
=

∫ b

a

∫ d

c

Cor (ξ(t), η(s)) f(t)g(t)dtds.

2

3.3 Basic concepts of time series analysis

In this thesis, we assume that a time series X is considered as a realization of a
stochastic process, i.e.,

X(t) = ξ(t,ω), t ∈ R,

where ξ(t) is a stochastic process and ω is an elementary event (ω ∈ Ω) of a
probability space (Ω,F , P ) on which ξ(t) is modeled.

3.3.1 Characteristics of time series

A time series, in general, exhibits a large number of constituents inuencing each
other. As it is di�cult to model a time series as a whole, it is useful to split it into
important categories of patterns that are more or less understandable. Traditionally,
we can group constituents appearing in a time series into four components characte-
rizing important properties of the time series, namely, trend, cycle, seasonality and
noise (irregular uctuation). The �rst one exists when there is a long-term increase
or decrease in data. The second exists when data exhibit rises and falls that are not
of �xed period. In practice, the trend and the cycle usually occur together and it is
di�cult to distinguish one from the other. Therefore, we usually join them together

19



and discuss about one component called trend-cycle. This component is standardly
modeled by a continuous function, say TC(t), that smoothly changes in its course.
The seasonality characterizes inuences of seasonal factors (e.g., the quarter of the
year, the month, or day of the week) to a time series. These e�ects are repeated and
of a �xed and known period. Consequently, this component is usually modeled by a
periodic function S(t) with a known period. Finally, the noise is a component that
reects irregular properties exhibiting in a time series. This component is usually
assumed to be a realization R(t) of a stationary process with bounded variance and
zero mean.

3.3.2 Decomposition models

Let X(t) be a time series containing three essential components as mentioned in
the previous subsection. Traditionally, there are two ways to model X(t) from its
components.

The �rst is to model X(t) as a sum of the trend-cycle, the seasonal component
and the noise:

X(t) = TC(t) + S(t) +R(t) (9)

This model, called additive decomposition model, is usually applied to time series
that the magnitudes of their seasonal uctuations do not clearly vary during the
time domain. The other way is called multiplicative decomposition model at which
X(t) is modeled as a product of its components, namely,

X(t) = TC(t) · S(t) ·R(t).

This model is suitable to time series whose the magnitudes of the seasonality clearly
vary according to time moments. However, it can be readily transformed into an
additive one by applying the logarithmic transformation, i.e.,

lnX(t) = TC?(t) + S?(t) +R?(t).

In this thesis, we restrict our analysis to the time series X(t) that is decomposed
into the additive decomposition model as is (9).

3.3.3 Box-Jenkins models

Box-Jenkins model is a combination of the autoregressive and moving average models
that were originally investigated by Yule in [52, 53, 54]. Box and Jenkins developed a
systematic methodology for identi�cation and estimation of models that incorporate
both approaches.

The autoregressive model AR(ρ) has the following form:

X(t) = ϕ+ ϕ1X(t− 1) + · · ·+ ϕρX(t− ρ) + ε(t)

where

ϕ =

(
1−

ρ∑
j=1

ϕj

)
µ
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with µ denoting the mean of the process, ϕ1, . . . , ϕρ are parameters, and ε(t) is a
realization of a white noise. An autoregressive model is simply a linear regression of
the current value of the series against one or more its prior values. The value of ρ
is called the order of the autoregressive model.

The moving average model MA(%) has the form

X(t) = µ+ ε(t) + φ1ε(t− 1) + · · ·+ φ%ε(t− %)

where µ and ε(t) have the same meaning as in the autoregressive model and φ1, . . . , φ%
are parameters. The value of % is called the order of the moving average model. The
model is conceptually a linear regression of the current value of the series against
the white noise or random shocks of one or more prior values of the series.

The Box-Jenkins model ARMA(ρ, %) is a combination of the AR(ρ) and MA(%)
models described by the formula

X(t) = ϕ+ ϕ1X(t− 1) + · · ·+ ϕρX(t− ρ) + ε(t) + φ1ε(t− 1) + · · ·+ φ%ε(t− %)

where the terms in this expression have the same meaning as the two previous
models. The Box-Jenkins model assumes that the time series is stationary. This is
one of the most important assumptions for applications of this model.

There are three primary stages in building a Box-Jenkins time series model con-
sisting in model identi�cation, model estimation and model validation. The aim of
model identi�cation stage is detecting the stationary property (di�erencing the time
series if necessary) and choosing the orders ρ and % of the model with the help
of autocorrelation and partial autocorrelation functions. The second stage is para-
meters estimation using maximum likelihood or non-linear least-squares estimation
methods. The last stage is checking whether the estimated model conforms to the
speci�cations of a stationary process. If the estimation is inadequate, we have to
return to the �rst stage and attempt to build a better model. For more details on
the methodology, we refer to [5].

3.4 Main concepts of fuzzy natural logic

Fuzzy Natural Logic (FNL) is, in general, a mathematical theory modeling terms
and rules that come with natural language and allow us to reason and argue in it.
Its important feature is that it copes with vagueness of the semantics of natural
language. In this section, we very briey remind some of the concepts of FNL used
in this thesis. Many details can be found in the book [31].

3.4.1 Evaluative linguistic expressions

Evaluative linguistic expressions are special expressions of natural language that are
used whenever we need to evaluate phenomena happening around the world (e.g.,
the course of development of some process, the manifestations of some property).
Due to the paper [28], their general form is the following syntactic structure:

〈linguistic hedge〉〈atomic evaluative expression〉, (10)
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where atomic evaluative expressions comprise any of the canonical adjectives small,
medium, big, and linguistic hedges are speci�c adverbs that make the meaning of the
atomic expressions more or less precise (e.g., extremely, signi�cantly, very, more or
less, roughly, etc). In the following analysis, the evaluative expressions are denoted
by script letters A , B, etc. An evaluative linguistic predication is

X is A ,

where X is a variable. Semantics of evaluative expressions is characterized with
respect to a set of contexts. In FNL, a context is characterized by a triplet w =
〈υL, υM , υR〉, where υL, υM , υR ∈ R and υL < υM < υR. These numbers characterize
the minimal, typically middle, and maximal values, respectively. By u ∈ w, we mean
u ∈ [υL, υS] ∪ [υS, υR].

3.4.2 Linguistic description and local perception

A linguistic description is a �nite set LD = {R1, . . . ,Rm} of fuzzy/linguistic IF-
THEN rules where each Rj is a special conditional clause of natural language of the
form

Rj := IF X is Aj THEN Y is Bj (11)

where Aj and Bj are evaluative expressions and j = 1, . . . ,m. The linguistic pre-
dications \X is Aj"and \Y is Bj"are respectively called antecedent and consequent
of the rule Rj.

Let us consider a set of evaluative expressions {A1, . . . ,Am} and a context w.
Then a local perception (LPerc) is an evaluative expression assigned to each given
value x in the context w, x ∈ w. More precisely,

LPerc(x,w) ∈ {A1, . . . ,Am},

and is a sharpest (with respect to a special ordering) evaluative expression that
characterizes the value x in the context w. For example, let us consider the context
w = 〈0, 15, 40〉. Then LPerc(1.5, w) = extremely small or LPerc(1.5, w) = very small
depending on the given set of evaluative expressions. More details about how to
determine the sharpest evaluations can be found in [7, 13, 49]) or in the book [31].
The concept of local perception can be used to learn fuzzy/linguistic IF-THEN rules
from a given data [7].

3.4.3 Perception-based logical deduction (PbLD)

Let LD be a linguistic description and w,w′ be contexts for the variables X and Y ,
respectively. Assume that x0 is an observation of variable X, x0 ∈ w. The PbLD
method provides a rule R ∈ LD whose antecedent characterizes x0 in the context
w in the best way and a value y0 that is the best value of Y characterized by a
consequent of R. Formally,

rPbLD :
LPerc(x0, w),LD

R, y0

.

The detailed description and justi�cation of PbLD can be found in the book [31].
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4 General theory of fuzzy transform

In this section, we provide a general theory of the fuzzy transform (Fm-transform,
m ∈ N) that is an extension of investigations in [40, 16] for univariate case and
[15] for bivariate case. Unlike the mentioned ones, we investigate the theory of the
Fm-transform applied to complex-valued n-variate functions, n ≥ 1. Especially, we
propose a new representation of the direct Fm-transform components that helps us
to overcome the disadvantages of the original that was mentioned in Section 1. As
a result, we simply prove various theorems indicating essential properties of the
Fm-transform, and illustrate them by numerical examples.

4.1 Fuzzy partition

The fuzzy partition of a closed real interval or the real line R is a core of the theory
of the F-transform of univariate functions proposed in [38]. Its original de�nition
requires satisfaction of the Ruspini condition. Namely, a set of fuzzy sets on R, say
A = {Az | z ∈ Z}, is said to be a fuzzy partition of the real line R if∑

z∈Z

Az(t) = 1, for any t ∈ R. (12)

Its �rst generalization under the name of r-fuzzy partition was done in [44] by a
modi�cation of the Ruspini condition (12) to the requirement that∑

z∈Z

Az(t) = r, for any t ∈ R.

At the present time, there are additionally various types of fuzzy partitions that
were introduced not only for univariate but also for bivariate cases such as: genera-
lized fuzzy partition in [15], generalized uniform fuzzy partition in [19], adjoint fuzzy
partition in [42], etc,. Some of them are even de�ned without the Ruspini condition.
In the multivariate case, a fuzzy partition of the plane R2 or its rectangle sets (i.e.,
Cartesian product of two closed real intervals) was �rst used in [48], where its basic
functions (i.e., fuzzy sets of the fuzzy partition) are de�ned by the product of two
respective basic functions of two univariate fuzzy partitions. A fuzzy partition of Rn

that is an extension of the generalized uniform fuzzy partition on the basis of the
approach introduced in [48] was proposed in [21] with the ful�llment of the Ruspini
condition. In this case, the basic functions are copies of a rescaled fuzzy set obtained
from a generating functions on Rn.2 For the purposes of this section or further of
this thesis, we introduce a new type of fuzzy partitions of Rn based on the approach
provided in [21]. We avoid, however, the Ruspini condition and replace it by the
overlapping condition.

De�nition 5. A function K : R → [0, 1] is said to be a generating function on R
if K is a continuous, even, non-increasing in [0,∞), and satis�es that K(t) > 0 i�
t ∈ (−1, 1).

2The de�nition of the generating function will be introduced in De�nition 6 under the name of
simple generating function on Rn.
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Below, we introduce two basic generating functions on R that are frequently used
in the practice.

Example 5. Let Ktr, Krc : R→ [0, 1] be functions de�ned by

Ktr(t) = max(1− |t|, 0)

Krc(t) =

{
1
2
(1 + cos(πt)), −1 ≤ t ≤ 1;

0, otherwise,

for any t ∈ R. These functions are called the triangle and raised cosine generating
functions on R, respectively.

In the following example, we additionally introduce a special class of generating
functions on R called B-spline generating functions that was proposed in [24]. When
considering the Fm-transform with a generating function of this type, we can achieve
interesting properties (especially, approximation properties). For more details about
this investigation, we refer to [24, 25].

Example 6. Let us de�ne a rectangular pulse β0 as follows:

β0(t) =


1, −1

2
< t < 1

2
,

1
2
, |t| = 1

2
,

0, otherwise.

(13)

A central B-spline of degree p, (p ≥ 1) denoted by βp is constructed from the (p+1)-
fold convolution of the rectangular pulse β0:

βp(t) = β0 ? β0 ? · · · ? β0(t)︸ ︷︷ ︸
(p+1) times

. (14)

A B-spline generating function of degree p is denoted by Kbs,p(t) and de�ned by
rescaling the support of βp(t), precisely,

Kbs,p(t) = βp
(

(p+ 1) · t
2

)
. (15)

Obviously, Kbs,1(t) = Ktr(t).

De�nition 6. Given n generating functions K1, . . . , Kn on R. A function Kn :
Rn → [0, 1] de�ned by

Kn(x) = Kn(x1, . . . , xn) =
n∏
j=1

Kj(xj), (16)

is called a simple generating function on Rn.
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Example 7. Let K,H,L : R2 → [0, 1] be functions de�ned by

K(x, y) = Ktr(x) ·Ktr(y),

H(x, y) = Krc(x) ·Krc(y),

L(x, y) = Ktr(x) ·Krc(y).

These are simple generating functions on R2 formed by the triangle and raised cosine
generating functions.

De�nition 7. Let Kn be a simple generating function on Rn. Let a point t0 =
(t1, . . . , tn) in Rn and two n-tuples of positive real numbers h = (h1, . . . , hn), r =
(r1, . . . , rn) be given. A set A = {A[h, r, t0, z] | z ∈ Zn} of fuzzy sets on Rn deter-
mined by

A[h, r, t0, z](x) = Kn

(
x− t0 − zr

h

)
, (17)

is said to be a simple fuzzy partition of Rn determined by the quadruplet (Kn,h, r, t0)
if for any point x ∈ Rn, there exists z ∈ Zn such that A[h, r, t0, z](x) > 0. The
fuzzy set A[h, r, t0, z] is called the z-th basic function of the fuzzy partition. The
parameters h, r and t0 are called the bandwidth, shift and central node, respectively.
Furthermore, the fuzzy partition is called a uniform fuzzy partition of Rn if h1 =
· · · = hn and r1 = · · · = rn.

(a) (b)

(c)

Figure 1: A part of simple fuzzy partitions determined by the triplets
(K, (1.5, 1), (2, 1.5)) (top-left corner), (H, (1.5, 1.5), (1, 1.5)) (top-right corner) and
(L, (1.5, 1), (2, 1.5)) (bottom).

Obviously, the position of the central node t0 does not inuence on the theoretical
results concerning the Fm-transform. Therefore, for the sake of simplicity, we restrict
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our investigation to simple fuzzy partitions of Rn with t0 = (0, . . . , 0). Furthermore,
we omit t0 in A[h, r, t0, z] and write only A[h, r, z]. The same simpli�cation is used
for the triplet (Kn,h, r, t0). Finally, from now on, A denotes a simple fuzzy partition
of Rn determined by the triplet (Kn,h, r).

In Figure 1, we display three parts of simple fuzzy partitions of R2 determi-
ned with respect to the simple generating functions K(x, y), H(x, y) and L(x, y),
mentioned in Example 7.

Remark 3. Any simple fuzzy partition of the real line R is a uniform fuzzy partition.

Additionally, in Figure 2, we display two parts of triangle and B-spline of degree
p = 3 uniform fuzzy partitions of the real line R. Let us remark that these fuzzy
partitions do not satisfy the Ruspini condition.

(a) (b)

Figure 2: A part of uniform fuzzy partitions determined by the triplets (Ktr, 3, 1)
(left side) and (Kbs,3, 2, 2) (right side).

4.2 Weighted Hilbert space

Let L2
loc(Rn) be a set of all complex-valued n-variate functions f de�ned on Rn

satisfying ∫
I

|f(x)|2dx =

∫
I

|f(x1, . . . , xn)|2dx1 · · · dxn <∞,

for any compact set I ⊂ Rn. Let A[h, r, z] be the z-th basic function of a simple
fuzzy partition of Rn, and let Uz = SuppA[h, r, z]. Let us note that, in this thesis
we consider the support of a fuzzy set A on Rn as an Euclidean closure of the set
{x ∈ Rn | A(x) 6= 0}. Consequently, Uz is a compact set. Let L2(A[h, r, z]) be the
set of complex-valued n-variate functions f de�ned on Uz such that∫

Uz

|f(x)|2dx =

∫
Uz

|f(x1, . . . , xn)|2dx1 · · · dxn <∞.
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De�ne on L2(A[h, r, z]) an operator 〈·, ·〉A[h,r,z] : L2(A[h, r, z]) × L2(A[h, r, z]) → C
as follows:

〈f, g〉A[h,r,z] =

∫
Uz

f(x)g(x)A[h, r, z](x)dx

=

∫
Uz

f(x1, . . . , xn)g(x1, . . . , xn)A[h, r, z](x1, . . . , xn)dx1 · · · dxn (18)

where g(x) denotes the conjugate of g(x). The operator forms an inner product
in L2(A[h, r,k]). Namely, for any f, g, ϕ ∈ L2(A[h, r,k]) and c ∈ C, the following
statements hold true

(i) 〈f, g〉A[h,r,z] = 〈g, f〉A[h,r,z],

(ii) 〈f + g, ϕ〉A[h,r,z] = 〈f, ϕ〉A[h,r,z] + 〈g, ϕ〉A[h,r,z],

(iii) 〈c · f, g〉A[h,r,z] = c · 〈f, g〉A[h,r,z],

(iv) 〈f, f〉A[h,r,z] ≥ 0,

(v) 〈f, f〉A[h,r,z] = 0 i� f = 0.

Furthermore, L2(A[h, r, z]) equipped by the inner product 〈·, ·〉A[h,r,z] is a Hilbert
space. We call L2(A[h, r, z]) the weighted Hilbert space with respect to the basic
function A[h, r, z]. The norm determined by the inner product in L2(A[h, r, z]) is
given by

||f ||A[h,r,z] =
√
〈f, f〉A[h,r,z]. (19)

In the special case when h = r = 1 and z = 0, i.e., A[1,1,0] = Kn, we use L2(Kn)
and 〈·, ·〉Kn to simply denote the weighted Hilbert space L2(A[1,1,0]) and its inner
product, respectively.

In the sequel, for the sake of simplicity, we use 〈·, ·〉z and ‖ · ‖z instead of
〈·, ·〉A[h,r,z] and || · ||A[h,r,z], respectively, if no confusion can happen. The ortho-
gonality in L2(A[h, r, z]) is then denoted by ⊥z, correspondingly. Moreover, since
the restriction on Uz of any function in L2

loc(Rn) belongs to L2(A[h, r, z]), the inner
product 〈f |Uz , g|Uz〉z is well de�ned, for any f, g ∈ L2

loc(Rn). Again, if no confusion
can happen, when dealing with 〈·, ·〉z and ‖ · ‖z, we agree that their arguments are
restricted to Uz.

To close this subsection, we recall the orthogonal decomposition theorem that is
important in the construction of the theory of the Fm-transform.

Theorem 6. Let f ∈ L2(A[h, r, z]) and F a closed linear subspace of L2(A[h, r, z]).
Then, there exists an unique function g ∈ F such that (f − g)⊥zF . Furthermore,
‖f − g‖z ≤ ‖f − ϕ‖z for any ϕ ∈ F .
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4.3 Direct fuzzy transform

Let A = {A[h, r, z] | z ∈ Zn} be a simple fuzzy partition of Rn. For any z ∈ Zn,
let us denote by Pn,m,z the set of n-variate polynomials de�ned on Uz (the support
of the z-th basic function A[h, r, z]) that are restrictions to Uz of polynomials in
Pn,m. It is easy to see that Pn,m,z is a linear subspace of L2(A[h, r, z]). The direct
fuzzy transform of degree m, m ∈ N, of a function f ∈ L2

loc(Rn) with respect to A
is de�ned on the basis of orthogonal projections of f on Pn,m,z in the sense of the
inner products 〈·, ·〉z for z ∈ Zn.
De�nition 8. Let A = {A[h, r, z] | z ∈ Zn} be a simple fuzzy partition of Rn and
f be a function in L2

loc(Rn). The direct fuzzy transform of degree m, m ∈ N (direct
Fm-transform) of f with respect to A, denoted by FmA [f ], is the following set:

FmA [f ] = {Fm
z [f ] ∈ Pn,m,z | (f − Fm

z [f ])⊥zPn,m,z, z ∈ Zn} . (20)

The n-variate polynomial denoted by Fm
z [f ] is called the z-th component of the direct

Fm-transform of f .

In addition to the notation introduced in the previous de�nition, we use also
Fmh [f ] and Fm(Kn,h)[f ] to denote the direct Fm-transform of a function f if we would
like to emphasize the bandwidth or both of the bandwidth and generating function
of the used fuzzy partition. Correspondingly, we also use Fm

z,h[f ] and Fm
z,(Kn,h)[f ] to

denote the z-th component of the direct Fm-transform of f .

A straightforward consequence of Theorem 6 is the following lemma, which shows
that the direct Fm-transform components provide the best approximations, in the
sense of the norms in form of (19), of the given function on the region covered by
the corresponding basic functions.

Lemma 7. Let A = {A[h, r, z] | z ∈ Zn} be a simple fuzzy partition of Rn, f ∈
L2
loc(Rn), and let FmA [f ] be the direct Fm-transform of f with respect to A. Then,

‖f − Fm
z [f ]‖z ≤ ‖f − P‖z,

for any P ∈ Pn,m,z, z ∈ Zn.

The following corollary is a straightforward consequence of the lemma.

Corollary 8. Let A = {A[h, r, z] | z ∈ Zn} be a simple fuzzy partition of Rn,
P ∈ Pn,m, and let FmA [P ] be the direct Fm-transform of P with respect to A. Then,
Fm
z [P ] = P |Uz, for any z ∈ Zn.

The next lemma states that a higher quality of the local approximations of a
function by its direct fuzzy transform components can be achieved by increasing the
degree m of the Fm-transform.

Lemma 9. Let A = {A[h, r, z] | z ∈ Zn} be a simple fuzzy partition of Rn, f ∈
L2
loc(Rn), and let m1,m2 ∈ N, m1 ≤ m2. Let Fm1

A [f ] and Fm2
A [f ] be the direct Fm1-

and Fm2-transform of f with respect to A, respectively. Then,

‖f − Fm2
z [f ]‖z ≤ ‖f − Fm1

z [f ]‖z,

for any z ∈ Zn.

28



Proof: This is a straightforward consequence of the fact that Pn,m1,z ⊆ Pn,m2,z

for any z ∈ Zn. 2

It is well known that the direct Fm-transform of real function is a linear mapping.
Naturally, the linearity property holds also for the multivariate case.

Lemma 10. Let A = {A[h, r, z] | z ∈ Zn} be a simple fuzzy partition of Rn. Let
f, g ∈ L2

loc(Rn), a, b ∈ C, and let FmA [f ], FmA [g] and FmA [af + bg] be the direct Fm-
transform of f , g and af + bg with respect to A, respectively. Then,

Fm
z [af + bg] = aFm

z [f ] + bFm
z [g]

for any z ∈ Zn.

Proof: By De�nition 8, it is su�cient to prove that

[af + bg − (aFm
z [f ] + bFm

z [g])]⊥zPn,m,z.

Indeed, for any P ∈ Pn,m,z, we have

〈af + bg − (aFm
z [f ] + bFm

z [g]), P 〉z = 〈af − aFm
z [f ], P 〉z + 〈bg − bFm

z [g], P 〉z
= a〈f − Fm

z [f ], P 〉z + b〈g − Fm
z [g], P 〉z

= 0

which implies the desired statement. 2

In [40] and also [15], the direct Fm-transform components are computed using
orthogonal bases of Pn,m,z, z ∈ Zn obtained by the Gram{Schmidt orthogonalization
process in the respective weighted Hilbert spaces. However, this approach requires
us to repeat the process for the computation of each the direct Fm-transform com-
ponent. Moreover, the obtained orthogonal polynomials have complicated forms.
Therefore, it seems to be less favorable for the practical applications as well as theo-
retical investigations of the Fm-transform when considering higher degrees, (m > 1).
In the following part, we provide another approach to representation of the direct
Fm-transform components using monomial bases of Pn,m,z, z ∈ Zn that helps us to
overcome the mentioned inconvenience.

Let A = {A[h, r, z] | z ∈ Zn} be a simple fuzzy partition of Rn determined by the
triplet (Kn,h, r). For any z ∈ Zn, let tz = zr = (z1r1, . . . , znrn), and N = dimPn,m
(it is easy to see that dimPn,m = dimPn,m,z). It is well known that the set

{(x− tz)
p1 , . . . , (x− tz)

pN} (21)

forms a basis of the space Pn,m,z. Let us recall that p1 ≺ · · · ≺ pN , assumed in
Subsection 3.1.2.

In the following parts of this section, we use U and Uz to denote the supports of
the generating function Kn and the z-th basic function A[h, r, z], respectively. Let
us note that U and Uz are compact set in Rn.

In the following theorem, we derive the component Fm
z [f ] on the basis of the mo-

nomial basis (21) of Pn,m,z. However, we �rst need to prove the following important
lemma.
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Lemma 11. Let Kn be a simple n-variate generating function, and let a square
matrix Zn,m3 be de�ned as follows:

Zn,m =


〈xp1 ,xp1〉Kn 〈xp1 ,xp2〉Kn . . . 〈xp1 ,xpN 〉Kn

〈xp2 ,xp1〉Kn 〈xp2 ,xp2〉Kn . . . 〈xp2 ,xpN 〉Kn

· · · · · · . . . · · ·
〈xpN ,xp1〉Kn 〈xpN ,xp2〉Kn . . . 〈xpN ,xpN 〉Kn

 , (22)

where

〈xpi ,xpj〉Kn =

∫
U

xpi+pjKn(x)dx,

for any i, j = 1 . . . , N . Then, Zn,m is a real and invertible matrix.

Proof: It is easy to see that Zn,m is a real matrix. For simplicity, put Z = Zn,m.
The matrix Z is invertible if its rows are linearly independent. For any ` = 1, . . . , N ,
denote by Z` the `-th row of Z. Let us assume that there exists the row Z`0 such
that

Z`0 = c1Z1 + · · ·+ c`0−1Z`0−1 + c`0+1Z`0+1 + · · ·+ cNZN

holds for certain c1, . . . , cr0−1, cr0+1, . . . , cN ∈ R. Then, for any j = 1, . . . , N , we have

〈xp`0 ,xpj〉Kn =
N∑
i=1
i6=`0

ci〈xpi ,xpj〉Kn .

By the linearity property of the inner product, we obtain

〈xp`0 ,xpj〉Kn =
〈 N∑

i=1
i 6=`0

cix
pi ,xpj

〉
Kn .

It follows that

〈 N∑
i=1
i6=`0

cix
pi − xp`0 ,xpj

〉
Kn = 0 for any j = 1, . . . , N.

Hence,
N∑
i=1
i 6=`0

cix
pi − xp`0

belongs to the orthogonal complement of Span{xp1 , . . . ,xpN}, the linear subspace
generated by the basis {xp1 , . . . ,xpN}. However,

N∑
i=1
i 6=`0

cix
pi − xp`0 ∈ Span{xp1 , . . . ,xpN}.

3This is a N ×N matrix where N = dimPn,m. Therefore, we use Zn,m to denote this matrix.
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Therefore,
N∑
i=1
i6=`0

cix
pi − xp`0 = 0.

But this is a contradiction with the linear independence of monomials xp1 , . . . ,xpN .
2

Theorem 12. Let f ∈ L2
loc(R), and let A be a simple fuzzy partition of Rn deter-

mined by a triplet (Kn,h, r). Then, the z-th component of the direct Fm-transform
of f with respect to A has the following form

Fm
z [f ](x) = Cz,1(x− tz)

p1 + · · ·+ Cz,N(x− tz)
pN (23)

determined by

(Cz,1, . . . , Cz,N)T = (Hn,m)−1 · (Zn,m)−1 · Yn,m,z (24)

where Hn,m = diag(hp1 , . . . ,hpN ), Zn,m is N × N matrix de�ned in (22), and
Yn,m,z = (Yz,1, . . . , Yz,N)T is de�ned by

Yz,` =

∫
U

f(hx + tz) · xp`Kn(x)dx, (25)

for ` = 1, . . . , N .

Proof: From De�nition 8 and the fact that {(x− tz)
p1 , . . . , (x− tz)

pN} is a basis
of the linear space Pn,m,z, the z-th component of the direct Fm-transform of f have
the form of (23). Furthermore, we have

(f(x)− Fm
z [f ](x))⊥z(x− tz)

p` for any ` = 1, . . . , N.

By the linearity property of the inner product, we obtain

〈Fm
z [f ](x), (x− tz)

p`〉z = 〈f(x), (x− tz)
p`〉z

for any ` = 1, . . . , N . Substituting Fm
z [f ](x) into the previous equation, we �nd that

Cz,1〈(x− tz)
p1 , (x− tz)

p`〉z + · · ·+ Cz,N〈(x− tz)
pN , (x− tz)

p`〉z
= 〈f(x), (x− tz)

p`〉z (26)

for any ` = 1, . . . , N . Put 1 = (1, . . . , 1). Then, for any j, ` = 1, . . . , N , it holds that

〈(x− tz)
pj , (x− tz)

p`〉z =

∫
Uz

(x− tz)
pj+p`Kn

(
x− tz

h

)
dx

= h1hpj+p`

∫
U

xpj+p`Kn(x)dx

= h1hpj+p`〈xpj ,xp`〉Kn ,
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and similarly

〈f(x), (x− tz)
p`〉z =

∫
Uz

f(x) · (x− tz)
p`Kn

(
x− tz

h

)
dx

= h1hp`

∫
U

f(hx + tz) · xp`Kn(x)dx

= h1hp`Yz,`.

Hence, the equation (26) can be rewritten as follows:

Cz,1h
p1〈xp1 ,xp`〉Kn + · · ·+ Cz,Nh

pN 〈xpN ,xp`〉Kn = Yz,`.

Since 〈xpj ,xp`〉Kn = 〈xp` ,xpj〉Kn for any j, ` = 1, . . . , N , we �nd that

Cz,1h
p1〈xp` ,xp1〉Kn + · · ·+ Cz,Nh

pN 〈xp` ,xpN 〉Kn = Yz,`

for any ` = 1, . . . , N . This system of linear equations can be expressed in the matrix
form as follows:

Zn,m · Hn,m · (Cz,1, . . . , Cz,N)T = Yn,m,z,

where Zn,m is de�ned in (22), Hn,m = diag(hp1 , . . . ,hpN ), Yn,m,z = (Yz,1, . . . Yz,N)T .
Since the matrices Zn,m and Hn,m are invertible (see Lemma 11), we obtain

(Cz,1, . . . , Cz,N)T = (Hn,m)−1 · (Zn,m)−1 · Yn,m,z

and the proof is �nished. 2

Lets us remark that in practice, we usually deal with functions determined on
bounded regions of Rn. As a result, we only deal with a part of a simple uniform
fuzzy partition of Rn that consists in �nite number of basic functions. Algorithm 1
employs such a situation.

Algorithm 1 Computation of the direct Fm-transform

Input:
n-variate function f de�ned on a bounded region E ⊂ Rn;
A part

{
A[h, r, z1], A[h, r, z2], . . . , A[h, r, zp]

}
of the generalized uniform fuzzy

partition of Rn determined by the triplet (Kn,h, r);

Computation:
Compute matrix Zn,m according to (22).
for j = 1 to p do
Compute matrix Yn,m,zj = (Yzj ,1, . . . , Yzj ,N)T according to (25);
Compute coe�cients Czj ,1, . . . , Czj ,N according to (24);
Determine the zj-th component Fm

zj
[f ] by (23);

end for

print Direct Fm-transform components: Fm
z1

[f ], . . . , Fm
zp [f ]

In what follows, we provide several statements characterizing local approximation
of the complex-valued functions and their derivatives by the direct Fm-transform
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components. It should be noted that the approximation properties of bivariate Fm-
transform components computed from the orthogonal bases was proved in [15] with
the help of the approximation of integrals (trapezoidal rule). However, the use of the
orthogonal bases make their proofs very complex and di�cult to verify, especially,
the proof for higher order (partial) derivatives. Below, one can see that the new
approach of the representation of the direct Fm-transform components (based on
monomials bases) makes the proofs simpler even for more general case (n-variate
case).

Since each complex-valued n-variate function f can be written as follows:

f(x) = Re(f)(x) + i · Im(f)(x),

where i is the imaginary unit, and Re(f) and Im(f) are the real and imaginary parts,
respectively, and the direct Fm-transform holds the linearity property, we start our
investigation with the determination of the upper bound for the approximation of
(partial) derivatives of real-valued n-variate functions.

For any compact set I (I ⊂ Rn), and m ∈ N, let us denote by Cm(I) the
set of all n-variate real-valued functions that are m-times di�erentiable on I and
their (partial) derivatives are continuous. Let f be an n-variate real-valued function,
f ∈ Cm(I). Put

‖∂mf‖I = sup {|∂pf(x)| | x ∈ I, |p| = m} . (27)

Theorem 13. Let A = {A[h, r, z] | z ∈ Zn} be a simple fuzzy partition of Rn de-
termined by a triplet (Kn,h, r). Let m ∈ N, z ∈ Zn, q ∈ Dn,m

4, and let f be a
real-valued n-variate function belonging to Cm+1(Uz). Let F

m
z [f ] be the z-th compo-

nent of the direct Fm-transform of f with respect to A. Then, for any x ∈ Rn such
that A[h, r, z](x) 6= 0, it holds that

|∂qf(x)− ∂qFm
z [f ](x)| ≤[

(m+ 1)!

(m− |q|+ 1)!
+ (Mn)|q| ·Θ(q, n,N,Kn)

]
· ‖∂

m+1f‖Uz

(m+ 1)!
· (nhmax)m−|q|+1,

where

M =
hmax

hmin

=
max{h1, . . . , hn}
min{h1, . . . , hn}

,

Θ(q, n,N,Kn) =
N∑

`,j=1
q≤p`

(p`)!

(p` − q)!
· |V`j|

∫
U

|u|pjKn(u)du

with (Vij)i,j=1,N = (Zn,m)−1.

Proof: By the assumption that f ∈ Cm+1(Uz), we obtain the Taylor's expansion
of f for any x ∈ Rn such that A[h, r, z](x) 6= 0 as follows:

f(x) =
∑
|p|≤m

∂pf(tz)

p!
(x− tz)

p +Rm(x), (28)

4Dn,m is de�ned in Subsection 3.1.2.
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where Rm(x) is the Lagrange's remainder given by

Rm(x) =
∑

|p|=m+1

∂pf(tz + θx(x− tz))

p!
(x− tz)

p for some θx ∈ (0, 1).

By the linearity property of direct Fm-transform and Corollary 8, we obtain

Fm
z [f ](x) =

∑
|p|≤m

∂pf(tz)

p!
(x− tz)

p + Fm
z [Rm](x).

It follows that

∂qFm
z [f ](x) =

∑
|p|≤m

∂pf(tz)

p!
∂q(x− tz)

p + ∂qFm
z [Rm](x)

=
∑

|p|≤m,q≤p

∂pf(tz)

(p− q)!
(x− tz)

p−q + ∂qFm
z [Rm](x). (29)

By ∂qf(x) that belongs to Cm−|q|+1, we obtain its Taylor's expansion as follows:

∂qf(x) =
∑

|p|≤m−|q|

∂p(∂qf)(tz)

p!
(x− tz)

p +Rm−|q|(x) (30)

where

Rm−|q|(x) =
∑

|p|=m−|q|+1

∂p(∂qf)(tz + θ′x(x− tz))

p!
(x− tz)

p

for some θ′x ∈ (0, 1). Moreover, by∑
|p|≤m,q≤p

∂pf(tz)

(p− q)!
(x− tz)

p−q =
∑

|p|≤m−|q|

∂p(∂qf)(tz)

p!
(x− tz)

p,

we obtain

|∂qf(x)− ∂qFm
z [f ](x)| ≤

∣∣Rm−|q|(x)
∣∣+ |∂qFm

z [Rm](x)| . (31)

In addition, we have∣∣Rm−|q|(x)
∣∣ ≤ ∑

|p|=m−|q|+1

|∂p(∂qf)(tz + θ′x(x− tz))|
p!

|x− tz|p

≤ ‖∂m+1f‖Uz

∑
|p|=m−|q|+1

hp

p!

=
‖∂m+1f‖Uz

(m− |q|+ 1)!
(h1 + · · ·+ hn)m−|q|+1

≤ ‖∂m+1f‖Uz

(m− |q|+ 1)!
(nhmax)m−|q|+1. (32)
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In what follows, we derive an upper bounded of the expression |∂qFm
z [Rm](x)|.

Indeed, we have

Fm
z [Rm](x) =

N∑
`=1

Cz,`(x− tz)
p`

where (Cz,1, . . . , Cz,N)T = (Hn,m)−1 · (Zn,m)−1 · Yn,m,z de�ned in Theorem 12. It
follows that

∂qFm
z [Rm](x) =

N∑
`=1
q≤p`

Cz,`
(p`)!

(p` − q)!
(x− tz)

p`−q. (33)

Furthermore, we obtain

|∂qFm
z [Rm](x)| ≤

N∑
`=1
q≤p`

|Cz,`|
(p`)!

(p` − q)!
|x− tz|p`−q . (34)

Moreover, it is easy to see that

|Cz,`| ≤
1

hp`
·
N∑
j=1

|V`j · Yz,j|.

By replacing this inequality into (34), we obtain

|∂qFm
z [Rm](x)| ≤ 1

hq

N∑
`=1
q≤p`

(p`)!

(p` − q)!

∣∣∣∣x− tz
h

∣∣∣∣p`−q · N∑
j=1

|V`j · Yz,j|

≤ 1

hq

N∑
`=1
q≤p`

(p`)!

(p` − q)!
·
N∑
j=1

|V`j · Yz,j|

=
1

hq

N∑
`,j=1
q≤p`

(p`)!

(p` − q)!
· |V`j · Yz,j| (35)

In addition, we have

|Yz,j| =
∣∣∣∣∫
U

Rm(hu + tz) · upjKn(u)du

∣∣∣∣
=

∣∣∣∣∣∣
∫
U

∑
|p|=m+1

∂pf(tz + θhu+tz · hu)

p!
(hu)pupjKn(u)du

∣∣∣∣∣∣
≤

∑
|p|=m+1

hp

p!

∫
U

|∂pf(tz + θhu+tz · hu)| |u|p|u|pjKn(u)du

≤
∑

|p|=m+1

hp

p!
‖∂m+1f‖Uz

∫
U

|u|pjKn(u)du

=
(h1 + · · ·+ hn)m+1

(m+ 1)!
‖∂m+1f‖Uz

∫
U

|u|pjKn(u)du.
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It follows from the previous inequality that

|Z`jVz,j|
hq

≤ (nhmax)m+1

hq(m+ 1)!
‖∂m+1f‖Uz · |V`j|

∫
U

|u|pjKn(u)du

≤ (hmax, . . . , hmax)q(hmax)m−|q|+1nm+1

(hmin, . . . , hmin)q(m+ 1)!
‖∂m+1f‖Uz · |V`j|

∫
U

|u|pjKn(u)du

≤ (hmax)m−|q|+1M |q|nm+1

(m+ 1)!
‖∂m+1f‖Uz · |V`j|

∫
U

|u|pjKn(u)du

where hmin = min{h1, . . . , hn}. By substituting this inequality into (35), we obtain

|∂qFm
z [Rm](x)| ≤
N∑

`,j=1
q≤p`

(p`)!

(p` − q)!
· (hmax)m−|q|+1M |q|nm+1

(m+ 1)!
‖∂m+1f‖Uz · |V`j|

∫
U

|u|pjKn(u)du

=
(hmax)m−|q|+1M |q|nm+1

(m+ 1)!
‖∂m+1f‖Uz ·

N∑
`,j=1
q≤p`

(p`)!

(p` − q)!
· |V`j|

∫
U

|u|pjKn(u)du

=
(hmax)m−|q|+1M |q|nm+1

(m+ 1)!
‖∂m+1f‖Uz ·Θ(q, n,N,Kn). (36)

From (31), (32) and (36), we obtain

|∂qf(x)− ∂qFm
z [f ](x)| ≤ ‖∂m+1f‖Uz

(m− |q|+ 1)!
· (nhmax)m−|q|+1

+
(hmax)m−|q|+1M |q|nm+1

(m+ 1)!
‖∂m+1f‖Uz ·Θ(q, n,N,Kn)

=

[
(m+ 1)!

(m− |q|+ 1)!
+ (Mn)|q| ·Θ(q, n,N,Kn)

]
· ‖∂

m+1f‖Uz

(m+ 1)!
· (nhmax)m−|q|+1,

and the proof is �nished. 2

Now, we provide an upper bound for the local approximation of (partial) deri-
vatives of a complex-valued n-variate function using the direct Fm-transform com-
ponents. The result is a corollary of the previous theorem.

Corollary 14. Let A = {A[h, r, z] | z ∈ Zn} be a simple fuzzy partition of Rn de-
termined by a triplet (Kn,h, r). Let m ∈ N, z ∈ Zn, q ∈ Dn,m, and let f ∈ L2

loc(Rn)
be a function such that its real and imaginary parts belong to Cm+1(Uz). Let F

m
z [f ]

be the z-th component of the direct Fm-transform of f with respect to A. Then, for
any x ∈ Rn such that A[h, r, z](x) 6= 0, it holds that

|∂qf(x)− ∂qFm
z [f ](x)| ≤[

(m+ 1)!

(m− |q|+ 1)!
+ (Mn)|q| ·Θ(q, n,N,Kn)

]
· ‖∂

m+1f‖C,Uz

(m+ 1)!
· (nhmax)m−|q|+1

where M , Θ(q, n,N,Kn), and hmax are determined in Theorem 13, and

‖∂m+1f‖C,Uz =
√
‖∂m+1 Re(f)‖2

Uz
+ ‖∂m+1 Im(f)‖2

Uz
.
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Proof: By Lemma 10, we have

Fm
z [f ] = Fm

z [Re(f)] + iFm
z [Im(f)]

where i is the imaginary unit. It follows that

|∂qf(x)− ∂qFm
z [f ](x)| =√

[∂q Re(f)(x)− ∂qFm
z [Re(f)](x)]2 + [∂q Im(f)(x)− ∂qFm

z [Im(f)](x)]2.

Using the previous theorem, we obtain the desired statement. 2

A special case of the previous corollary is the local approximation of the original
function, i.e., q = (0, . . . , 0).

Corollary 15. Let A = {A[h, r, z] | z ∈ Zn} be a simple fuzzy partition of Rn deter-
mined by a triplet (Kn,h, r). Let m ∈ N, z ∈ Zn, and let f ∈ L2

loc(Rn) be a function
such that its real and imaginary parts belong to Cm+1(Uz). Let F

m
z [f ] be the z-th

component of the direct Fm-transform of f with respect to A. Then, for any x ∈ Rn

such that A[h, r, z](x) 6= 0, it holds that

|f(x)− Fm
z [f ](x)| ≤ [1 + Θ(0, n,N,Kn)] · ‖∂m+1f‖C,Uz

(m+ 1)!
· (nhmax)m+1

where Θ(0, n,N,Kn) and hmax are de�ned in Theorem 13.

Let f be a bounded piecewise continuous complex-valued n-variate function de-
�ned on Rn, and δ = (δ1, . . . , δn) > (0, . . . , 0). The quantity ω(f, δ) de�ned by

ω(f, δ) = sup{|f(x)− f(y)| | x,y ∈ Rn, |x− y| ≤ δ}

is called the modulus of continuity of f depending on δ. The following theorem pro-
vides an upper bound for the local approximation of piecewise continuous complex-
valued n-variate functions using the direct Fm-transform components by means of
the modulus of continuity.

Theorem 16. Let A = {A[h, r, z] | z ∈ Zn} be a simple fuzzy partition of Rn de-
termined by a triplet (Kn,h, r). Let m ∈ N, z ∈ Zn, and let f be a bounded pie-
cewise continuous n-variate function on Rn. Let Fm

z [f ] be the z-th component of
the direct Fm-transform of f with respect to A. Then, for any x ∈ Rn such that
A[h, r, z](x) 6= 0, it holds that

|f(x)− Fm
z [f ](x)| ≤ Θ(0, n,N,Kn) · ω(f, 2h)

where Θ(0, n,N,Kn) determined in Theorem 13 corresponding to q = 0.

Proof: Let x ∈ Rn such that A[h, r, z](x) 6= 0. From Theorem 12 and Corollary 8
that Fm

z [c](x) = c holds for any complex constant function c, we obtain the following
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upper estimation

|f(x)− Fm
z [f ](x)| = |f(x) · Fm

z [1](x)− Fm
z [f ](x)|

= |(f(x) · Cz,1 −Dz,1)(x− tz)
p1 + · · ·

+(f(x) · Cz,N −Dz,N)(x− tz)
pN |

≤
N∑
`=1

|f(x) · Cz,` −Dz,`||x− tz|p` (37)

where (Cz,1, . . . , Cz,N) and (Dz,1, . . . , Dz,N) are determined by

(Cz,1, . . . , Cz,N)T = (Hn,m)−1 · (Zn,m)−1 · Yn,m,z, (38)

(Dz,1, . . . , Dz,N)T = (Hn,m)−1 · (Zn,m)−1 · Wn,m,z (39)

with Yn,m,z = (Yz,j)j=1,...,N and Wn,m,z = (Wz,j)j=1,...,N are the column matrices
determined by

Yz,j =

∫
U

upjKn(u)du,

Wk,j =

∫
U

f(hu + tz) · upjKn(u)du.

From (38) and (39), we obtain

(f(x) · Cz,1 −Dz,1, . . . , f(x) · Cz,N −Dz,N)T =

(Hn,m)−1 · (Zn,m)−1 · (f(x) · Yn,m,z −Wn,m,z).

Let (Vij)i,j=1,N = (Zn,m)−1. Then, for any ` = 1, . . . , N , we �nd that

|Cz,` −Dz,`| ≤
1

hp`

N∑
j=1

|V`j · (f(x) · Yz,j −Wz,j)|

=
1

hp`

N∑
j=1

|V`j| ·
∫
U

|f(x)− f(hu + tz)| · |u|pjKn(u)du

≤ ω(f, 2h)

hp`

N∑
j=1

|V`j| ·
∫
U

|u|pjKn(u)du.

By replacing these inequalities into (37), we obtain

|f(x)− Fm
z [f ](x)| ≤

N∑
`=1

ω(f, 2h)
|x− tz|p`

hp`

N∑
j=1

|V`j| ·
∫
U

|u|pjKn(u)du

≤ ω(f, 2h) ·
N∑

`,j=1

|V`j| ·
∫
U

|u|pjKn(u)du

= Θ(0, n,N,Kn) · ω(f, 2h),

and the proof is �nished. 2
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4.4 Inverse fuzzy transform

The inverse Fm-transform is de�ned as a weighted average of the direct Fm-transform
components in such a way that the weights are the basic functions of a simple
fuzzy partition. The resulting function then provides an approximation of the origi-
nal function. Moreover, a modi�cation of the inverse Fm-transform with respect to
(partial) derivatives of the direct Fm-transform components provides a model for ap-
proximation of (partial) derivatives of the original function. The following de�nition
is a generalization of De�nition 10 in [15] to n-variate case.

De�nition 9. Let A = {A[h, r, z] | z ∈ Zn} be a simple fuzzy partition of Rn, and
let FmA [f ] = {Fm

z [f ] | z ∈ Zn} be a direct Fm-transform of a function f with respect
to A. The function

f̂mA (x) =

∑
z∈Zn F

m
z [f ](x) · A[h, r, z](x)∑
z∈Zn A[h, r, z](x)

, x ∈ Rn (40)

is called the inverse Fm-transform of the function f with respect to the direct Fm-
transform FmA [f ] and the fuzzy partition A.

In addition to the notation f̂mA , we use also f̂
m
h or f̂m(Kn,h) to denote the inverse

Fm-transform of a function f if we would like to emphasize the bandwidth or both
of the bandwidth and generating function of the used fuzzy partition. Moreover, in
the sequel, when discussing about the inverse Fm-transform of a function f with
respect to a simple fuzzy partition without mentioning the direct Fm-transform of
f , we agree that the direct Fm-transform is computed with respect to the mentioned
fuzzy partition.

It is well known that the univariate or more general bivariate inverse Fm-transform
satis�es the linearity property. The following theorem generalizes this fact to the n-
variate case of the Fm-transform.

Theorem 17. Let A = {A[h, r, z] | z ∈ Zn} be a simple fuzzy partition of Rn, m ∈
N. For any f, g ∈ L2

loc(Rn), and a, b ∈ C, let f̂mA , ĝmA and (af + bg)
∧m

A be the inverse
Fm-transforms of functions f , g and af + bg with respect to the fuzzy partition A,
respectively. Then,

(af + bg)
∧m

A = af̂mA + bĝmA .

Proof: The proof is a straightforward consequence of the linearity property of
the direct Fm-transform (Lemma 10) and De�nition 9. 2

As we mentioned in Section 1, the original purpose of the birth of the F-
transform is to describe (or approximate) complicated functions. Additionally, the
Fm-transform (m ≥ 1) is a good technique for approximation of (partial) deriva-
tives of a function. In the following part, we modify formula (40) of the inverse
Fm-transform for the ability of approximation of (partial) derivatives of the original
function.

Let f ∈ L2
loc(Rn) be a complex-valued function such that Re(f), Im(f) ∈ Cm(Rn),

and let q ∈ Dn,m. Let A = {A[h, r, z] | z ∈ Zn} be a simple fuzzy partition of Rn.
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Then, the approximation of the q-th (partial) derivative of f , i.e., ∂qf , with respect
to A is de�ned by

∂qf
∧m

A(x) =

∑
z∈Zn ∂

qFm
z [f ](x) · A[h, r, z](x)∑

z∈Zn A[h, r, z](x)
, x ∈ Rn. (41)

where Fm
z [f ], z ∈ Zn, are components of the direct Fm-transform of f with respect

to A. It is easy to see that formulas (40) and (41) coincide for q = (0, . . . , 0).
The following theorem shows that formula (41) can provide an approximation with
arbitrary precision of (partial) derivatives of the original function.

In the next part, we use Cm
b (Rn) to denote the set of all real-valued functions

from Cm(Rn) whose p-th (partial) derivative is bounded for any p ∈ Dn,m such that
|p| = m. Consequently, for any f ∈ Cm

b (Rn), the norm ‖∂mf‖Rn determined by (27)
with respect to Rn is well-de�ned.

Theorem 18. Let A = {A[h, r, z] | z ∈ Zn} be a simple fuzzy partition of Rn deter-
mined by the triplet (Kn,h, r). Let m ∈ N and let f ∈ L2

loc(Rn) be a complex-valued
function such that its real and imaginary parts belong to Cm+1

b (Rn). Let q ∈ Dn,m

and let ∂qf
∧m

A be a function de�ned by (41). Then, for any x ∈ Rn, it holds that

∣∣∣∂qf(x)− ∂qf
∧m

A(x)
∣∣∣ ≤[

(m+ 1)!

(m− |q|+ 1)!
+ (Mn)|q| ·Θ(q, n,m,Kn)

]
· ‖∂

m+1f‖C,Rn
(m+ 1)!

· (nhmax)m−|q|+1,

where Θ(q, n,N,Kn) and hmax are determined in Theorem 13, and

‖∂m+1f‖C,Rn =
√
‖∂m+1 Re(f)‖2

Rn + ‖∂m+1 Im(f)‖2
Rn .

Proof: Assume that FmA [f ] = {Fm
z [f ] | z ∈ Zn} is the direct Fm-transform

of f with respect to A. From Corollary 14, for any z ∈ Zn, x ∈ Rn such that
A[h, r, z](x) 6= 0, we have

|∂qf(x)− ∂qFm
z [f ](x)| ≤[

(m+ 1)!

(m− |q|+ 1)!
+ (Mn)|q| ·Θ(q, n,m,Kn)

]
· ‖∂

m+1f‖C,Uz

(m+ 1)!
· (nhmax)m−|q|+1.

By ‖∂m+1f‖C,Uz ≤ ‖∂m+1f‖C,Rn , we obtain

|∂qf(x)− ∂qFm
z [f ](x)| ≤[

(m+ 1)!

(m− |q|+ 1)!
+ (Mn)|q| ·Θ(q, n,m,Kn)

]
· ‖∂

m+1f‖C,Rn
(m+ 1)!

· (nhmax)m−|q|+1.
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It follows from the previous inequality and the de�nition of ∂qf
∧m

A that∣∣∣∂qf(x)− ∂qf
∧m

A(x)
∣∣∣

=

∣∣∣∣∑z∈Zn ∂
qf(x) · A[h, r, z](x)∑

z∈Zn A[h, r, z](x)
−
∑

z∈Zn ∂
qFm

z [f ](x) · A[h, r, z](x)∑
z∈Zn A[h, r, z](x)

∣∣∣∣
=

∣∣∣∣∑z∈Zn [∂qf(x)− ∂qFm
z [f ](x)] · A[h, r, z](x)∑

z∈Zn A[h, r, z](x)

∣∣∣∣
≤
∑

z∈Zn |∂qf(x)− ∂qFm
z [f ](x)| · A[h, r, z](x)∑

z∈Zn A[h, r, z](x)

≤
[

(m+ 1)!

(m− |q|+ 1)!
+ (Mn)|q| ·Θ(q, n,m,Kn)

]
· ‖∂

m+1f‖C,Rn
(m+ 1)!

· (nhmax)m−|q|+1.

The last inequality is obtained by the fact that, for any x ∈ Rn, there are only �nite
number of basic functions A[h, r, z] such that A[h, r, z](x) > 0. 2

A special case of the previous theorem is the following statement showing that
a function of L2

loc(Rn) can be approximated with an arbitrary precision using the
inverse Fm-transform.

Corollary 19. Let A = {A[h, r, z] | z ∈ Zn} be a simple fuzzy partition of Rn de-
termined by the triplet (Kn,h, r). Let m ∈ N and f ∈ L2

loc(Rn) such that the real

and imaginary parts of f belong to Cm+1
b (Rn). Let f̂mA be the inverse Fm-transform

of f with respect to A. Then, for any x ∈ Rn, it holds that∣∣∣f(x)− f̂mA (x)
∣∣∣ ≤ [1 + Θ(0, n,N,Kn)] · ‖∂m+1f‖C,Rn

(m+ 1)!
· (nhmax)m+1

where Θ(0, n,N,Kn) and hmax are determined in Theorem 13, and ‖∂m+1f‖C,Rn is
de�ned in Theorem 18.

The last theorem of this subsection shows the second type of the upper bound
of the approximation of the inverse Fm-transform to the original function based on
the modulus of continuity.

Theorem 20. Let A = {A[h, r, z] | z ∈ Zn} be a simple fuzzy partition of Rn de-
termined by the triplet (Kn,h, r). Let f a bounded piecewise continuous n-variate
function on Rn. Let m ∈ N and let f̂mA be the inverse Fm-transform of f with respect
to A. Then, for any x ∈ Rn, it holds that∣∣∣f(x)− f̂mA (x)

∣∣∣ ≤ Θ(0, n,N,Kn) · ω(f, 2h),

where Θ(0, n,N,Kn) determined in Theorem 13 corresponding to q = 0.

Proof: This can be analogously done as the proof of Theorem 18 with the help
of Theorem 16. 2
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In what follows, we demonstrate the approximation ability of the Fm-transform
on two examples of bivariate real-valued functions. We chose them because of their
simple presentation on �gures. For the sake of simplicity, we only use simple fuzzy
partitions determined by the simple generating function K2(x, y) = Ktr(x) ·Ktr(y)
for computations. Additionally, we consider the Integral Square Error (ISE) and
the Integral Absolute Error (IAE) to evaluate the approximation errors. Recall the
de�nitions of ISE and IAE. Let f be a bivariate real-valued function, and let f̃ be
its approximation on a region D ⊂ R2. Then, the ISE and IAE of the approximation
are, respectively, de�ned by

ISE(f, f̃) =

∫
D

[
f(x, y)− f̃(x, y)

]2

dxdy

and

IAE(f, f̃) =

∫
D

∣∣∣f(x, y)− f̃(x, y)
∣∣∣ dxdy.

The �rst example illustrates the approximation of a bivariate real-valued function
using the Fm-transform.

Example 8. Consider the following function

f(x, y) = (x+ y) sin 3y − 3 cos 2x.

In Figure 3, we depict the approximations of f using the F 0-transform and F 3-
transform with respect to the uniform fuzzy partition A determined by (K2,h, r)
where h = r = (0.4, 0.4), whereas we restrict ourselves to the square [0, 4] × [0, 4].
One can see that the both fuzzy transforms well approximate the original function.

Figure 3: The approximation of function f in Example 8 (red mesh) using the F0-
transform (color chart) and the F3-transform (green mesh).

For a more detailed comparison of the approximation quality obtained by the F 0-
transform and F 3-transform, we depict in Figure 4 the absolute di�erences between
the function values of the original function f and its approximation functions f̂ 0

A
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and f̂ 3
A. Moreover, in Table 1, we provide their comparison using the ISE and IAE.

Obviously, a visual comparison as well as the error evaluations illustrates the fact
that the fuzzy transform of higher degrees provides signi�cantly better approximations
of a given function [cf. Lemma 9].

Figure 4: The absolute error of the approximation of the function f in Example 8
by using the F0-transform (yellow mesh) and the F3-transform (color chart).

Standard\Method F0-transform F3-transform

ISE 8.9391 0.0014

IAE 9.7085 0.1168

Table 1: The approximation errors of function f from Example 8.

The second example illustrates the approximation of several partial derivatives
of a bivariate real-valued function.

Example 9. Consider the function

f(x, y) = ln(1 + x2 + y2) + 5 sinx cos y.

In what follows, we use the Fm-transform, m ∈ {1, 2, 3}, with respect to the simple
fuzzy partition determined by the triplet (K2,h, r) where h = (1.2, 0.5), r = (0.4, 0.5)
to approximate the following partial derivatives of f:

∂f

∂x
(x, y) =

2x

1 + x2 + y2
+ 5 cosx cos y,

∂2f

∂x2
(x, y) =

2(1− x2 + y2)

(1 + x2 + y2)2
− 5 sinx cos y,

∂2f

∂x∂y
(x, y) =

−4xy

(1 + x2 + y2)2
− 5 cosx sin y,
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Figure 5: The approximation of partial derivative ∂f
∂x

from Example 9 (red mesh)
using the F1-transform (color chart) and the F2-transform (green mesh).

restricted on the region [0, 4]× [0, 2]. In Figure 5, we depict the approximations of ∂f
∂x

using the F1-transform and F2-transform. In Figures 6, we depict the approximations
of ∂2f

∂x2
and ∂2f

∂x∂y
using the F2- and F3-transform. The errors of these approximations

are given by Tables 2 and 3.

Standard\Method F1-transform F2-transform

ISE 2.4114 0.0252

IAE 3.3842 0.2622

Table 2: The approximation errors of ∂f
∂x

from Example 9.

Standard\Method F2-transform F3-transform

ISE 2.9587 0.1004

IAE 3.6568 0.5134

(a) Approximations of ∂2f
∂x2

Standard\Method F2-transform F3-transform

ISE 3.3210 0.0275

IAE 4.3062 0.2983

(b) Aproximations of ∂2f
∂x∂y

Table 3: The approximation errors of second order partial derivatives from Exam-
ple 9.

From the obtained results, one can see that the Fm-transform is a good technique
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(a) The approximations of ∂2f
∂x2

(b) The approximations of ∂2f
∂x∂y

Figure 6: The approximations of partial derivatives of f in Example 9 (red mesh)
using the F2-transform (color chart) and the F3-transform (green mesh).

not only for the approximation of functions, but also for the approximation of their
(partial) derivatives. Similarly to the approximation of functions, the use of higher
degrees of the fuzzy transform generally provides better results of approximations of
the (partial) derivatives.
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5 Fuzzy transform: application to univariate fun-
ctions and suppression of high frequencies in
complex-valued signals

In this section, we �rst present a short overview of the Fm-transform of univari-
ate complex-valued functions. Then, we propose a new representation of the Fm-
transform of discrete functions based on their piecewise constant representation. Fi-
nally, we devote theoretical justi�cation showing that the Fm-transform is an e�cient
technique for suppression of high frequencies (or periodic signals) in complex-valued
signals.

5.1 Fuzzy transform of univariate functions

Since the theory of the Fm-transform was generally investigated in Section 4 for the
case of multivariate complex-valued functions, this subsection only focuses on the
computation approach and a particular property of the components of the direct
Fm-transform specialized to univariate complex-valued functions that are necessary
for our analysis in the following parts of this thesis.

Let us remind that a simple fuzzy partition of the real line is a uniform fuzzy
partition (see Remark 3). Moreover, P1,m is a linear space of all polynomials with
complex coe�cients of degrees at most equal to m, and dimP1,m = m + 1. Let
A = {A[h, r, z] | z ∈ Z} be a uniform fuzzy partition of the real line R determined
by the triplet (K,h, r), (K is a generating function on R, h and r are positive real
numbers), and let tz = zr, z ∈ Z. Then, for each z ∈ Z, the set

{1, (t− tz), . . . , (t− tz)m}

forms a basis of the space P1,m,z (a weighted Hilbert space corresponding to the z-th
basic function A[h, r, z]). As a consequence of Theorem 12, the z-th component of
the direct Fm-transform of a function f ∈ L2

loc(R) with respect to the fuzzy partition
A has the following form:

Fm
z [f ](t) = Cz,0 + Cz,1(t− tz) + · · ·+ Cz,m(t− tz)m, t ∈ [tz − h, tz + h] (42)

determined by5

(Cz,0, Cz,1, . . . , Cz,m)T = (Hm)−1 · (Zm)−1 · Ym,z

where Hm = diag(1, h1, . . . , hm), Zm = (Zij) is an (m+ 1)× (m+ 1) and invertible
matrix de�ned by

Zij =

∫ 1

−1

τ i+j−2K(τ)dτ, i, j = 1, . . . ,m+ 1,

5For the sake of simplicity, we use Hm, Zm and Ym,z instead of H1,m, Z1,m and Y1,m,z, re-
spectively.
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and Ym,z = (Yz,1, . . . , Yz,m+1)T is de�ned by

Yz,` =

∫ 1

−1

f(hτ + tz) · τ `−1K(τ)dτ, ` = 1, . . . ,m+ 1.

The following lemma provides an important property of components of the direct
Fm-transform of bounded functions. It is necessary for our analysis in Section 7.

Lemma 21. Let f ∈ L2
loc(R), and let A = {A[h, r, z] | z ∈ Z} be a uniform fuzzy

partition of the real line determined by a triplet (K,h, r). Let m ∈ N, z ∈ Z, and let
Fm
z [f ] be the z-th component of the direct Fm-transform of f with respect to A. If
|f(t)| ≤M , (M > 0), on [tz − h, tz + h], then the following inequality is satis�ed

|f(t)− Fm
z [f ](t)| ≤ 2M · Φ(m,K), t ∈ [tz − h, tz + h],

where

Φ(m,K) = Θ(0, 1,m,K) =
m+1∑
j,`=1

|Vj`| ·
∫ 1

−1

|τ |`−1K(τ)dτ (43)

with (Vj`)j,`=1,m+1 = (Zm)−1.

Proof: Let t ∈ [tz − h, tz + h] be arbitrary. We have Fm
z [c](t) = c holds for any

complex constant c, we obtain the following upper estimation

|f(t)− Fm
z [f ](t)| = |f(t) · Fm

z [1](t)− Fm
z [f ](t)|

= |(f(t) · Cz,0 −Dz,0) + (f(t) · Cz,1 −Dz,1)(t− tz) + · · ·
+(f(t) · Cz,m −Dz,m)(t− tz)m|

≤
m∑
j=0

|f(t) · Cz,j −Dz,j)| · |t− tz|j (44)

where (Cz,0, Cz,1, . . . , Cz,m) and (Dz,0, Dz,1, . . . , Dz,m) are determined by

(Cz,0, Cz,1, . . . , Cz,m)T =H−1
m · (Zm)−1 · Ym,z, (45)

(Dz,0, Dz,1, . . . , Dz,m)T =H−1
m · (Zm)−1 · Wm,z (46)

with Ym,z = (Yz,j)j=1,...,m+1 andWm,z = (Wz,j)j=1,...,m+1 that are the column matrices
given by

Yz,j =

∫ 1

−1

τ j−1K(τ)dτ,

Wz,j =

∫ 1

−1

f(hτ + tz) · τ j−1K(τ)dτ.

From (45) and (46), we obtain

(f(t) · Cz,0 −Dz,0, f(t) · Cz,1 −Dz,1, . . . , f(t) · Cz,m −Dz,m)T =

H−1
m · (Zm)−1 · (f(t) · Ym,z −Wm,z).
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Hence, for any j = 0, . . . ,m, we �nd that

|f(t) · Cz,j −DD,j| ≤
1

hj

m+1∑
`=1

|Vj+1`| · |f(t) · Yz` −Wz`|

≤ 1

hj

m+1∑
`=1

|Vj+1`| ·
∫ 1

−1

|f(t)− f(hτ + tz)| · |τ |`−1K(τ)dτ

≤ 2M

hj

m+1∑
`=1

|Vj+1`| ·
∫ 1

−1

|τ |`−1K(τ)dτ.

By this inequality and (44), we obtain

|f(t)− Fm
z [f ](t)| ≤

m∑
j=0

2M(t− tz)j

hj

m+1∑
`=1

|Vj+1`| ·
∫ 1

−1

|τ |`−1K(τ)dτ

≤ 2M ·
m∑

j,`=0

|Vj+1`+1| ·
∫ 1

−1

|τ |`K(τ)dτ

= 2M · Φ(m,K),

and the proof is �nished. 2

5.2 Fuzzy transform of discrete univariate functions

Together with the theory of the F-transform considered with continuous-time functi-
ons,6 its discrete form (the fuzzy transform of discrete functions or the discrete F-
transform) was early introduced in [38] for the case that the original function is
known only at discrete nodes. The investigation of the discrete F-transform is really
necessary because of computational requirements raising from many practical �elds
(e.g. time series analysis, signals and images processing, etc,.) whose data are usu-
ally formalized by discrete functions. An extension of the discrete F-transform to
higher degrees (the discrete Fm-transform) was provided in [20], and then it was ge-
neralized to the multivariate case in [21]. These investigations introduce the discrete
Fm-transform on the basis of the theory of the Fm-transform of continuous-time
functions by replacing the structure of weighted Hilbert spaces with the integral
form of inner products by the structure of \column spaces"7 with scalar products.
Roughly expression, the discrete Fm-transform is obtained from the continuous-time
one by replacing integrals by �nite sums. This approach requires that the used fuzzy
partition must satisfy the \dense condition"that is not easy to verify (see [21]). In
our case, we propose to �rst extend discrete functions to piecewise continuous functi-
ons that are locally square integrable. The (direct and inverse) Fm-transform of the
discrete functions is then the (direct and inverse) Fm-transform applied to their
extensions. This approach therefore helps us to avoid the veri�cation of the dense

6The functions whose domains are connected sets.
7The name was used in [20] and also in [21]
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condition. Below, by the purposes of this thesis, we only consider the Fm-transform
applied to univariate discrete functions.

Let f be a discrete function de�ned on the set of all integers Z, namely, f : Z→
C. The function can be extended to a piecewise continuous function f̄ de�ned on
the real line R in such a way that f̄(t) = f(i) for any t ∈

[
i− 1

2
, i+ 1

2

)
, i ∈ Z. This

extension is depicted in Figure 7. We can see that the function f̄ belongs to the
space L2

loc(R) from which the Fm-transform can be directly applied to it.

In what follows, we provide the theory of fuzzy transform (Fm-transform,m ∈ N)
applied to the discrete functions on the basis of the Fm-transform applied to their
extension.

(a) Original discrete function f

(b) Piecewise constant extension f̄

Figure 7: The extension of a discrete function.

De�nition 10. Let f : Z → C be a discrete function, and m ∈ N. The direct
Fm-transform of f with respect to a uniform fuzzy partition A of the real line R is
the direct Fm-transform of its extension f̄ with respect to the same fuzzy partition.
Namely,

FmA [f ] = FmA [f̄ ], (47)

or more precisely,

Fm
z [f ](t) = Fm

z [f̄ ](t), t ∈ [tz − h, tz + h]

for any z ∈ Z.
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The de�nition of the inverse Fm-transform of a discrete function is almost similar
to De�nition 9 specifying to a univariate function in the space L2

loc(R). The only one
di�erence is that its domain is Z instead of R.

De�nition 11. Let A = {A[h, r, z] | z ∈ Z} be a uniform fuzzy partition of the
real line, and m ∈ N. Let FmA [f ] = {Fm

z [f ] | z ∈ Z} be the direct Fm-transform of a
discrete function f with respect to A. The inverse Fm-transform of f with respect
to FmA [f ] and A is determined as follows:

f̂mA (i) =

∑
z∈Z F

m
z [f ](i) · A[h, r, z](i)∑
z∈ZA[h, r, z](i)

, i ∈ Z. (48)

From both of previous de�nitions, the direct and inverse Fm-transform of a dis-
crete function preserve almost important properties mentioned in Section 4 including
in the linearity and the approximation properties devoted in Lemma 10, Theorem 17,
16 and 20. An important question is whether we can construct a certain fuzzy par-
tition such that the inverse Fm-transform exactly reconstructs the original discrete
function. The following theorem states that it can be done by reasonable settings of
the used fuzzy partition.

Theorem 22. Let f be a discrete function de�ned on Z, and K be a generating
functions on R. Then, there exists a uniform fuzzy partition A of the real line R
determined with respect to K such that the inverse Fm-transform of f with respect
to A satis�es that

f̂mA (i) = f(i), for any i ∈ Z.

Proof: Let A = {Az | z ∈ Z} be a set of fuzzy set on R determined by

Az(x) = K (2t− z) , z ∈ Z.

Then, it is easy to see that A is a uniform fuzzy partition of the real line determined
by the triplet (K, 1/2, 1/2). Moreover, for any i ∈ Z, there is one and only one basic
function A2i such that A2i(i) > 0, precisely, A2i(i) = 1. Let FmA [f ] = {Fm

z [f ] | z ∈ Z}
be the direct Fm-transform of f with respect to the fuzzy partition A. Then,

f̂mA (i) = Fm
2i [f ](i), for any i ∈ Z.

Moreover, for any i ∈ Z, Fm
2i [f ] = Fm

2i [f̄ ] where f̄ is the piecewise constant repre-
sentation of f and the fact that f̄(t) = f(i) for all t satisfying that A2i(t) > 0. It
follows from Corollary 8 that Fm

2i [f ](t) = Fm
2i [f̄ ](t) = f(i) for any t satisfying that

A2i(t) > 0. Therefore, we obtain f̂mA (i) = f(i). 2

To close this subsection, we provide an example demonstrating how the Fm-
transforms of discrete functions looks like in practice.

Example 10. We choose the time series \AG andrews44 rf"of dimension L =
74 stored in Website https://www.comp-engine.org and consider it as a discrete
function determined on the set {0, 1, . . . , 73}. For the sake of simplicity, we only use
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the triangular uniform fuzzy partitions whose bandwidth equals to the corresponding
shift for all computations in this example. In Figures 8 and 9, we display the inverse
F3- and F6-transforms of the chosen function with respect to fuzzy partitions corre-
sponding to di�erent settings of the bandwidth h. Comparison of the obtained results
based on the approximation of the inverse Fm-transform functions to the given one
with the help of the RMSE standard is given in Table 4. From these evaluations, it
is easy to see that, with the same degree of the Fm-transform (m is �xed), better
approximations are obtained with respect to the use of smaller bandwidths. More-
over, with the same setting of the used fuzzy partitions, better approximations are
obtained by application of the Fm-transform of higher degrees.

Figure 8: The inverse F3-transform of the given discrete function (black line) with
respect to the fuzzy partitions correspondingly determined by h = 5 (blue line),
h = 2 (magenta line) and h = 1 (dashed green line).

Figure 9: The inverse F6-transform of the given discrete function (black line) with
respect to the fuzzy partitions correspondingly determined by h = 5 (blue line)
h = 2 (magenta line) and h = 1 (dashed green line).

Degree\Bandwidth h = 1 h = 2 h = 5

m = 3 0.0881 0.4944 0.8398

m = 6 0.0585 0.1626 0.7022

Table 4: The approximations of the inverse Fm-transforms to the given function
based on the RMSE errors.
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5.3 Suppression of high frequencies in complex-valued sig-

nals

In this subsection, we devote theoretical justi�cation showing that the fuzzy trans-
form ( Fm-transform, m ∈ N) can be applied to suppression of high frequencies usu-
ally exhibiting in time series. This is one of the essential assumptions for trend-cycle
estimation using the Fm-transform technique that will be considered in Subsection
7.1.1. The �rst investigation on this topic was published in [32]. This paper shows
that it is possible to adjust the bandwidth of a triangular uniform fuzzy partition
so that the application of the F0- as well as F1-transform with respect to this fuzzy
partition to a complex-valued signal can signi�cantly suppress the high frequencies
exhibiting in it. In our case, we generalize this investigation to the application of
the Fm-transform with respect to general uniform fuzzy partitions.

Let us recall that the high frequencies in complex-valued signals can be modeled
by periodic functions of the following form:

W (t) = Aeiλt, t ∈ R

where A ∈ C, i is the imaginary unit, and λ ∈ R (a frequency). We prove that it
is possible to suppress such functions by applying the Fm-transform with respect
to a certain uniform fuzzy partition, whose parameters are reasonably adjusted. In
other words, this approach suppresses the frequency λ presenting in W (t). By the
linearity property of the direct (and inverse) Fm-transform, we suppose, without loss
of generality, that A = 1, and therefore, let us put

Wλ(t) = eiλt, t ∈ R

to emphasize the frequency λ. It is easy to see that Wλ(t) ∈ L2
loc(R) for each

frequency λ.

In the sequel, we use A[K] to denote a family of uniform fuzzy partitions of
the real line determined by the triplet (K,h, r) for h, r ∈ (0,∞) such that the ratio
h/r is constant. Moreover, we write f(h) = O(g(h)) if and only if there exist two
positive constants C and h0 such that |f(h)| ≤ C|g(h)| for any h ≥ h0.

We start our analysis with the statement showing that the size of each component
of the direct Fm-transform of Wλ(t), i.e., |Fm

z [Wλ](t)|, t ∈ SuppA[h, r, z], z ∈ Z, can
be arbitrarily small depending on the setting of the bandwidth h of the used fuzzy
partitions. Firstly, let us recall the Riemann-Lebesgue's lemma that is well known
in the theory of the Fourier transform. For more details on the lemma, we refer to
[47].

Lemma 23. Let f be a function of L1[a, b]. Then, the following integrals∫ b

a

f(t) cosλtdt and

∫ b

a

f(t) sinλtdt

tend to zero as |λ| → ∞.
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Theorem 24. For any z ∈ Z, h ∈ (0,∞), let Fm
z,(K,h)[Wλ](t) be the z-th component

of the direct Fm-transform (m ∈ N) of the function Wλ(t) with respect to a uniform
fuzzy partition A = {A[h, r, z] | z ∈ Z} ∈ A[K]. Then, for any ε > 0, there exists
h0 > 0 such that for any h ≥ h0, z ∈ Z, then∣∣Fm

z,(K,h)[Wλ](t)
∣∣ < ε, (49)

for any t ∈ SuppA[h, r, z].

Proof: For any h ∈ (0,∞), z ∈ Z and t ∈ SuppA[h, r, z], we know that

Fm
z,(K,h)[Wλ](t) = Cz,0 + Cz,1(t− tz) + · · ·+ Cz,m(t− tz)m,

where

(Cz,0, Cz,1, . . . , Cz,m)T = (Hm)−1 · (Zm)−1 · Ym,z.

Recall that Ym,z = (Yz,1, . . . , Yz,m+1)T determined in our case by

Yz,i =

∫ 1

−1

Wλ(hτ + tz) · τ i−1K(τ)dτ

for i = 1, . . . ,m+ 1. Then, one can simply �nd that

∣∣Fm
z,(K,h)[Wλ](t)

∣∣ ≤ m∑
j=0

|t− tz|j|Cz,j|.

Let (V`j)`,j=1,m+1 = (Zm)−1. We have

|Cz,j| ≤
1

hj

m∑
`=0

|Vj+1`+1 · Yz,`+1|

for any j = 0, 1, . . . ,m. Hence, we �nd that

∣∣Fm
z,(K,h)[Wλ](t)

∣∣ ≤ m∑
j,`=0

∣∣∣∣t− tzh

∣∣∣∣j · |Vj+1`+1| · |Yz,`+1| ≤
m∑

j,`=0

|Vj+1`+1| · |Yz,`+1|. (50)

In addition, for any ` = 0, 1, . . . ,m, we have

Yz,`+1 =

∫ 1

−1

Wλ(hτ + tz)τ
`K(τ)dτ

=

∫ 1

−1

eiλ(hτ+tz)τ `K(τ)dτ

= eiλtz

∫ 1

−1

τ `K(τ)eiλhτdτ

= eiλtz

(∫ 1

−1

τ `K(τ) cos(λhτ)dτ + i

∫ 1

−1

τ `K(τ) sin(λhτ)dτ

)
;
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therefore,

|Yz,`+1| =

√(∫ 1

−1

τ `K(τ) cos(λhτ)dτ

)2

+

(∫ 1

−1

τ `K(τ) sin(λhτ)dτ

)2

.

From Lemma 23 and the properties of limit, we �nd that

lim
h→∞
|Yz,`+1| = 0

for any ` = 0, 1, . . . ,m. Hence, for any ε > 0 and ` = 0, 1, . . . ,m, there exists h` > 0
(h` does not depend on z) such that

|Yz,`+1| <
ε

(m+ 1)2 ·max{|Vj+1`+1| | j = 0, . . . ,m}

for any h > h`. Let h0 = max{h` | ` = 0, . . . ,m}. We obtain from inequality 50 that∣∣∣Fm
z,(K,hq)[Wλ](t)

∣∣∣ < m∑
j,`=0

ε · |Vj+1`+1|
(m+ 1)2 ·max{|Vj+1`+1| | j = 0, . . . ,m}

< ε

for any h ≥ h0. 2

Remark 4. It should be noted that a similar statement can be proved for high
frequencies, namely, if a uniform fuzzy partition is �xed, i.e., the generating function
K, the bandwidth h and the shift r are not changed, then, for any ε > 0 there exists
λ0 > 0 such that∣∣Fm

z,(K,h)[Wλ](t)
∣∣ < ε, for any λ ≥ λ0, t ∈ SuppA[h, r, z].

Furthermore,

lim
λ→∞

∣∣Fm
z,(K,h)[Wλ](t)

∣∣ = 0, uniformly on SuppA[h, r, z].

In the following parts, we evaluate the asymptotic behavior of Fm
z,(K,h)[Wλ](t)

with respect to the change of the bandwidth h.

For I ⊆ R and m ∈ N, we use C?m(I) to denote the class of all real-valued
functions that are m-times di�erentiable on I and for which its m-th derivative is
integrable on I.8

Theorem 25. Let the assumptions of Theorem 24 be satis�ed. Let M,N ∈ N such
that M ≤ N and put L = min(N,M + 2). If the generating function K satis�es that
K ∈ CM(R) ∩ C?N([−1, 1]), then

Fm
z,(K,h)[Wλ](t) = O

(
h−L

)
(51)

for any z ∈ Z and t ∈ SuppA[h, r, z].

8Note that Cm(I) ⊂ C?m(I) because the continuity implies the integrability, but not vice versa.
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Proof: Let (V`j)`,j=1,m+1 = (Zm)−1. For any h ∈ (0,∞), z ∈ Z and t ∈
SuppA[h, r, z], by the same arguments used in the proof of Theorem 24, we �nd
that

∣∣Fm
z,(K,h)[Wλ](t)

∣∣ ≤ m∑
j,`=0

|Vj+1`+1| · |Yz,`+1|, (52)

where

|Yz,`+1| =
∣∣∣∣∫ 1

−1

τ `K(τ)eiλhτdτ

∣∣∣∣
that does not depend on z. Since K ∈ CM(R) ∩ C?N([−1, 1]) and τ ` ∈ C∞(R), one
can show easily that τ `K ∈ CM(R) ∩ C?N([−1, 1]). Using the integration by parts,
we obtain∫ 1

−1

τ `K(τ)eiλhτdτ =
(−1)N

(i · λh)N
·
∫ 1

−1

(τ `K(τ))(N) · eiλhτdτ

+ eiλhτ

N−1∑
j=0

(−1)j

(i · λh)j+1
· (τ `K(τ))(j)

∣∣∣∣∣
τ=1

τ=−1

. (53)

Moreover, from the continuity of K(j) on R for any j = 0, . . . ,M , it holds that

(τ `K(τ))(j)
∣∣
τ=±1

= 0

for any j = 0, . . . ,M . Therefore, if N > M + 2, we obtain∫ 1

−1

τ `K(τ)eiλhτdτ =
(−1)N

(i · λh)N
·
∫ 1

−1

(τ `K(τ))(N) · eiλhτdτ

+ eiλhτ

N−1∑
j=M+1

(−1)j

(i · λh)j+1
· (τ `K(τ))(j)

∣∣∣∣∣
τ=1

τ=−1

.

It follows that

|Yz,`+1| =
∣∣∣∣∫ 1

−1

τ `K(τ)eiλhτdτ

∣∣∣∣
≤ 1

|h|M+2
·

(
1

|h|N−M−2 · |λ|N

∫ 1

−1

∣∣(τ `K(τ))(N)
∣∣ dτ

+
N−1∑

j=M+1

1

|h|j−M−1 · |λ|j+1
·
∣∣∣(τ `K(τ))(j)

∣∣τ=1

τ=−1

∣∣∣).
From this inequality and (52), we simply obtain

Fm
z,(K,h)[Wλ](t) = O

(
h−(M+2)

)
. (54)
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If N ≤M+2, we have (τ `K(τ))(j)
∣∣
τ=±1

= 0 for any j = 0, . . . , N−2. Consequently,
the equation (53) becomes

∫ 1

−1

τ `K(τ)eiλhτdτ =
(−1)N

(i · λh)N
·
∫ 1

−1

(τ `K(τ))(N) · eiλhτdτ

+
(−1)N−1eiλhτ

(i · λh)N
· (τ `K(τ))(N−1)

∣∣∣∣τ=1

τ=−1

.

Hence, we obtain

|Yz,`+1| =
∣∣∣∣∫ 1

−1

τ `K(τ)eiλhτdτ

∣∣∣∣
≤ 1

|h|N · |λ|N
·
(∫ 1

−1

∣∣(τ `K(τ))(N)
∣∣ dτ +

∣∣∣(τ `K(τ))(N−1)
∣∣τ=1

τ=−1

∣∣∣)
and from (52), we simply �nd that

Fm
z,(K,h)[Wλ](t) = O

(
h−N

)
. (55)

Putting L = min(N,M + 2), the statement (51) is a straightforward consequence of
(54) and (55). 2

Since Krc ∈ C1(R) ∩ C?3([−1, 1]), we obtain the following result that is a strai-
ghtforward consequence of Theorem 25.

Corollary 26. Let the assumptions of Theorem 24 be satis�ed with respect to the
raised cosine generating function Krc on R. Then,

Fm
z,(Krc,h)[Wλ](t) = O

(
h−3
)
, (56)

for any z ∈ Z and t ∈ SuppA[h, r, z].

For the B-spline generating function of degree p, one can �nd that Kbs,p ∈
Cp−1(R) ∩ C?p−1([−1, 1]). As a consequence of Theorem 25, we obtain that

Fm
z,(Kbs,p,h)[Wλ](t) = O

(
h−(p−1)

)
. (57)

Nevertheless, the following statement demonstrates that the result of Theorem 25
guarantees a \rough" asymptotic behavior of Fm

z,(Kbs,p,h)
[Wλ](t) with respect to the

bandwidth h.

Theorem 27. Let the assumptions of Theorem 24 be satis�ed with respect to the
B-spline generating function Kbs,p of degree p. Then,

Fm
z,(Kbs,p,h)[Wλ](t) = O

(
h−(p+1)

)
, (58)

for any z ∈ Z and t ∈ SuppA[h, r, z].
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Proof: For any h ∈ (0,∞), let fh = −λh
2π
. Recall that the Fourier transform

(unitary with ordinary frequency) of βp(t) is the function sincp+1(f), where f is the
frequency, and sinc(f) = sin(πf)

πf
. By the de�nition of Kbs,p and the basic properties

of the Fourier transform, for any ` = 0, 1, . . . ,m, we obtain∫ 1

−1

τ `Kbs,p(τ)eiλhτdτ =

∫ 1

−1

τ `βp
(

(p+ 1)τ

2

)
e−i2πτfhdτ

= F
[
τ `βp

(
(p+ 1)τ

2

)]
(fh)

=
2

p+ 1
·
(

i

2π

)`
· d

`

df `
sincp+1

(
2f

p+ 1

)∣∣∣∣∣
f=fh

,

Moreover, one can prove by a direct computation that

d`

df `
sincp+1

(
2f

p+ 1

)∣∣∣∣
f=fh

= O(f
−(p+1)
h ),

for any ` = 0, 1, . . . ,m. By fh = −λh
2π
, we obtain∣∣∣∣∫ 1

−1

τ `Kbs,p(τ)eiλhτdτ

∣∣∣∣ = O(h−(p+1)),

By similar arguments used in the proof of Theorem 25, we obtain the desired state-
ment. 2

As we have mentioned in Example 6, the triangle generating function is a B-spline
generating function of degree p = 1. The following statement is then a consequence
of the previous theorem.

Corollary 28. Let the assumptions of Theorem 24 be satis�ed with respect to the
triangle generating function Ktr. Then,

Fm
z,(Ktr,h)[Wλ](t) = O

(
h−2
)
, (59)

for any z ∈ Z and t ∈ SuppA[h, r, z].

On the basis of the previous analysis, we see that the size of each component
of the direct Fm-transform of the functions representing the high frequencies can
be arbitrarily reduced by construction of fuzzy partitions with reasonably large
bandwidths. In the remainder parts of this subsection, we apply these results to
show how such periodic signals can be suppressed by the application of Fm-transform
technique.

Theorem 29. For any h ∈ (0,∞), let (Wλ)
∧m

(K,h), (m ∈ N) be the inverse Fm-
transform ofWλ(t) with respect to a fuzzy partition A = {A[h, r, z] | z ∈ Z} ∈ A[K].
Then,

lim
h→∞

(Wλ)
∧m

(K,h)(t) = 0, (60)

uniformly on R.
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Proof: For any h ∈ (0,∞), we assume that

Fm(K,h)[Wλ] =
{
Fm
z,(K,h)[Wλ] | z ∈ Z

}
is the direct Fm-transform of the function Wλ(t) with respect to the fuzzy partition
A = {A[h, r, z] | z ∈ Z} ∈ A[K]. Then, for any t ∈ R,

(Wλ)
∧m

(K,h)(t) =

∑
z∈Z F

m
z,(K,h)[Wλ](t) · A[h, r, z](t)∑

z∈ZA[h, r, z](t)
.

Let us note that each sum appearing in the previous expression has �nite non-zero
summands corresponding to the basic functions A[h, r, z] such that A[h, r, z](t) 6= 0.
Let Λh,t = {z ∈ Z | A[h, r, z](t) 6= 0}. By the assumption that the ratio h/r is a
constant, the number of elements of Λh,t is limited (bounded) for any h ∈ (0,∞),
t ∈ R. We obtain

(Wλ)
∧m

(K,h)(t) =

∑
z∈Λh,t

Fm
z,(K,h)[Wλ](t) · A[h, r, z](t)∑
z∈Λh,t

A[h, r, z](t)
.

For any ε > 0, it follows from Theorem 24 that there exists h0 > 0 (h0 does not
depend on t) such that, for any h > h0, then∣∣Fm

z,(K,h)[Wλ](t)
∣∣ < ε,

for any z ∈ Λh,t. It follows that

∣∣∣(Wλ)
∧m

(K,h)(t)
∣∣∣ ≤ ∑z∈Λh,t

∣∣∣Fm
z,(K,h)[Wλ](t)

∣∣∣ · A[h, r, z](t)∑
z∈Λh,t

A[h, r, z](t)

<

∑
z∈Λh,t

ε · A[h, r, z](t)∑
z∈Λh,t

A[h, r, z](t)
= ε.

2

In Theorem 25, we showed the inuences of the di�erentiability of the generating
function K to the asymptotic behavior of the component Fm

z,(K,h)[Wλ](t), z ∈ Z, with
respect to the bandwidth h. The following theorem states that the same results are
held for the inverse Fm-transform of Wλ(t).

Theorem 30. Let the notation and assumptions in Theorem 29 be held. If the
generating function K satis�es K ∈ CM(R) ∩ C?N([−1, 1]) where M,N ∈ N, M ≤
N , then,

(Wλ)
∧m

(K,h)(t) = O(h−L), (61)

for any t ∈ R, where L = min(N,M + 2).

Proof: For any h ∈ (0,∞) and t ∈ R, by the same analysis used in the proof of
Theorem 29, we have

∣∣∣(Wλ)
∧m

(K,h)(t)
∣∣∣ ≤ ∑z∈Λh,t

∣∣∣Fm
z,(K,h)[Wλ](t)

∣∣∣ · A[h, r, z](t)∑
z∈Λh,t

A[h, r, z](t)
,
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where Λh,t = {z ∈ Z | A[h, r, z](t) 6= 0}. It follows from Theorem 25 that, there exist
C > 0 and h0 > 0 (these constants do not depend on t and z) such that∣∣Fm

z,(K,h)[Wλ](t)
∣∣ ≤ C · h−L,

for any h > h0 and z ∈ Λh,t. Hence, we obtain∣∣∣(Wλ)
∧m

(K,h)(t)
∣∣∣ ≤ C · h−L,

for any h > h0, which proves the desired statement. 2

As a consequence of Theorem 30 and by a simple application of Theorem 27, we
obtain the statements for the application of the Fm-transform with respect to the
raised cosine and the B-spline based uniform fuzzy partitions to the suppression of
high frequencies.

Corollary 31. Let the notation and assumptions in Theorem 29 be held. Then, the
following statements are satis�ed

(i) if K = Krc, then (Wλ)
∧m

(K,h)(t) = O(h−3),

(ii) if K = Kbs,p, then (Wλ)
∧m

(K,h)(t) = O(h−(p+1)),

(iii) if K = Ktr, then (Wλ)
∧m

(K,h)(t) = O(h−2)

for any t ∈ R.

In the following example, we illustrate the suppression of the high frequencies
in a signal using the Fm-transform technique that was mathematically investigated
above.

Example 11. Let us consider a periodic signal S(t), t ∈ {0, 1, . . . , 100} determined
by

S(t) = 7 cos(0.41t+ 0.79) + 5 sin(0.63t+ 1.5)

+ 5 sin(1.26t+ 0.35) + 15 sin(2.7t+ 1.12).

One can see that the term 7 cos(0.41t + 0.79) corresponds to the lowest frequency.
Firstly, we apply the F0- and F2-transform with respect to the same uniform fuzzy
partition determined by the triplet (Ktr, 8, 4) to S(t). The inverse F0-transform
(green line in Figure 10) approximates to the horizontal axis. It means that all of
the high frequencies appearing in S(t) are suppressed, signi�cantly. However, the
inverse F2-transform approximates to the function 7 cos(0.41t+ 0.79) (see in Figure
10). Namely, almost the high frequencies appearing in S(t) are suppressed except
the lowest one. By the theoretical justi�cation, we need to increase the value of the
bandwidth of the used fuzzy partition to suppress the lowest frequency in this si-
tuation (using F2-transform). Indeed, when applying the F2-transform with respect
to the uniform fuzzy partition determined by (Ktr, 16, 8) to S(t) (the bandwidth is
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Figure 10: The suppression of high frequencies in S(t) (light blue line). The function
7 cos(0.41t + 0.79) (doted black line), inverse F0-transform (green line), inverse F2-
transforms with the bandwidth h = 8 (magenta line) and h = 16 (dashed red line).

increased from h = 8 to h = 16), the inverse F2-transform (dashed red line in Figure
10) then approximates the horizontal axis. In other words, the high frequencies are
completely suppressed.

In Figure 11, we again apply the F2-transform to S(t), however, with respect
to di�erences types of fuzzy partitions consisting in triangle, raised cosine and B-
spline of degree p = 3 uniform fuzzy partitions. In order to fairly compare the

Figure 11: The di�erences of the suppression of high frequencies in S(t) (light blue
line) corresponding to the use of various types of fuzzy partitions. The inverse F2-
transforms with respect to the triangle (green line), raised cosine (magenta line) and
B-spline (doted blue line) uniform fuzzy partition.

obtained results, we set the same bandwidth h = 16 and the shift r = 8 for these
fuzzy partitions. The di�erences between the obtained inverse F2-transforms and the
horizontal axis with the help of RMSE are presented in Table 5. Let us note that
the lower values of RMSE in this case, the better suppression of high frequencies in
S(t). In this statement, the triangle uniform fuzzy partition is the best choice.

Figure 12 is an illustration of Corollary 31 for which the suppression of high
frequencies in S(t) using the F2-transform with respect to the raised cosine and
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Fuzzy partition Triangle Raised cosine B-spline

RMSE 0.3931 0.9730 2.0114

Table 5: The di�erences from the use of various types of fuzzy partitions for sup-
pression of high frequencies in S(t).

B-spline uniform fuzzy partition was evaluated according to the change of the ban-
dwidth. For computations of this �gure, the shifts are a half of the corresponding
bandwidths.

Finally, we provide, in Table 6, an evaluation (based on the RMSE the appro-
ximation of the inverse fuzzy transform to the horizontal axis) how the quality of
the suppression of high frequencies in S(t) changes according to the application of
various degrees of the Fm-transform. For this task, we �x to use the uniform fuzzy
partition determined by the triplet (Ktr, 16, 8).

Figure 12: The di�erences (based on RMSE) between the horizontal axis and the
inverse F2-transform with respect to the triangle (white column), raised cosine
(magenta column) and B-spline of degree p = 3 (blue column) uniform fuzzy parti-
tions.

From Corollary 31, one can see that the application of B-spline uniform fuzzy
partitions of degrees p ≥ 3 brings to better asymptotic behavior of the inverse Fm-
transform for the suppression of high frequencies (i.e., the speed of the convergence
to zero is faster) against the application of raised cosine ones. However, from mathe-
matical point of view, this does not mean that the former approach is more favorable
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Degree m = 0 m = 1 m = 2 m = 3

RMSE 0.0716 0.0397 0.3931 1.4555

Table 6: The di�erences from the use of various degrees of the Fm-transform for
suppression of high frequencies in S(t).

than the latter in the suppression of high frequencies (at least for small values of the
bandwidth). Indeed, from the previous example, the use of triangular uniform fuzzy
partitions (with the worst asymptotic behavior, see Corollary 31) is more suitable
than the others when computing with small bandwidths. On the other hand, if we
are able to set a really large bandwidth for the computation, it is more favorable to
use B-spline uniform fuzzy partitions of degrees p ≥ 3.

From Table 6, it seems that it is better to use the Fm-transform of small degrees
(m = 0 or m = 1) for the suppression of high frequencies. However, in practice,
this is not fully true. For instance, in time series analysis, high frequencies are
usually appeared in a time series together with other components (e.g. trend, cycle)
describing important characteristics of the time series. The suppression of the high
frequencies then has to ensure that it does not make a strong disturbance to other
important components. Therefore, there are situations in time series analysis (e.g.,
estimation and forecasting of the trend-cycle of time series) that we need to use the
higher degrees of the Fm-transform for the suppression of high frequencies. More
details about this statement are carefully investigated in Subsection 7.1.
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6 Fuzzy transform: application to stochastic pro-
cesses and reduction of noise

The fuzzy transform applied to stochastic processes was �rst introduced in [17] for
the class of stationary processes, and then generalized to the Fm-transform in [18].
These papers proposed techniques based on the Fm-transform to analyze stationary
processes. More precisely, under certain assumptions for stationary processes, the
authors provided mathematical justi�cation showing that the Fm-transform is a
good technique for approximation as well as suppression of them, which depends
on speci�c settings of the used fuzzy partition. These abilities of the Fm-transform
support its application to reduction of irregular uctuations in time series that are
represented as realizations of stationary processes.

In this section, we �rst investigate the theory of higher degree F-transform ap-
plied to general stochastic processes. This is an extension of what were studied in
[17] and [18]. Then, we use this theory to mathematically investigate the reduction
of irregular uctuations usually exhibiting in time series.

6.1 Fuzzy transform of stochastic processes

Similarly to the Fm-transform of univariate complex-valued functions, the theory of
the Fm-transform applied to stochastic processes also consists in two phases: direct
and inverse Fm-transform. The former transforms a stochastic process into a set of
polynomial stochastic processes, and the latter provides a model for approximation
of the original stochastic process on the basis of its direct Fm-transform components.
Below, we �rst provide de�nition of the direct Fm-transform of a stochastic process.
It is simply obtained from the de�nition of the direct Fm-transform of complex-
valued functions by replacing the Riemann (or Lebesgue) integrals by the mean-
square integrals.

De�nition 12. Let ξ(t) be a stochastic process, A = {A[h, r, z] | z ∈ Z} be a
uniform fuzzy partition of the real line R determined by the triplet (K,h, r), and let
tz = zr for any z ∈ Z. The direct Fm-transform (m ∈ N) of ξ(t) with respect to A
is the set of polynomial stochastic processes FmA [ξ] = {Fm

z [ξ](t) | z ∈ Z} where

Fm
z [ξ](t) = Cz,0 + Cz,1(t− tz) + · · ·+ Cz,m(t− tz)m, t ∈ [tz − h, tz + h] (62)

determined by

(Cz,0, Cz,1, . . . , Cz,m)T = (Hm)−1 · (Zm)−1 · Yn,z, (63)

where Hm and Zm are de�ned as in the previous section, Ym,z = (Yz,1, . . . , Yz,m+1)T

is now de�ned by the following mean-square integrals

Yz,` =

∫ 1

−1

ξ(hτ + tz) · τ `−1K(τ)dτ, ` = 1, . . . ,m+ 1. (64)

The stochastic process Fm
z [ξ](t), t ∈ [tz − h, tz + h] is called the z-th component of

the direct Fm-transform of ξ(t).
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By the linearity property of the mean-square integral in (64) with respect to the
stochastic process ξ(t), the direct Fm-transform then satis�es the linearity property.
Namely, for arbitrarily two stochastic processes ξ(t) and η(t), a, b ∈ C and z ∈ Z,
then

Fm
z [aξ + bη](t) = aFm

z [ξ](t) + bFm
z [η](t), t ∈ [tz − h, tz + h]. (65)

Furthermore, since a factor that is a random variable can be pulled out of a mean-
square integral, it is easy to show that

Fm
z [X · ξ](t) = X · Fm

z [ξ](t), t ∈ [tz − h, tz + h], (66)

where X is a random variable de�ned on a probability space on which the random
process ξ(t) is modeled.

Below, we provide several statistical properties of the direct Fm-transform com-
ponents. Many of them are then used for proving the approximation theorem of the
inverse Fm-transform.

Lemma 32. Let ξ(t) be a stochastic process with E(ξ(t)) = M(t), and let m ∈ N.
Let FmA [ξ] and FmA [M] be the direct Fm-transform of ξ(t) and M(t) with respect to
a uniform fuzzy partition A = {A[h, r, z] | z ∈ Z} of the real line determined by the
triplet (K,h, r), respectively. Then,

E (Fm
z [ξ](t)) = Fm

z [M](t),

for any z ∈ Z, t ∈ SuppA[h, r, z].

Proof: Let (Vij)i,j=1,m+1 = (Zm)−1. From the De�nition 12, for any z ∈ Z,
t ∈ SuppA[h, t, z], we have

Fm
z [ξ](t) = Cz,0 + Cz,1(t− tz) + · · ·+ Cz,m(t− tz)m

where

Cz,i =
1

hi

m∑
j=0

Vi+1j+1

∫ 1

−1

ξ(hτ + tz) · τ jK(τ)dτ,

for i = 0, . . . ,m. It follows that

E (Fm
z [ξ](t)) = E

(
m∑
i=0

Cz,i(t− tz)i
)

= E

(
m∑

i,p=0

(
t− tz
h

)i
· Vi+1p+1 ·

∫ 1

−1

ξ(hτ − tz) · τ pK(τ)dτ

)

=
m∑

i,p=0

(
t− tz
h

)i
· Vi+1p+1 ·

∫ 1

−1

E(ξ(hτ − tz)) · τ pK(τ)dτ

=
m∑

i,p=0

(
t− tz
h

)i
· Vi+1p+1 ·

∫ 1

−1

M(hτ − tz) · τ pK(τ)dτ

= Fm
z [M](t).

2
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Lemma 33. Let ξ(t) be a stochastic process. Suppose that its correlation function
Γ(t, s) is uniformly continuous on R2. Let m ∈ N, and for any h ∈ (0,∞) let
Fm(K,h)[ξ] be the direct Fm-transform of ξ(t) with respect to a fuzzy partition A =

{A[h, r, z] | z ∈ Z} ∈ A[K]. Then, for any ε > 0,

(i) there exists h0 > 0 such that for any 0 < h ≤ h0, z, z
′ ∈ Z, then∣∣Cor

(
Fm
z,(K,h)[ξ](t), F

m
z′,(K,h)[ξ](t

′)
)
− Γ(tz, tz′)

∣∣ < ε,

for any t ∈ SuppA[h, r, z] and t′ ∈ SuppA[h, r, z′],

(ii) there exists h0 > 0 such that for any 0 < h ≤ h0, z ∈ Z then∣∣Cor
(
ξ(t), Fm

z,(K,h)[ξ](t
′)
)
− Γ(t, tz)

∣∣ < ε,

for any t ∈ R and t′ ∈ SuppA[h, r, z].

Proof: Let (V`j)`,j=1,m+1 = (Zm)−1 and h ∈ (0,∞). From the De�nition 12, for
any z ∈ Z, t ∈ SuppA[h, t, z], we have

Fm
z,(K,h)[ξ](t) = Cz,0 + Cz,1(t− tz) + · · ·+ Cz,m(t− tz)m

where

Cz,i =
1

hi

m∑
j=0

Vi+1j+1

∫ 1

−1

ξ(hτ + tz) · τ jK(τ)dτ,

for i = 0, . . . ,m.

(i) For any z, z′ ∈ Z, t ∈ SuppA[h, r, z] and t′ ∈ SuppA[h, r, z′], we have

Fm
z,(K,h)[ξ](t) · Fm

z′,(K,h)[ξ](t
′) =

m∑
i=0

Cz,i(t− tz)i ·
m∑
j=0

Cz′,j(t
′ − tz′)j

=
m∑

i,j=0

Cz,iCz′,j(t− tz)i(t′ − tz′)j

=
m∑

i,j=0

(
t− tz
h

)i
·
(
t′ − tz′
h

)j
×

m∑
p=0

Vi+1p+1

∫ 1

−1

ξ(hτ + tz) · τ pK(τ)dτ ·
m∑
ι=0

Vj+1ι+1

∫ 1

−1

ξ(hs+ tz′) · sιK(s)ds

=
m∑

i,j,p,ι=0

(
t− tz
h

)i
·
(
t′ − tz′
h

)j
× Vi+1p+1 · Vj+1ι+1

∫ 1

−1

ξ(hτ + tz) · τ pK(τ)dτ ·
∫ 1

−1

ξ(hs+ tz′) · sιK(s)ds.
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By Lemma 5, we �nd that

Cor
(
Fm
z,(K,h)[ξ](t), F

m
z′,(K,h)[ξ](t

′)
)

= E
(
Fm
z,(K,h)[ξ](t) · Fm

z′,(K,h)[ξ](t
′)
)

=
m∑

i,j,p,ι=0

(
t− tz
h

)i
·
(
t′ − tz′
h

)j
× Vi+1p+1 · Vj+1ι+1

∫ 1

−1

∫ 1

−1

Γ (hτ + tz, hs+ tz′) · τ psιK(τ)K(s)dτds.

By the correlation function Γ is uniform continuous on R2. Therefore,

lim
h→0

Γ (hτ + tz, hs+ tz′) = Γ(tz, tz′), τ, s ∈ [−1, 1]

that does not depend on tz and tz′ . By the Lebesgue's dominated convergence the-
orem, we have

lim
h→0

∫ 1

−1

∫ 1

−1

Γ (hτ + tz, hs+ tz′) · τ psιK(τ)K(s)dτds =∫ 1

−1

∫ 1

−1

Γ(tz, tz′)τ
psιK(τ)K(s)dτds,

for any p, ι = 0, . . . ,m. Therefore, for any ε > 0, there exists h0 > 0 (h0 does not
depend on z, z′) such that, for any 0 < h ≤ h0, p, ι = 0, . . . ,m∣∣∣∣∫ 1

−1

∫ 1

−1

Γ (hτ + tz, hs+ tz′) · τ psιK(τ)K(s)dτds

−
∫ 1

−1

∫ 1

−1

Γ(tz, tz′) · τ psιK(τ)K(s)dτds

∣∣∣∣ < ε

M0

,

where M0 =
∑m

i,j,p,ι=0 |Vi+1j+1 · Vp+1ι+1|. By the fact that Fm
z,(K,h)[c](t) = c for any

c ∈ C, z ∈ Z and h ∈ (0,∞), for any 0 < h ≤ h0, we obtain∣∣∣Cor
(
Fm
z,(K,h)[ξ](t), F

m
z′,(K,h)[ξ](t

′)
)
− Γ(tz, tz′)

∣∣∣
=
∣∣∣Cor

(
Fm
z,(K,h)[ξ](t), F

m
z′,(K,h)[ξ](t

′)
)

−Fm
z,(K,h)

[√
Γ(tz, tz′)

]
(t) · Fm

z′,(K,h)

[√
Γ(tz, tz′)

]
(t′)
∣∣∣

=

∣∣∣∣∣
m∑

i,j,p,ι=0

(
t− tz
h

)i
·
(
t′ − tz′
h

)j
× Vi+1p+1 · Vj+1ι+1

∫ 1

−1

∫ 1

−1

Γ (hτ + tz, hs+ tz′) · τ psιK(τ)K(s)dτds

−
m∑

i,j,p,ι=0

(
t− tz
h

)i
·
(
t′ − tz′
h

)j
× Vi+1p+1 · Vj+1ι+1

∫ 1

−1

∫ 1

−1

Γ(tz, tz′) · τ psιK(τ)K(s)dτds

∣∣∣∣∣
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≤
m∑

i,j=0

∣∣∣∣t− tzh

∣∣∣∣i · ∣∣∣∣t′ − tz′h

∣∣∣∣j
×

m∑
p,ι=0

|Vi+1p+1 · Vj+1ι+1| ·
∣∣∣∣∫ 1

−1

∫ 1

−1

Γ (hτ + tz, hs+ tz′) · τ psιK(τ)K(s)dτds

−
∫ 1

−1

∫ 1

−1

Γ(tz, tz′) · τ psιK(τ)K(s)dτds

∣∣∣∣
<

m∑
i,j,p,ι=0

|Vi+1p+1 · Vj+1ι+1| ·
ε

M0

< ε.

The proof of (i) is �nished.

(ii) For any z ∈ Z, t ∈ R and t′ ∈ SuppA[h, r, z], we have

ξ(t) · Fm
z,(K,h)[ξ](t

′) = ξ(t) ·
m∑
i=0

Cz,i(t
′ − tz)i

=
m∑

i,j=0

(
t′ − tz
h

)i
· Vi+1j+1

∫ 1

−1

ξ(t)ξ(hs+ tz) · sjK(s)ds.

By Lemma 5, we �nd that

Cor
(
ξ(t), Fm

z,(K,h)[ξ](t
′)
)

= E
(
ξ(t) · Fm

z,(K,h)[ξ](t
′)
)

=
m∑

i,j=0

(
t′ − tz
h

)
· Vi+1j+1

∫ 1

−1

Γ(t, hs+ tz) · sjK(s)ds.

By the uniform continuity of Γ, we have

lim
h→0

Γ(t, hs+ tz) = Γ(t, tz)

that does not depend on t and tz. Therefore, by the Lebesgue's dominated conver-
gence theorem, we obtain

lim
h→0

∫ 1

−1

Γ(t, hs+ tz) · sjK(s)ds =

∫ 1

−1

Γ(t, tz) · sjK(s)ds.

It follows that, for any ε > 0, there exists h0 > 0 (h0 does not depend on z, t) such
that, for any 0 < h ≤ h0, we have∣∣∣∣∫ 1

−1

Γ(t, hs+ tz) · sjK(s)ds−
∫ 1

−1

Γ(t, tz) · sjK(s)ds

∣∣∣∣ < ε

M0

,

where M0 =
∑m

i,j=0 |Vi+1j+1|. By the fact that Fm
z,(K,h)[c](t) = c for any c ∈ C, z ∈ Z
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and h ∈ (0,∞), for any 0 < h ≤ h0, we obtain∣∣Cor
(
ξ(t), Fm

z,(K,h)[ξ](t
′)
)
− Γ(t, tz)

∣∣
=
∣∣Cor

(
ξ(t), Fm

z,(K,h)[ξ](t
′)
)
− Fm

z,(K,h) [Γ(t, tz)] (t′)
∣∣

=

∣∣∣∣∣
m∑

i,j=0

(
t′ − tz
h

)i
· Vi+1j+1

∫ 1

−1

Γ(t, hs+ tz) · sjK(s)ds

−
m∑

i,j=0

(
t′ − tz
h

)i
· Vi+1j+1

∫ 1

−1

Γ(t, tz) · sjK(s)ds

∣∣∣∣∣
≤

m∑
i,j=0

∣∣∣∣t′ − tzh

∣∣∣∣i · |Vi+1j+1| ·
∣∣∣∣∫ 1

−1

Γ(t, hs+ tz) · sjK(s)ds−
∫ 1

−1

Γ(t, tz) · sjK(s)ds

∣∣∣∣
<

m∑
i,j=0

|Vi+1j+1| ·
ε

M0

< ε.

Therefore, (ii) is proven. 2

The following lemma states the results that need to prove the approximation
theorem of the inverse Fm-transform.

Lemma 34. Let the assumptions of Lemma 33 be satis�ed. Then, for any ε > 0,
there exists h0 > 0 such that for any 0 < h ≤ h0, z, z

′ ∈ Z, |z − z′| < 2h/r,9 then∣∣Cor
(
ξ(t)− Fm

z,(K,h)[ξ](t), ξ(t)− Fm
z′,(K,h)[ξ](t)

)∣∣ < ε,

for any t ∈ SuppA[h, r, z] ∩ SuppA[h, r, z′].

Proof: For any z, z′ ∈ Z such that |z − z′| < 2h/r, we �nd that

Cor
(
ξ(t)− Fm

z,(K,h)[ξ](t), ξ(t)− Fm
z′,(K,h)[ξ](t)

)
=

Γ(t, t)−Cor
(
ξ(t), Fm

z′,(K,h)[ξ](t)
)
−Cor

(
Fm
z,(K,h)[ξ](t), ξ(t)

)
+ Cor

(
Fm
z,(K,h)[ξ](t), F

m
z′,(K,h)[ξ](t)

)
for any t ∈ SuppA[h, r, z] ∩ SuppA[h, r, z′]. It follows that∣∣Cor

(
ξ(t)− Fm

z,(K,h)[ξ](t), ξ(t)− Fm
z′,(K,h)[ξ](t)

)∣∣ ≤∣∣Γ(t, t)−Cor
(
ξ(t), Fm

z′,(K,h)[ξ](t)
)∣∣+

∣∣Γ(tz, tz′)−Cor
(
Fm
z,(K,h)[ξ](t), ξ(t)

)∣∣
+
∣∣Cor

(
Fm
z,(K,h)[ξ](t), F

m
z′,(K,h)[ξ](t)

)
− Γ(tz, tz′)

∣∣ . (67)

By Lemma 33, for any ε > 0, there exists h1 > 0 such that for any 0 < h < h1, the
following statements are satis�ed∣∣Γ(t, tz′)−Cor

(
ξ(t), Fm

z′,(K,h)[ξ](t)
)∣∣ < ε

8
, (68)∣∣Γ(tz, t)−Cor

(
ξ(t), Fm

z,(K,h)[ξ](t)
)∣∣ < ε

8
, (69)∣∣Cor

(
Fm
z,(K,h)[ξ](t), F

m
z′,(K,h)[ξ](t)

)
− Γ(tz, tz′)

∣∣ < ε

2
. (70)

9This inequality is equivalent to the fact that SuppA[h, r, z] ∩ SuppA[h, r, z′] 6= φ

68



Moreover, by the uniform continuity of the correlation function Γ, there exists h2 > 0
such that for any 0 < h < h2, by |t− tz| ≤ h, |t− tz′ | ≤ h, then

|Γ(t, t)− Γ(t, tz′)| <
ε

8
, (71)

|Γ(tz, tz′)− Γ(tz, t)| <
ε

8
. (72)

Let h0 = max{h1, h2}. Then, for any 0 < h < h0, it follows from (68) and (71) that∣∣Γ(t, t)−Cor
(
ξ(t), Fm

z′,(K,h)[ξ](t)
)∣∣ < ε

4
, (73)

and it follows from (69) and (72) that∣∣Γ(tz, tz′)−Cor
(
Fm
z,(K,h)[ξ](t), ξ(t)

)∣∣ < ε

4
. (74)

By replacing (70), (73) and (74) to the inequality (67), we obtain∣∣Cor
(
ξ(t)− Fm

z,(K,h)[ξ](t), ξ(t)− Fm
z′,(K,h)[ξ](t)

)∣∣ < ε.

2

Corollary 35. Let ξ(t) be a stochastic process such that E(ξ(t)) = 0. Suppose that
its correlation function Γ(t, s) is uniformly continuous. Let m ∈ N, and for any
h ∈ (0,∞) let Fm(K,h)[ξ] be the direct Fm-transform of ξ(t) with respect to a fuzzy

partition A = {A[h, r, z] | z ∈ Z} ∈ A[K]. Then, for any ε > 0, there exists h0 > 0
such that for any 0 < h ≤ h0, z ∈ Z, then

Var
(
ξ(t)− Fm

z,(K,h)[ξ](t)
)
< ε,

for any t ∈ SuppA[h, r, z].

Proof: This is a straightforward consequence of the previous lemma of the case
that z = z′. 2

Similarly to the theory of the Fm-transform of (multivariate) complex-valued
functions, in what follows, we provide a model for approximation of a stochastic
process from its direct Fm-transform components.

De�nition 13. Let A = {A[h, r, z] | z ∈ Z} be a uniform fuzzy partition of R. Let
m ∈ N, and let FmA [ξ] = {Fm

z [ξ](t) | z ∈ Z} be the direct Fm-transform of a stochastic
process ξ(t) with respect to A. The stochastic process

ξ̂mA (t) =

∑
z∈Z F

m
z [ξ](t) · A[h, r, z](t)∑
z∈ZA[h, r, z](t)

, t ∈ R (75)

is called the inverse Fm-transform of ξ(t) with respect to the direct fuzzy transform
FmA [ξ] and the fuzzy partition A.

69



By the linearity property of the direct Fm-transform applied to stochastic proces-
ses showed in (65), the inverse Fm-transform preserves the linearity property as well.
Namely, for arbitrarily two stochastic processes ξ and η, and two complex numbers
a, b, then,

(aξ + bη)
∧m

A(t) = aξ̂mA (t) + bη̂mA (t), t ∈ R.
Now, let X be a random variable de�ned on a probability space on which a random
process ξ(t) is modeled. As a straightforward consequence of the result in (66), the
inverse Fm-transform satis�es the following statement:

(X · ξ)
∧m

A(t) = X · ξ̂mA (t), t ∈ R.

The following Corollary is a straightforward consequence of De�nition 13 and
Lemma 32.

Corollary 36. Let ξ(t) be a stochastic process with E(ξ(t)) = M(t). Let m ∈ N,
and let ξ̂mA (t) and M̂m

A be the inverse Fm-transform of ξ(t) and M(t) with respect to
a uniform fuzzy partition A of the real line R, respectively. Then,

E(ξ̂mA (t)) = M̂m
A(t),

for any t ∈ R.

Proof: Suppose that A = {A[h, r, z] | z ∈ Z} and FmA [ξ] = {Fm
z [ξ](t) | z ∈ Z} is

the direct Fm-transform of ξ(t) with respect to A. For any t ∈ R, we have

ξ̂mA (t) =

∑
z∈Z F

m
z [ξ](t) · A[h, r, z](t)∑
z∈ZA[h, r, z](t)

. (76)

Since the sums in this expression have �nite non-zero summands corresponding to
A[h, r, z](t) 6= 0, we obtain

E
(
ξ̂mA (t)

)
=

∑
z∈ZE (Fm

z [ξ](t)) · A[h, r, z](t)∑
z∈ZA[h, r, z](t)

.

Therefore, it follows from Lemma 32 that

E
(
ξ̂mA (t)

)
=

∑
z∈Z F

m
z [M](t) · A[h, r, z](t)∑
z∈ZA[h, r, z](t)

= M̂m
A(t).

2

To close this subsection, we provide the most important theorem showing that
a stochastic process can be approximated with arbitrary precision by using the Fm-
transform technique.

Theorem 37. Let ξ(t) be a stochastic process. Suppose that its correlation function
Γ(t, s) is uniformly continuous on R2. Let m ∈ N, and for any h ∈ (0,∞) let ξ̂m(K,h)(t)

be the inverse Fm-transform of ξ(t) with respect to a fuzzy partition A = {A[h, r, k] |
k ∈ Z} ∈ A[K]. Then,

l.i.mh→0 ξ̂
m
(K,h)(t) = ξ(t), (77)

for any t ∈ R.
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Proof: Let h ∈ (0,∞) be arbitrarily and A = {A[h, r, z] | z ∈ Z} ∈ A[K].
Assume that

Fm(K,h)[ξ] =
{
Fm
z,(K,h)[ξ](t) | z ∈ Z

}
is the direct Fm-transform of ξ(t) with respect to A. Then, for any t ∈ R, we have

E
∣∣∣ξ̂m(K,h)(t)− ξ(t)

∣∣∣2 =E

∣∣∣∣∣
∑

z∈Z F
m
z,(K,h)[ξ](t)A[h, r, z](t)∑
z∈ZA[h, r, z](t)

− ξ(t)

∣∣∣∣∣
2

=E

∣∣∣∣∣∣
∑

z∈Z

(
Fm
z,(K,h)[ξ](t)− ξ(t)

)
A[h, r, z](t)∑

z∈ZA[h, r, z](t)

∣∣∣∣∣∣
2

.

Let us note that each sum appearing in the last previous expression has �nite non-
zero summands corresponding to A[h, r, z](t) 6= 0. Let Λh,t = {z ∈ Z | A[h, r, z](t) 6=
0}. By the assumption that the ratio h/r is a constant, the number of elements of
Λh,t is limited (bounded) for any h ∈ (0,∞), t ∈ R. We obtain

E
∣∣∣ξ̂m(K,h)(t)− ξ(t)

∣∣∣2 =∑
z,z′∈Λh,t

E
(
Fm
z,(K,h)[ξ](t)− ξ(t)

)
·
(
Fm
z′,(K,h)[ξ](t)− ξ(t)

)
· A[h, r, z](t)A[h, r, z′](t)∑

z,z′∈Λh,t
A[h, r, z](t)A[h, r, z′](t)

≤

∑
z,z′∈Λh,t

∣∣∣Cor
(
Fm
z,(K,h)[ξ](t)− ξ(t), Fm

z′,(K,h)[ξ](t)− ξ(t)
)∣∣∣A[h, r, z](t)A[h, r, z′](t)∑

z,z′∈Λh,t
A[h, r, z](t)A[h, r, z′](t)

.

Let us note that for any z, z′ ∈ Λh,t, it holds that |z−z′| < 2h/r. Moreover, it follows
from the Lemma 34 that, for any ε > 0 there exists h0 > 0 (h0 does not depend on
t) such that, for any 0 < h ≤ h0, z, z′ ∈ Λh,t, then∣∣Cor

(
Fm
z,(K,h)[ξ](t)− ξ(t), Fm

z′,(K,h)[ξ](t)− ξ(t)
)∣∣ < ε.

Therefore,

E
∣∣∣ξ̂m(K,h)(t)− ξ(t)

∣∣∣2 < ∑z,z′∈Λh,t
ε · A[h, r, z](t)A[h, r, z′](t)∑

z,z′∈Λh,t
A[h, r, z](t)A[h, r, z′](t)

= ε,

for any 0 < h ≤ h0. 2

Remark 5. By the fact that the correlation function of a stationary process is uni-
formly continuous if it is continuous at the origin (see Proposition 3), all statements
in Lemma 33, 34, Corollary 35 and Theorem 37 are held for any stationary process
whose correlation function is continuous at the origin.
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6.2 Reduction of noise

In this subsection, we devote theoretical justi�cation for application of the Fm-
transform to reduction of several types of noise usually exhibiting in time series.
This is one of essential assumptions for trend-cycle estimation using fuzzy transform
technique.

As we mentioned in Subsection 3.3.1, the noise (irregular uctuation) in a time
series is standardly assumed to be a realization of a stationary process. Let ξ(t)
be a stationary process and Γ(·) be its correlation function. In the sequel, we re-
strict our analysis to the following two assumptions. The �rst one supposes that
ξ(t) is a \short-memory"stationary process characterized by the quick decay of the
correlation function. This assumption is formalized by the following statement:

lim
h→∞

1

h
·
∫ h

0

|Γ(τ)|dτ = 0. (78)

The second one assumes that

Γ(τ) =
κ∑
j=1

Aje
iλjτ , (79)

where Aj ∈ C, i is the imaginary unit, and λj ∈ R. This assumption characterizes the
periodicity property of the correlation function. Moreover, the correlation function
of a stationary process, which slowly decays, can be approximated by a function of
the form (79). Therefore, this assumption can be considered as a characterization of
a \long-memory"stationary process.10

Below, we prove that any stationary process satisfying one of two previous as-
sumptions can be signi�cantly reduced in the sense of reduction of its variability by
application of the Fm-transform.

Lemma 38. Let ξ(t) be a short-memory stationary process with E(ξ(t)) = 0. Let
m ∈ N, and for any h ∈ (0,∞) let Fm(K,h)[ξ](t) be the direct Fm-transform of ξ(t)

with respect to a fuzzy partition A = {A[h, r, z] | z ∈ Z} ∈ A[K]. Then, for any
ε > 0,

(i) there exists h0 > 0 such that for any h ≥ h0, z, z
′ ∈ Z, |z − z′| < 2h/r, then∣∣Cor

(
Fm
z,(K,h)[ξ](t), F

m
z′,(K,h)[ξ](t)

)∣∣ < ε,

for any t ∈ SuppA[h, r, z] ∩ SuppA[h, r, z′],

(ii) there exists h0 > 0 such that for any h ≥ h0, z ∈ Z, then

Var
(
Fm
z,(K,h)[ξ](t)

)
< ε,

for any t ∈ SuppA[h, r, z].
10We use the name \short-memory"and \long-memory"stationary process only to distinguish

two considered assumptions. And these names, somehow, characterize the behavior of the corre-
lation function. By the aim of this thesis, we do not further investigate the same concepts used in
probability and statistic (see, e.g., [4, 6]).
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Proof: (i) Let (Vij)i,j=1,m+1 = (Zm)−1. For any h ∈ (0,∞), z, z′ ∈ Z, |z − z′| <
2h/r, by the similar arguments used in the proof of Lemma 33, we �nd that

Cor
(
Fm
z,(K,h)[ξ](t), F

m
z′,(K,h)[ξ](t)

)
=

m∑
i,j,p,ι=0

(
t− tz
h

)i
·
(
t− tz′
h

)j
× Vi+1p+1 · Vj+1ι+1

∫ 1

−1

∫ 1

−1

Γ ((s− τ)h+ (tz′ − tz)) · τ psιK(τ)K(s)dτds,

for any t ∈ SuppA[h, r, z] ∩ SuppA[h, r, z′]. It follows∣∣Cor
(
Fm
z,(K,h)[ξ](t), F

m
z′,(K,h)[ξ](t)

)∣∣ ≤
m∑

i,j,p,ι=0

|Vi+1p+1 · Vj+1ι+1| ·
∫ 1

−1

∫ 1

−1

|Γ ((s− τ)h+ (tz′ − tz)) |dτds.

Moreover, by the changing of variables u = (s − τ)h + (tz′ − tz) and v = τ in the
double integral, we obtain∣∣Cor

(
Fm
z,(K,h)[ξ](t), F

m
z′,(K,h)[ξ](t)

)∣∣
≤

m∑
i,j,p,ι=0

|Vi+1p+1 · Vj+1ι+1| ·
∫ 1

−1

∫ 2h+(tz′−tz)

−2h+(tz′−tz)

|Γ (u) |
h

dudv

≤2 ·
m∑

i,j,p,ι=0

|Vi+1p+1 · Vj+1ι+1| ·
∫ 2h+|tz′−tz |

−2h−|tz′−tz |

|Γ(u)|
h

du.

By Γ(−u) = Γ(u) or |Γ(−u)| = |Γ(u)| for any u ∈ R, we obtain∣∣Cor
(
Fm
z,(K,h)[ξ](t), F

m
z′,(K,h)[ξ](t)

)∣∣ ≤
4 ·

m∑
i,j,p,ι=0

|Vi+1p+1 · Vj+1ι+1| ·
∫ 2h+|tz′−tz |

0

|Γ(u)|
h

du.

By ξ(t) is a short-memory stationary process satisfying the assumption in (78) and
the fact that |tz′ − tz| < 2h, it is easy to prove that

lim
h→∞

∫ 2h+|tz′−tz |

0

|Γ(u)|
h

du = 0

that does not depend on tz and tz′ (or z and z′). As a result, for any ε > 0, there
exists h0 > 0 such that ∫ 2h+|tz′−tz |

0

|Γ(u)|
h

du <
ε

4M0

,

for any h ≥ h0, where M0 =
∑m

i,j,p,ι=0 |Vi+1p+1 · Vj+1ι+1|. It follows that∣∣Cor
(
Fm
z,(K,h)[ξ](t), F

m
z′,(K,h)[ξ](t)

)∣∣ ≤ ε, for any h ≥ h0.

(ii) This is a straightforward consequence of (i), Lemma 32 and the assumption
that E(ξ(t)) = 0. 2
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Lemma 39. Let the assumptions of Lemma 38 be satis�ed. The only one di�erence
is that ξ(t) is now a long-memory stationary process. Then, the both consequences
of Lemma 38 are satis�ed.

Proof: Similarly to the proof of Lemma 38, we only need to prove that for any
ε > 0, there exists h0 > 0 such that for any h ≥ h0, z, z′ ∈ Z, |z − z′| < 2h/r, then∣∣Cor

(
Fm
z,(K,h)[ξ](t), F

m
z′,(K,h)[ξ](t)

)∣∣ < ε,

for any t ∈ SuppA[h, r, z] ∩ SuppA[h, r, z′]. Indeed, let (Vij)i,j=1,m+1 = (Zm)−1. By
the same arguments used in the proof of Lemma 38, we �nd that

Cor
(
Fm
z,(K,h)[ξ](t), F

m
z′,(K,h)[ξ](t)

)
=

m∑
i,j,p,ι=0

(
t− tz
h

)i
·
(
t− tz′
h

)j
× Vi+1p+1 · Vj+1ι+1

∫ 1

−1

∫ 1

−1

Γ ((s− τ)h+ (tz′ − tz)) · τ psιK(τ)K(s)dτds.

For any p, ι = 0, 1, . . . ,m, let

Ip,ι(h) =

∫ 1

−1

∫ 1

−1

Γ ((s− τ)h+ (tz′ − tz)) · τ psιK(τ)K(s)dτds.

We obtain∣∣Cor
(
Fm
z,(K,h)[ξ](t), F

m
z′,(K,h)[ξ](t)

)∣∣ ≤ m∑
i,j,p,ι=0

|Vi+1p+1 · Vj+1ι+1| · |Ip,ι(h)| . (80)

Moreover, from the assumption (79), we �nd that

|Ip,ι(h)| =

∣∣∣∣∣
κ∑
j=1

Aj

∫ 1

−1

∫ 1

−1

eiλj [(s−τ)h+(tz′−tz)] · τ psιK(τ)K(s)dτds

∣∣∣∣∣
≤

κ∑
j=1

|Aj|
∣∣∣∣∫ 1

−1

∫ 1

−1

eiλj [(s−τ)h+(tz′−tz)] · τ psιK(τ)K(s)dτds

∣∣∣∣
=

κ∑
j=1

|Aj|
∣∣∣∣∫ 1

−1

∫ 1

−1

eiλj(s−τ)h · τ psιK(τ)K(s)dτds

∣∣∣∣
=

κ∑
j=1

|Aj|
∣∣∣∣∫ 1

−1

eiλjhssιK(s)ds

∣∣∣∣ · ∣∣∣∣∫ 1

−1

e−iλjhττ pK(τ)dτ

∣∣∣∣ .
By Riemann-Lebesgue's lemma, it is easy to prove that

lim
h→∞

∣∣∣∣∫ 1

−1

eiλjhssιK(s)ds

∣∣∣∣ = 0, and lim
h→∞

∣∣∣∣∫ 1

−1

e−iλjhττ pK(τ)dτ

∣∣∣∣ = 0.

for any j = 1, . . . , κ. Therefore, limh→∞ |Ip,ι(h)| = 0 for any p, ι = 0, 1, . . . ,m. It
follows that for any ε > 0, for any p, ι = 0, 1, . . . ,m there exists hp,ι > 0 such that

|Ip,ι(h)| < ε

M0

,
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for any h ≥ hp,ι, where M0 =
∑m

i,j,p,ι=0 |Vi+1p+1 · Vj+1ι+1|. Let h0 = max{hp,ι | p, ι =
0, 1, . . . ,m}. From this result and the inequality (80), we obtain∣∣Cor

(
Fm
z,(K,h)[ξ](t), F

m
z′,(K,h)[ξ](t)

)∣∣ < ε, for any h ≥ h0.

2

Theorem 40. Let ξ(t) be a stationary process with E(ξ(t)) = 0. Suppose that its
correlation function Γ(·) satis�es at least one of the assumptions (78) and (79). Let
m ∈ N, and for any h ∈ (0,∞), let ξ̂m(K,h) be the inverse Fm-transform of ξ(t) with

respect to a uniform fuzzy partition A = {A[h, r, z] | z ∈ Z} ∈ A[K]. Then, the
following statements are satis�ed

(i) limh→∞Var
(
ξ̂m(K,h)(t)

)
= 0, uniformly on R,

(ii) l.i.mh→∞ ξ̂
m
(K,h)(t) = 0, for any t ∈ R.

Proof: By the assumption E(ξ(t)) = 0, it follows from Corollary 36 that

E
(
ξ̂m(K,h)(t)

)
= 0, for any t ∈ R. (81)

Consequently, the statement (i) and (ii) are equivalent. Therefore, we only prove the
statement (i). Let h ∈ (0,∞) be arbitrarily and A = {A[h, r, z] | z ∈ Z} ∈ A[K].
Assume that

Fm(K,h)[ξ] =
{
Fm
z,(K,h)[ξ](t) | z ∈ Z

}
is the direct Fm-transform of ξ(t) with respect to A. For any t ∈ R, we have

ξ̂m(K,h)(t) =

∑
z∈Z F

m
z,(K,h)[ξ](t) · A[h, r, z](t)∑
z∈ZA[h, r, z](t)

.

Let us note that each sum appearing in the previous expression has �nite non-zero
summands corresponding to A[h, r, z](t) 6= 0. Let Λh,t = {z ∈ Z | A[h, r, z](t) 6= 0}.
By the assumption that the ratio h/r is a constant, the number of elements of Λh,t

is limited (bounded) for any h ∈ (0,∞), t ∈ R. By (81), we then obtain

Var
(
ξ̂m(K,h)(t)

)
= E

(
ξ̂m(K,h)(t) · ξ̂m(K,h)(t)

)
=E

(∑
z,z′∈Λh,t

Fm
z,(K,h)[ξ](t) · Fm

z′,(K,h)[ξ](t) · A[h, r, z](t)A[h, r, z′](t)∑
z,z′∈Λh,t

A[h, r, z](t)A[h, r, z′](t)

)

=

∑
z,z′∈Λh,t

E
(
Fm
z,(K,h)[ξ](t) · Fm

z′,(K,h)[ξ](t)
)
· A[h, r, z](t)A[h, r, z′](t)∑

z,z′∈Λh,t
A[h, r, z](t)A[h, r, z′](t)

≤

∑
z,z′∈Λh,t

∣∣∣Cor
(
Fm
z,(K,h)[ξ](t), F

m
z′,(K,h)[ξ](t)

)∣∣∣ · A[h, r, z](t)A[h, r, z′](t)∑
z,z′∈Λh,t

A[h, r, z](t)A[h, r, z′](t)
.
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Let us note that for any z, z′ ∈ Λh,t, then |z−z′| < 2h/r. Moreover, by the correlation
function of ξ(t) satis�es at least one of the assumptions (78) and (79), it follows from
Lemmas 38 and 39 that, for any ε > 0 there exists h0 > 0 (h0 does not depend on
t) such that, for any h ≥ h0, z, z′ ∈ Λh,t, then∣∣Cor

(
Fm
z,(K,h)[ξ](t), F

m
z′,(K,h)[ξ](t)

)∣∣ < ε.

Therefore,

Var
(
ξ̂m(K,h)(t)

)
<

∑
z,z′∈Λh,t

ε · A[h, r, z](t)A[h, r, z′](t)∑
z,z′∈Λh,t

A[h, r, z](t)A[h, r, z′](t)
= ε,

for any h ≥ h0. 2

It follows from Remark 2 that if the assumptions of the previous theorem are
satis�ed, then

lim
h→∞

ξ̂m(K,h)(t)
P
= 0, for any t ∈ R.

Namely, for any ε > 0, 0 < ϑ < 1, there exists h0 > 0 such that for any h ≥ h0, then

P
{∣∣∣ξ̂m(K,h)(t)

∣∣∣ < ε
}
> 1− ϑ, for any t ∈ R.

Consequently, let R(t) be an arbitrary realization of ξ(t), i.e., R(t) = ξ(t,ω) where
ω is an elementary event (ω ∈ Ω) of a probability space (Ω,F , P ) on which ξ(t) is
modeled. Then, for any h ≥ h0, we obtained, in a probability value p (p > 1 − ϑ),
that ∣∣∣R̂m

(K,h)(t)
∣∣∣ < ε, for any t ∈ R. (82)

Namely, the irregular uctuation that is a realization of the stationary process ξ(t)
can be reduced in an arbitrarily high probability value using the Fm-transform with
a reasonable adjustment of the bandwidth of the used fuzzy partition (i.e., the
bandwidth is large enough).

In order to close this section, we provide several examples demonstrating the
noise reduction ability of the Fm-transform.

Example 12. Let ξ(t) be a moving average process MA(4) determined as follows:

ξ(t) = ε(t) + 0.6ε(t− 1) + 0.6ε(t− 2) + 0.3ε(t− 3) + 0.7ε(t− 4),

where ε(t) ∼ WN(0, 9). It is a stationary process satisfying the assumption in
(78)(i.e., its correlation function cuts o� after the order p = 4) (see [4]). We gene-
rate three noise data: Rj(t), j = 1, 2, 3 corresponding to three realizations of ξ(t) with
t = 0, . . . , 100. These are characterized by the mean and variance given in Table 7.
We apply the F2-transform (direct and inverse phase) to each of Rj, j = 1, 2, 3 with
respect to the same uniform fuzzy partition determined by the triplet (Ktr, 20, 10).
The obtained results are depicted in Figure 13, and Table 8 with m = 2. The latter
shows that the variability of the obtained results is powerfully decreased in compari-
son with the original ones. In other words, these noise data are signi�cantly reduced
by using F2-transform technique with respect to the mentioned fuzzy partition.
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Noise data R1 R2 R3

Mean 0.1989 −0.9763 −2.4236

Variance 171.3627 124.9096 143.4554

Table 7: The mean and variance of the noise data in Example 12.

Figure 13: The inverse F2-transforms (black, dashed yellow, and magenta lines) of
the realizations 1, 2, and 3 (blue, dashed red, and green lines) in Example 12.

Moreover, we evaluate the noise reduction ability of the Fm-transform with respect
to the use of di�erent degrees m. For this task, we �x the fuzzy partition used in
the previous computations, and apply the Fm-transform (m = 0, . . . , 3) to the noise
data, one by one. The results are given by Table 8.

Noise data R1 R2 R3 R1 R2 R3

Degree m = 0 m = 1

Mean 0.0112 −1.0914 −1.7189 −0.1241 −1.1169 −1.8274

Variance 1.2380 7.0816 2.9323 8.5032 17.6130 8.9639

Degree m = 2 m = 3

Mean −0.1715 −1.3579 −1.9961 −0.1980 −1.3992 −2.0449

Variance 17.6358 27.4762 22.2306 28.5640 36.8644 40.6810

Table 8: The mean and variance of the inverse Fm-transforms applied to the noise
data in Example 12.

One can see from this example that the Fm-transform is a good technique for
reduction of noise generated by a moving average process. Especially, from Table 8,
we see that the F0-transform seems to be the best choice for reduction of this type
of noise. However, similarly to the suppression of high frequencies investigated in
the previous section, the reduction of noise in time series has to ensure that it does
not make a strong disturbance to the trend-cycle component. Therefore, there are
many situations in time series analysis that we need to use the higher degree fuzzy
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transform for the reduction of noise. More details about this situation are carefully
investigated in Subsection 7.1.

In the next example, we consider the application of the Fm-transform to reduction
of noise generated by an autoregressive process.

Example 13. Let ξ(t) be an autoregressive process AR(4) determined as follows:

ξ(t) = 0.5ξ(t− 1) + 0.3ξ(t− 2)− 0.7ξ(t− 3) + 0.2ξ(t− 4) + ε(t),

where ε(t) ∼ WN(0, 9). The process is a stationary process and again satis�es the
assumption (78) because of the geometric decay of its correlation function (see [4]).
Similarly to the previous example, we generate from ξ(t) three noise data: Rj(t),
t = 1, 2, 3 with t = 0, . . . , 100. These are characterized by the mean and variance in
Table 9. By application of the F 0-transform with respect to the uniform fuzzy par-

Noise data R1 R2 R3

Mean −0.2435 −1.2033 −1.2212

Variance 227.2973 138.6468 156.8088

Table 9: The mean and variance of the noise data in Example 13.

tition determined by the triplet (Ktr, 16, 8) to them, we see that they are completely
suppressed. The results are depicted in Figure 14 and Table 10.

Figure 14: The inverse F0-transforms (black, dashed yellow, and magenta lines) of
the realizations 1, 2, and 3 (blue, dashed red, and green lines) in Example 13.

Noise data R1 R2 R3

Mean 0.1564 −0.6598 −0.9576

Variance 1.4055 2.2107 1.0465

Table 10: The mean and variance of the inverse F0-transforms applied to the noise
data in Example 13.
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Unlike the previous example, we now evaluate the noise reduction ability of the
fuzzy transform according to the change of the bandwidth of used fuzzy partitions.
The obtained results are provided in Table 11 where we apply the F3-transform with
respect to triangular uniform fuzzy partitions with di�erent settings of the bandwidth
(the shift is a half of the bandwidth).

Noise data R1 R2 R3 R1 R2 R3

Bandwidth h = 18 h = 20

Mean 0.0084 −0.8559 −1.0756 −0.0135 −0.8113 −1.0815

Variance 9.7139 9.9017 12.4807 7.1404 8.0486 9.4046

Bandwidth h = 22 h = 24

Mean −0.0356 −0.7938 −1.1139 −0.0226 −0.7666 −1.0928

Variance 6.2857 8.0961 7.2772 5.2223 6.4680 5.5153

Table 11: The mean and variance of the inverse F3-transforms applied to the noise
data in Example 13.

From this example, we see that the Fm-transform is a good technique for re-
duction of noise generated by an autoregressive process. Moreover, by Table 11, one
can easily see that the larger values of the bandwidth, the better quality of the re-
duction of noise. However, let us note that we can not in�nitely increase the value of
bandwidth because of the limitation of the known data and various e�ects depending
on the purposes of the reduction of noise. For example, a setting of the bandwidth
for the reduction of noise in a time series to estimate its trend-cycle depends on the
behavior of the trend-cycle and high frequencies exhibiting in it. More details of this
task are carefully investigated in Subsection 7.1.

To close this section, we illustrate the reduction of noise generated by a long-
memory stationary process.

Example 14. Let ξ(t) be a stationary process determined by the following formula

ξ(t) = ε1 sin
(π

6
t
)

+ ε2 cos
(π

6
t
)

+ η1 sin

(
2π

3
t

)
+ η2 cos

(
2π

3
t

)
,

where ε1, ε2, η1, η2 are independent random variables having the same normal dis-
tribution with εi ∼ N (0, 9) and ηi ∼ N (0, 16), i = 1, 2. It is easy to see that the
correlation function of ξ(t) satis�es the assumption in 79. We again generate from
ξ(t) three noise data: Rj(t), j = 1, 2, 3 with t = 0, . . . , 100 characterized by Table
12. We apply to them the F1-transform with respect to the uniform fuzzy partition
of the real line determined by the triplet (Ktr, 8, 4). The inverse F1-transforms are
depicted in Figure 15 and evaluated by Table 13.

The reduction of the \long-memory"noise in Example 14 using the Fm-transform
technique totally follows the rules demonstrated by Example 12 and 13. Namely,
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Noise data R1 R2 R3

Mean −0.2882 0.8262 −0.1278

Variance 705.7320 3042.8487 244.9710

Table 12: The mean and variance of the noise data in Example 14.

Figure 15: The inverse F1-transforms (black, dashed yellow, and magenta lines) of
the realizations 1, 2, and 3 (blue, dashed red, and green lines) in Example 14.

Noise data R1 R2 R3

Mean −0.1137 0.0356 −0.0067

Variance 13.4436 27.2926 0.5136

Table 13: The mean and variance of the inverse F1-transforms applied to the noise
data in Example 14.

it can be done better by decreasing the degree m or increasing the value of the
bandwidth. In the practice, or particularly in time series analysis, the setting of
these parameters, however, depends on various e�ects (e.g., the behavior of the
trend-cycle, the period of the seasonal component). This task is left to the next
section where the noise reduction is to estimate the trend-cycle of time series.
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7 Analysis of time series using fuzzy techniques

There is no doubt that time series analysis is an important technique that helps us
to understand various phenomena (e.g., development of the local or global econo-
mic situation, the changing of climate, etc.). One of its goals is to predict future
development of the observed phenomenon. In order to design e�cient strategies for
such forecasts, we need to understand the current or even the past states of the
phenomenon. A technique of time series decomposition will help us to respond these
exigencies.

In this section, we �rst consider application of fuzzy transform technique to time
series decomposition. We then propose a method for forecasting of time series based
on their decomposition model.

7.1 Time series decomposition

Time series decomposition is one of the major tasks in time series analysis. There are
two main approaches for dealing with this issue, namely, model-based approach (e.g.,
XII-ARIMA model, state space model, etc.) and non-model-based approach (e.g.,
Seasonal Trend decomposition based on Loess (SLT), Singular Spectrum Analysis
(SSA), etc.). For more details about these methods, we refer to [9, 14, 46, 2].

As we analyzed in Subsection 3.3, we assume that a time series X(t) is a reali-
zation of a stochastic process that can be additively decomposed into a trend-cycle
TC(t), a seasonal component S(t), and an irregular uctuation (noise) R(t). By
the characteristics of these components (see Subsection 3.3.1), we assume, in this
subsection, that TC(t) is a continuous function with smooth change in its course,
S(t) is a periodic function with the period p, and R(t) is a realization of a stationary
process satisfying one of the assumptions (78) and (79). We then provide methods
based on fuzzy transform technique for estimation of the trend-cycle and the seaso-
nal component. As a result, the irregular uctuation is estimated by the remainder
of the time series after subtraction of the estimated trend-cycle and the estimated
seasonal component.

7.1.1 Trend-cycle estimation

A successful estimation of the trend-cycle requires a signi�cant suppression (or bet-
ter elimination) of the seasonal component and irregular uctuation. In this thesis,
such requirements were individually investigated in Subsection 5.3 and 6.2. Namely,
we showed how the high frequencies exhibiting in the seasonal component can be
suppressed and the noise can be reduced by using fuzzy transform (Fm-transform)
technique. By application of these investigations, we now provide theoretical jus-
ti�cation showing that the Fm-transform is a bene�cial technique for trend-cycle
estimation.

By the period of the seasonality is p, the seasonal component S(t) can be repre-
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sented by the following form (see [50]):

S(t) =
ι∑

j=1

Aje
i 2πjt
p

where ι ≤ p
2
, Aj (j = 1, . . . , ι) are constants and i is the imaginary unit. Let us put

Wj(t) = ei 2πj
p
t, j = 1, . . . , ι.

By application of the Fm-transform (direct and inverse phase) with respect to fuzzy
partitions A = {A[h, r, z] | z ∈ Z} ∈ A[K], h ∈ (0,∞) to the summand Wj, we
obtain

lim
h→∞

(Wj)
∧m

(K,h)(t) = 0, uniformly on R,

that is a straightforward consequence of Theorem 29. Moreover, it follows from the
linearity property of the fuzzy transform that if we apply the Fm-transform to the
seasonal component S(t), then we obtain

lim
h→∞

Ŝm(K,h)(t) = 0, uniformly on R. (83)

Additionally, by the assumption that the noise R(t) is a realization of a stationary
process satisfying the assumption (78) or (79), we obtain from the consequence
followed by Theorem 40 that the noise can be successfully reduced, in an arbitrarily
high probability value, by using the Fm-transform in such a way that the bandwidth

of the used fuzzy partition is large enough. Consequently, both of
∣∣∣Ŝm(K,h)(t)

∣∣∣ and∣∣∣R̂m
(K,h)(t)

∣∣∣ are small for any t ∈ R under certain settings of the bandwidth h (i.e., h

is large enough).

Below, we provide theoretical justi�cation showing how the trend-cycle can be
estimated using fuzzy transform technique.

Theorem 41 (Weierstrass). Let f ∈ C[a, b]. For any ε > 0, there exists an m ∈ N
and a polynomial of degree m, say P , such that

|f(t)− P (t)| ≤ ε, for any t ∈ [a, b].

By this theorem, we de�ne a class of continuous functions using for describing
of the properties of the trend-cycle.

De�nition 14. Let f ∈ C(U) (U is a connected subset of R), δ > 0 and ε ≥ 0. The
function f is said to be a (δ, ε)-pseudo polynomial of degree m if for any subinterval
of the length δ, I ⊂ U , there exists a polynomial P of degree m such that

|f(t)− P (t)| ≤ ε, for any t ∈ I.

By De�nition 14, it is easy to see that a polynomial of degree m is a (δ, 0)-pseudo
polynomial of degree m for any δ > 0. The following lemmas are other properties of
pseudo polynomials that are also straightforward consequences of this de�nition.
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Lemma 42. Any (δ, ε)-pseudo polynomial of degree m with ε > 0 is a (δ, ε)-pseudo
polynomial of degree m′ for any m ≤ m′.

Lemma 43. Let f be a (δ, ε)-pseudo polynomial of degree m on U (connected subset
of R). Then, it is a (δ′, ε)-pseudo polynomial (or (δ, ε′)-pseudo polynomial) of degree
m, for any δ′ ≤ δ (or ε ≤ ε′).

Below, we introduce an example of pseudo polynomials.

Example 15. Let us consider the following two functions:

1. f(t) = sin
(

2π
T
t
)
, T > 0,

2. g(t) = ln(c+ t), c ≥ 1

determined on (0,∞). For any subinterval I of the length δ of (0,∞), let tI be its
central point. For the function f(t), its polynomial expansion using Taylor's theorem
with respect to a Taylor polynomial of degree 3 is given as follows:

f(t) = sin

(
2π

T
tI

)
+ (t− t0) · 2π

T
cos

(
2π

T
tI

)
− (t− tI)2

2
·
(

2π

T

)2

sin

(
2π

T
tI

)
− (t− tI)3

6
·
(

2π

T

)3

cos

(
2π

T
tI

)
+

(t− tI)4

24
·
(

2π

T

)4

sin

(
2π

T
(tI + θt(t− tI))

)
for any t ∈ I and θt ∈ (0, 1). By putting

P (t) = sin

(
2π

T
tI

)
+ (t− t0) · 2π

T
cos

(
2π

T
tI

)
− (t− tI)2

2
·
(

2π

T

)2

sin

(
2π

T
tI

)
− (t− tI)3

6
·
(

2π

T

)3

cos

(
2π

T
tI

)
,

we obtain

|f(t)− P (t)| ≤ δ4

384
·
(

2π

T

)4

, for any t ∈ I.

Therefore, if δ ≤ T/2 then,

|f(t)− P (t)| ≤ π4

384
< 0.254, for any t ∈ I.

Consequently, f(t), in this case, is a (δ, 0.254)-pseudo polynomial of degree m = 3.
Analogously, we again apply Taylor's theorem to g(t). As a result, its expansion,
however, with respect to a Taylor polynomial of degree 1 is given by the following
expression:

g(t) = ln(c+ tI) +
(t− tI)
c+ tI

− (t− tI)2

2(c+ tI + θ′t(t− tI))2
,

for any t ∈ I and θ′t ∈ (0, 1). It follows that∣∣∣∣g(t)−
[
ln(c+ tI) +

(t− tI)
c+ tI

]∣∣∣∣ ≤ 1

8
·
(
δ

c

)2

, for any t ∈ I.

Hence, g(t) is a (δ, 0.125)-pseudo polynomial of degree m = 1 for any δ ≤ c.
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Let us note that, in the previous example, we use Taylor polynomials to esti-
mate the pair (δ, ε) and the degree m at which a given function is a (δ, ε)-pseudo
polynomial of degree m. 11 A generalization of this approach is the following lemma.

Lemma 44. Let f be a function that is (m + 1)-times di�erentiable on R. If
|f (m+1)(t)| ≤ ζ on any subinterval of the length δ of R, then f is a (δ, ε)-pseudo
polynomial of degree m with

ε =
ζ · (δ/2)m+1

(m+ 1)!

Proof: This is a straightforward consequence of Taylor's theorem. 2

The following proposition states an important property when we apply the Fm-
transform to a (δ, ε)-pseudo polynomial of degree m.

Proposition 45. Let f ∈ C(R). Let m ∈ N, and let f̂m(K,h) be the inverse Fm-
transform of f with respect to a uniform fuzzy partition of the real line A =
{A[h, r, z] | z ∈ Z}, determined by the triplet (K,h, r). If f is a (δ, ε)-pseudo poly-
nomial of degree m on R with δ ≥ 2h, then∣∣∣f(t)− f̂m(K,h)(t)

∣∣∣ ≤ 2ε · Φ(m,K), (84)

where Φ(m,K) is de�ned in Lemma 21, for any t ∈ R.

Proof: Assume that f is a (δ, ε)-pseudo polynomial of degree m. Let z ∈ Z be
arbitrarily, and let tz = zr. By De�nition 14, we can assume that

f(t) = P (t) + g(t), t ∈ [tz − h, tz + h]

where P (t) is a polynomial of degree m and |g(t)| ≤ ε for any t ∈ [tz −h, tz +h]. By
the properties of fuzzy transform, we obtain Fm

z,(K,h)[f ](t) = P (t) +Fm
z,(K,h)[g](t), for

any t ∈ [tz − h, tz + h]. It follows from Lemma 21 that

|f(t)− Fm
z,(K,h)[f ](t)| = |g(t)− Fm

z,(K,h)[g](t)| ≤ 2ε · Φ(m,K).

Consequently, we obtain

|f(t)− f̂m(K,h)(t)| =

∣∣∣∣∣f(t)−
∑

z∈Z F
m
z,(K,h)[f ](t) · A[h, r, z](t)∑
z∈ZA[h, r, z](t)

∣∣∣∣∣
=

∣∣∣∣∣
∑

z∈Z[f(t)− Fm
z,(K,h)[f ](t)] · A[h, r, z](t)∑

z∈ZA[h, r, z](t)

∣∣∣∣∣
≤
∑

z∈Z |f(t)− Fm
z,(K,h)[f ](t)| · A[h, r, z](t)∑

z∈ZA[h, r, z](t)

≤
∑

z∈Z 2ε · Φ(m,K) · A[h, r, z](t)∑
z∈ZA[h, r, z](t)

= 2ε · Φ(m,K),

for any t ∈ R. 2

11One can use other approaches (e.g., Chebyshev polynomials, Lagrange polynomial,. . . ) for the
estimation of δ, ε and m.
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The following theorem provides the background for the estimation of the trend-
cycle of time series.

Theorem 46. Let X(t) be a time series that can be additively decomposed as
follows:

X(t) = TC(t) + S(t) +R(t), t ∈ R,

where the trend-cycle TC(t) is assumed to be a (δ, ε)-pseudo polynomial of degree m.

For any h satisfying that 2h ≤ δ, let X̂m
(K,h)(t), Ŝ

m
(K,h)(t) and R̂

m
(K,h)(t) be the inverse

Fm-transforms of X(t), S(t) and R(t) with respect to a uniform fuzzy partition A
of the real line determined by the triplet (K,h, r), respectively. Then,∣∣∣X̂m

(K,h)(t)− TC(t)
∣∣∣ ≤ 2ε · Φ(m,K) +

∣∣∣Ŝm(K,h)(t)
∣∣∣+
∣∣∣R̂m

(K,h)(t)
∣∣∣ , (85)

for any t ∈ R, where Φ(m,K) is de�ned in Lemma 21.

Proof: Let T̂C
m

(K,h) be the inverse F
m-transform of TC. By the linearity property

of the inverse Fm-transform and the additive decomposition model ofX(t), we obtain
that

X̂m
(K,h)(t) = T̂C

m

(K,h)(t) + Ŝm(K,h)(t) + R̂m
(K,h)(t),

for any t ∈ R. It follows that∣∣∣X̂m
(K,h)(t)− T̂C

m

(K,h)(t)
∣∣∣ ≤ ∣∣∣Ŝm(K,h)(t)

∣∣∣+
∣∣∣R̂m

(K,h)(t)
∣∣∣ .

Moreover, by Proposition 45, we have∣∣∣T̂Cm

(K,h)(t)− TC(t)
∣∣∣ ≤ 2ε · Φ(m,K).

From this inequality and the previous one, we obtain∣∣∣X̂m
(K,h)(t)− TC(t)

∣∣∣ ≤ ∣∣∣X̂m
(K,h)(t)− T̂C

m

(K,h)(t)
∣∣∣+
∣∣∣T̂Cm

(K,h)(t)− TC(t)
∣∣∣

≤
∣∣∣Ŝm(K,h)(t)

∣∣∣+
∣∣∣R̂m

(K,h)(t)
∣∣∣+ 2ε · Φ(m,K),

and the proof is �nished. 2

By the assumption that TC(t) is a continuous function with smooth change in its
course, it is reasonable to additionally assume that it is a (δ, ε)-pseudo polynomial of
degree m at which ε is small, δ is quite large, and m ∈ {0, 1, 2, 3}. By Theorem 46,
this assumption makes it possible to set a large bandwidth h, 2h ≤ δ, such that the
inequality (85) holds, and at the same time the term 2ε·Φ(m,K) is small. In addition,

it follows from the analysis in the beginning of this subsection that
∣∣∣Ŝm(K,h)(t)

∣∣∣ and∣∣∣R̂m
(K,h)(t)

∣∣∣ are small also with a large value of the bandwidth h. Consequently, the

right hand side of the inequality (85) is small under certain settings of the bandwidth
h. As a result, the trend-cycle can be successfully estimated by the inverse Fm-
transform of X(t).
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A natural question raises how to choose the degree m and the bandwidth h
so that the trend-cycle is estimated well. First, by the fact that the lower degree
m the better suppression of the seasonal and irregular components using the Fm-
transform (see Subsection 5.3 and 6.2), we have to choose m as small as possible
based on the behavior of the trend-cycle. Namely, by observation on the time series
data, we decide the smallest value of m such that the previous assumptions for the
trend-cycle is reasonable. For the choice of the bandwidth h, by the requirement
of the suppression of the seasonal component and noise, it seems that the larger
bandwidth h is, the better the trend-cycle is estimated. However, this is not fully
true. We can not in�nitely increase the bandwidth because of the limitation of the
known data and the requirement 2h ≤ δ that ensures the ful�llment of the inequality
85. Therefore, the bandwidth should be set such that it \balances"the suppression
of the both seasonal and irregular components and the satisfaction of the condition
2h ≤ δ. Although we do not specify the value of δ in the assumption of TC(t), by
the Lemma 43, h should be chosen as small as possible such that it still ensures the
suppression of S(t) and R(t). Below, we analyze a favorable way to determine the
bandwidth of a uniform fuzzy partition used for the trend-cycle estimation.

We �rst need a standard to evaluate the quality of the trend-cycle estimation.
We choose the Integral Root Mean Square Error (IRMSE) for our analysis.12 The
standard is formalized as follows. Let f̃ be an estimation of a function f on an
interval [s1, s2]. Then,

IRMSE
(
f, f̃
)

=

(
1

s2 − s1

∫ s2

s1

(
f(t)− f̃(t)

)2

dt

)1/2

.

Let us suppose that we consider the trend-cycle estimation on the interval [0, N ].
It follows from (85) that we should choose the bandwidth h such that the following
expression

1

N

∫ N

0

(
2ε · Φ(m,K) + |Ŝm(K,h)(t)|+ |R̂m

(K,h)(t)|
)2

dt

is small. We have

1

N

∫ N

0

(
2ε · Φ(m,K) + |Ŝm(K,h)(t)|+ |R̂m

(K,h)(t)|
)2

dt =

4ε2 · Φ2(m,K) +
1

N

∫ N

0

|Ŝm(K,h)(t)|2dt+
1

N

∫ N

0

|R̂m
(K,h)(t)|2dt

+
4ε

N
· Φ(m,K) ·

∫ N

0

|Ŝm(K,h)(t)|dt+
2

N

∫ N

0

|Ŝm(K,h)(t) · R̂m
(K,h)(t)|dt

+
4ε

N
· Φ(m,K) ·

∫ N

0

|R̂m
(K,h)(t)|dt.

12One can use another standard that is suitable for his statements.
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Moreover, it follows from the Hölder's inequality that

∫ N

0

|Ŝm(K,h)(t)|dt ≤
√
N

(∫ N

0

|Ŝm(K,h)(t)|2dt
)1/2

,∫ N

0

|Ŝm(K,h)(t) · R̂m
(K,h)(t)|dt ≤

(∫ N

0

|Ŝm(K,h)(t)|2dt
)1/2

·
(∫ N

0

|R̂m
(K,h)(t)|2dt

)1/2

.

Therefore,

1

N

∫ N

0

(
2ε · Φ(m,K) + |Ŝm(K,h)(t)|+ |R̂m

(K,h)(t)|
)2

dt ≤

4ε2 · Φ2(m,K) +
4ε√
N
· Φ(m,K) ·

(∫ N

0

|Ŝm(K,h)(t)|2dt
)1/2

+
1

N

∫ N

0

|Ŝm(K,h)(t)|2dt

+
4ε

N
· Φ(m,K) ·

∫ N

0

|R̂m
(K,h)(t)|dt+

1

N

∫ N

0

|R̂m
(K,h)(t)|2dt

+
2

N
·
(∫ N

0

|R̂m
(K,h)(t)|2dt

)1/2

·
(∫ N

0

|Ŝm(K,h)(t)|2dt
)1/2

.

Since the noise R(t) can not be exactly known, we can not computationally deal
with its inverse fuzzy transform R̂m

(K,h)(t). However, by (82) and the analysis in
the beginning of this subsection, we de�nitely assume that the terms relating to the
latter is small. Therefore, the bandwidth h should be chosen such that the expression

4ε2 · Φ2(m,K) +
4ε√
N
· Φ(m,K) ·

(∫ N

0

|Ŝm(K,h)(t)|2dt
)1/2

+
1

N

∫ N

0

|Ŝm(K,h)(t)|2dt (86)

is small. The requirement holds if the integral∫ N

0

|Ŝm(K,h)(t)|2dt (87)

is small enough. This condition is practically manipulated by thresholds θ > 0
and ∆ > 0 representing how small and how stable the integral is with respect to
the change of the bandwidth h, respectively. In what follows, we analyze a way
to simplify the ideas based on the information about the period of the seasonal
component.

By the assumption that the period of the seasonal component is p, S(t) can be
represented as follows:

S(t) =
ι∑

j=1

Aje
i 2πjt
p =

ι∑
j=1

Aj

(
cos

2πjt

p
+ i sin

2πjt

p

)
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where ι ≤ p
2
, Aj, j = 1, . . . , ι are unknown constants and i is the imaginary unit.

Let us put

C[j](t) = cos
2πjt

p
, and S[j](t) = sin

2πjt

p
, j = 1, . . . , ι.

By the linearity property of the fuzzy transform, we obtain

∣∣∣Ŝm(K,h)(t)
∣∣∣2 =

(
ι∑

j=1

Aj Ĉ[j]
m

(K,h)(t)

)2

+

(
ι∑

j=1

AjŜ[j]
m

(K,h)(t)

)2

.

By the application of the Hölder's inequality, one can easy to �nd that

∫ N

0

∣∣∣Ŝm(K,h)(t)
∣∣∣2 dt ≤ ι∑

j=1

A2
j

(∫ N

0

∣∣∣Ĉ[j]m(K,h)(t)
∣∣∣2 dt+

∫ N

0

∣∣∣Ŝ[j]
m

(K,h)(t)
∣∣∣2 dt)+

∑
j 6=κ

AjAκ

((∫ N

0

∣∣∣Ĉ[j]m(K,h)(t)
∣∣∣2 dt)1/2

·
(∫ N

0

∣∣∣Ĉ[κ]
m

(K,h)(t)
∣∣∣2 dt)1/2

+

(∫ N

0

∣∣∣Ŝ[j]
m

(K,h)(t)
∣∣∣2 dt)1/2

·
(∫ N

0

∣∣∣Ŝ[κ]
m

(K,h)(t)
∣∣∣2 dt)1/2

)
.

It follows from Remark 4 that the higher frequencies are, the stronger they are
suppressed. Therefore, a setting of the bandwidth h such that∫ N

0

∣∣∣Ĉ[1]
m

(K,h)(t)
∣∣∣2 dt and

∫ N

0

∣∣∣Ŝ[1]
m

(K,h)(t)
∣∣∣2 dt (88)

are small ensures that∫ N

0

∣∣∣Ĉ[j]m(K,h)(t)
∣∣∣2 dt and

∫ N

0

∣∣∣Ŝ[j]
m

(K,h)(t)
∣∣∣2 dt,

for j = 2, . . . , ι, are small too. It follows that the integral in (87) is small. Therefore,
the thresholds θ and ∆ can be chosen and applied to the integrals in (88) instead of
the integral in (87). The question is how the thresholds can be chosen. We set them
as follows:

θ = a ·min

{∫ N

0

|C[1](t)|2 dt,
∫ N

0

|S[1](t)|2 dt
}
, (89)

∆ = b · θ (90)

where a, b ∈ (0, 1). In the practice, we usually set a = 0.01 and b = 0.1. The
thresholds θ and ∆ represent how small and how stable the integrals in (88) are
with respect to the change of the bandwidth h, respectively. By Algorithm 2, we
provide a procedure for the determination of the bandwidth h.
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Algorithm 2 Determination of the bandwidth for trend-cycle estimation

Input:
Period p of seasonal component;
Initial bandwidth h0;13

Thresholds θ and ∆;

Computation:
Set h = h0, ∆1 = ∆ and ∆2 = ∆;

Compute Ĉ[1]
m

(K,h)(t) and Ŝ[1]
m

(K,h)(t);

Set x1 =
∫ N

0

∣∣∣Ĉ[1]
m

(K,h)(t)
∣∣∣2 dt and x2 =

∫ N
0

∣∣∣Ŝ[1]
m

(K,h)(t)
∣∣∣2 dt;

while (x1 ≥ θ or x2 ≥ θ or ∆1 ≥ ∆ or ∆2 ≥ ∆) do
Set y1 = x1, y2 = x2 and H = h;
Increase h = h+ s0;14

Compute Ĉ[1]
m

(K,h)(t) and Ŝ[1]
m

(K,h)(t);

Compute x1 =
∫ N

0

∣∣∣Ĉ[1]
m

(K,h)(t)
∣∣∣2 dt and x2 =

∫ N
0

∣∣∣Ŝ[1]
m

(K,h)(t)
∣∣∣2 dt;

Compute ∆1 = |x1 − y1| and ∆2 = |x2 − y2|;
end while

print The chosen bandwidth is h = H;

Let M = min
{∫ N

0
|C[1](t)|2 dt,

∫ N
0
|S[1](t)|2 dt

}
. The chosen bandwidth h holds

that

1

M
·
∫ N

0

∣∣∣Ĉ[1]
m

(K,h)(t)
∣∣∣2 dt < a,

1

M
·
∫ N

0

∣∣∣Ŝ[1]
m

(K,h)(t)
∣∣∣2 dt < a,

1

M
·
∣∣∣∣∫ N

0

∣∣∣Ĉ[1]
m

(K,h)(t)
∣∣∣2 dt− ∫ N

0

∣∣∣Ĉ[1]
m

(K,h+s0)(t)
∣∣∣2 dt∣∣∣∣ < ab,

1

M
·
∣∣∣∣∫ N

0

∣∣∣Ŝ[1]
m

(K,h)(t)
∣∣∣2 dt− ∫ N

0

∣∣∣Ŝ[1]
m

(K,h+s0)(t)
∣∣∣2 dt∣∣∣∣ < ab.

7.1.2 Seasonal component estimation

In this subsection, we devote a technique using fuzzy transform to estimate the
seasonal component. The method is a combination of a decomposition of seasonal
data (remaining data of a time series after subtraction of its trend-cycle) into sub-
series based on its period and an application of the F-transform to the obtained
sub-series. The idea is similar to the technique, called STL (Seasonal Trend decom-
position based on Loess) proposed in [8]. However, we use the fuzzy transform with
steady theoretical justi�cation instead of the Loess technique.

13It should be set h0 < p.
14s0 is a speci�ed step value. In this case, it should be 1 or 2.

89



By the trend-cycle can be successfully estimated using fuzzy transform technique,
i.e., TC(t) ≈ X̂m

h (t), we can consequently eliminate it and work with a new time
series without the trend-cycle:

Y (t) = X(t)− X̂m
h (t), t ∈ Z.15

The time series Y (t) can be decomposed into the seasonal component S(t) and the
irregular uctuation R(t) as follows:

Y (t) = S(t) +R(t), t ∈ Z.

We now propose a method to estimate the seasonal component S(t) based on its
seasonality property and the application of fuzzy transform technique.

Firstly, we form p time series Yj(t), j = 0, . . . , p− 1 and call them sub-series of
Y (t) as follows:

Yj(t) = Y (j + pt).

It is easy to see that the j-th sub-series Yj(t) can be decomposed as follows:

Yj(t) = Sj(t) +Rj(t)

where Sj(t) = S(j + pt) and Rj(t) = R(j + pt). Since the period of the seasonal
component is p, the term Sj(t) is ideally constant, or changes its course slightly.
Indeed, in practice the amplitude of the seasonality usually changes according to
di�erent periods, i.e., the inuences of seasonal factors are changeable. However,
such uctuations are slight and smooth. As a result, Sj(t) can be considered as
a trend of the j-th sub-series Yj(t). Therefore, the application of fuzzy transform
technique (F0-transform16) to this sub-series provides an estimation of the term

Sj(t), i.e., Sj(t) ≈ (̂Yj)(t). Finally, the seasonal component S(t) is estimated by the
following formula:

S(t) = Sj(np) ≈ (̂Yj)(np), t ∈ Z

where j and n are the remainder and the quotient of the division of t by p, respecti-
vely.

7.1.3 Experimental results

In the previous two subsections, we devoted two methods based on fuzzy transform
technique for the estimation of the trend-cycle and seasonal component. In this
subsection, we �rst summarize a procedure for time series decomposition.

For the sake of simplicity, we restrict our analysis to the use of triangular uniform
fuzzy partitions whose shifts are a half of the corresponding bandwidths, i.e., r =

15The technique provided in this subsection speci�es on a sample of the time series X(t) repre-
sented by a discrete data. The estimation of the seasonal component S(t), hence, is also determined
at discrete time points, t ∈ Z. If a transformation of obtained results to continuous-time data is
necessary, it can be done with the help of fuzzy transform (see [42]). However, such transformation
is not necessary in the practice.

16By the slight change in the course of Sj(t).
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h/2, for all computations. Therefore, we omit the shift values in the text. Moreover,
the bandwidths are chosen such that they are even natural numbers.17

Let X(t), t = 0, 1, . . . , N be a time series that we know the period of its seaso-
nality, say p. Below, we describe a procedure for decomposition of the time series
into an additive decomposition model.

• Step 1: Choose the degree m of the Fm-transform used for trend-cycle esti-
mation. Let us note that if the observed trend-cycle is a nearly linear function
then we should choose m = 0 or m = 1, otherwise m = 2 or m = 3 is a better
choice.

• Step 2: Determine the bandwidth h by using Algorithm 2, and then construct
a fuzzy partition for the trend-cycle estimation.

• Step 3: Estimate the trend-cycle by the inverse fuzzy transform X̂m
h (t) of the

time series X(t) with respect to the constructed fuzzy partition.

• Step 4: Subtract the estimated trend-cycle from the given time series X(t),
say Y (t) = X(t)− X̂m

h (t).

• Step 5: Apply the method provided in Section 7.1.2 to Y (t) to estimate the
seasonal component of the time series X(t).

• Step 6: Subtract the estimated seasonal component from Y (t) to obtain an
estimation of the irregular uctuation of X(t).

This procedure will be applied to both arti�cial and real time series. We decom-
pose an arti�cial time series whose structure, trend-cycle and seasonal component,
is exactly known. By this fact, we then evaluate the obtained results based on their
estimation errors. Moreover, a good decomposition method must assure that the
sum of the estimated trend-cycle and the estimated seasonal component provides
an approximation of the given time series. Consequently, the approximation also de-
monstrates how e�cient a decomposition method is. Therefore, we at the same time
use this approach for the evaluation of a decomposition result. Besides the arti�cial
one, we apply also the suggested method to various types of real time series. Since
the structure of such time series can not be exactly known, we then use the second
approach for evaluation of the obtained results. To show how good the proposed
method is, we compare it with the STL (Seasonal-Trend decomposition procedure
based on Loess) method that is one of the most e�cient techniques in time series
decomposition.

Example 16. Let the time series X(t) be generated by the following formula

X(t) = 0.008(t− 30)2 + 50 sin
(π

6
t
)
− 30 sin

(π
3
t
)

+R(t)

17This choice can be done by rounding the bandwidth obtained by Algorithm 2 to a nearest even
natural number.
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on the set of integers {0, 1, . . . 239}, where R(t) is a realization of the autoregressive
stochastic process determined by

ξ(t) = 0.5ξ(t− 1) + 0.3ξ(t− 2)− 0.7ξ(t− 3) + 0.2ξ(t− 4) + ε(t)

where ε(t) ∼ WN(0, 16). Its trend-cycle, seasonal component and irregular uctuation
are modeled by 0.008(t − 30)2, 50 sin

(
π
6
t
)
− 30 sin

(
π
3
t
)
and R(t), respectively. It is

easy to see that the period of the seasonality is p = 12. Since the trend-cycle is
a quadratic polynomial, we choose the F2-transform for its estimation. We replace
a = 0.01 and b = 0.1 into (89) and (90) to determine the thresholds θ and ∆,
respectively. By application of Algorithm 2 with these thresholds, p = 12 and the
initial bandwidth h0 = 8, we then obtain the bandwidth h = 20 that should be used
for the estimation of the trend-cycle. By using the suggested procedure for which
the bandwidth h = 12 is used at Step 5, we obtain an estimation of the trend-cycle,
seasonal component and irregular uctuation of X(t) that are depicted in Figure
16 together with the corresponding results obtained by the STL method. A detailed
comparison of the proposed technique with the STL method by mean of RMSE is
provided in Table 14. In Figure 17, we display the sums of the estimated trend-cycle

Method \ Component Trend-cycle Seasonal component Noise

(F1{) Fuzzy transform 4.6265 7.1907 8.6696

(F2{) Fuzzy transform 5.0596 7.1928 8.9101

STL 5.7248 7.2278 9.2991

Table 14: The comparison of RMSE errors of the estimations in Example 16 obtained
by proposed method and STL method.

and the estimated seasonal component obtained by the suggested method and by the
STL method. An evaluation based on these results with the help of RMSE is showed
in Table 15.

Method (F1{) Fuzzy transform (F2{) Fuzzy transform STL

RMSE 23.9343 23.9276 24.3419

Table 15: The di�erence between TC(t) + S(t) and X(t) in Example 16.

Besides the previous analysis using the F2{transform for the estimation of the
trend-cycle, let us now assume that we do not know the exact formula of the trend-
cycle. By observing on the plot of the time series, one can evaluate that its trend-
cycle can be a (δ, ε)-pseudo polynomial of degree 1 with a large value of δ and a
small value of ε.18 Consequently, the F1-transform can be applied to the estimation
of the trend-cycle. The obtained result is not bad even better than the use of the F2-
transform (see Tables 14 and 15). This is not in contradiction with the theoretical
justi�cation in Section 7.1.1 because the trend-cycle estimation issue also depends

18It is easy to estimate that the trend-cycle is a (16, 0.512)-pseudo polynomial of degree 1.
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(a)

(b)

(c)

Figure 16: The estimation of the trend-cycle (a), the seasonal component (b), and
the remainder (c) in Example 16 using fuzzy transform method (red lines) and using
the STL method (green lines). The given components are the dashed black lines.
The light blue line is X(t).

on the suppression of the seasonal component and the noise that is done better with
the use of the fuzzy transform of smaller degrees (see Subsections 6.2 and 5.3).

From the previous example, we can see that fuzzy transform technique can be
successfully applied to time series decomposition. The method can be de�nitely
comparable with the well-known STL method, even in this example, it seems to be
better than the STL method.

Below, we consider another example where we apply the proposed method to
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(a) Full data

(b) A last part of data

Figure 17: The sums of the estimated trend-cycle and the estimated seasonal com-
ponent (TC(t) +S(t)) in Example 16 obtained by suggested method (red lines) and
by STL method (green lines). The light blue lines are X(t).

two real (monthly and quarterly) time series.

Example 17. We choose two time series:

1. Monthly number of unemployed persons in Australia (Sep 1978 - Dec 1993),

2. Quarterly gross �xed capital expenditure - private non-dwelling construction,
Australia: millions of dollars, 1984/85 prices. (Q3 1960 - Q2 1988).

Both have clear trend-cycles and seasonal components. Nevertheless, these compo-
nents can not be exactly known. Therefore, we cannot evaluate the quality of the
decompositions by measuring the estimation errors. We can only evaluate, as in
Figure 17 and Table 15, the di�erences between these time series with the sums of
their estimated trend-cycle and seasonal component.

For the time series 1, its trend-cycle looks strongly changing. Therefore, we cho-
ose the F3-transform to estimate the trend-cycle. Moreover, the period of its seasonal
component is known, p = 12. By application of Algorithm 2 with a = 0.01, b = 0.1,
p = 12 and h0 = 8, we �nd the bandwidth h = 20 that should be used for the es-
timation of the trend-cycle. Decomposition results obtained by suggested procedure
(the bandwidth h = 8 is used in Step 5) are depicted in Figure 18 together with the
results of the STL method. The sums of the estimated trend-cycle and the estimated
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(a)

(b)

(c)

Figure 18: The estimation of the trend-cycle (a), the seasonal component (b), and
the remainder (c) of time series 1 in Example 17 using fuzzy transform method (red
lines) and using the STL method (green lines). The light blue line is the given time
series.

seasonal component obtained by the both methods are depicted in Figure 19. More
details, the di�erences of these results from the given time series are RMSE = 15459
(using suggested method) and RMSE = 16343 (using STL method).

For the time series 2, by observing on its data one can reliably guess that its
trend-cycle can be a pseudo polynomial of degree 3. As a result, we choose again the
F3{transform for trend-cycle estimation. The period of the seasonality in this case
is p = 4. By application of Algorithm 2 with a = 0.01, b = 0.1, p = 4 and h0 = 4,
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(a) Full data

(b) A last part of data

Figure 19: The sums of the estimated trend-cycle and the estimated seasonal com-
ponent of time series 1 in Example 17 obtained by suggested method (red lines) and
by STL method (green lines). The light blue lines are the given time series.

we obtain the bandwidth h = 6 that should be used for the trend-cycle estimation.
Decomposition results of the time series using the proposed procedure (the bandwi-
dth h = 4 is used in Step 5) and using the STL method are depicted in Figure 20.
Additionally, the sums of the estimated trend-cycle and the estimated seasonal com-
ponent obtained by both methods are depicted in Figure 21. The di�erences of these
results from the given time series are RMSE = 37.7864 (using suggested method)
and RMSE = 46.5841 (using STL method).

From two previous examples, one can see that the proposed method can fairly
compete with the STL method in decomposition of time series even it seems to be
better than the STL method.

7.2 Time series forecasting

One of the main goals in time series analysis is to predict future states of phenomena.
There are two approaches, namely, the Box-Jenkins models and the decomposition
models that are well-known as standard methodologies for time series forecasting.
The Box-Jenkins methodology is a combination of a �tting of autoregressive and
moving average models (ARMA) (see [1]) to a time series data and an application of
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(a)

(b)

(c)

Figure 20: The estimation of the trend-cycle (a), the seasonal component (b), and
the remainder (c) of time series 2 in Example 17 using fuzzy transform method (red
lines) and using the STL method (green lines). The light blue line is the given time
series.

the �tted model to the forecasting. The second approach is based on the decomposi-
tion of a time series (additive or multiplicative model) into a trend-cycle, a seasonal
component, and an irregular uctuation. The forecasting of the time series is then
an association of individual predictions of these components. As a continuation of
the previous subsection, we investigate below the forecasting of a time series based
on its decomposition model.

Suppose that we have a time series X(t), t = 0, 1, . . . , N . In what follows, we
provide a technique for forecasting of its future values, X(t), t = N + 1, N + 2, . . ..
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(a) Full data

(b) A last part of data

Figure 21: The sums of the estimated trend-cycle and the estimated seasonal com-
ponent of time series 2 in Example 17 obtained by suggested method (red lines) and
by STL method (green lines). The light blue lines are the given time series.

We assume that X(t) is additively decomposed into a trend-cycle TC(t), a seasonal
component S(t) and a noise R(t) as in (9). We provide techniques for individual
forecasting of these components. The future values of the time series are then de-
termined by sum of corresponding future values of the respective components.

7.2.1 Trend-cycle forecasting

We know from Subsection 7.1.1 that the Fm-transform, m ∈ N, is an e�cient tech-
nique for trend-cycle estimation. More precisely, the trend-cycle TC(t) can be suc-
cessfully estimated by X̂m(t) (inverse Fm-transform of X) determined as follows:

X̂m(t) =

∑
z∈Z F

m
z [X](t) · A[h, r, z](t)∑
z∈ZA[h, r, z](t)

, (91)

where Fm
z [X](t), z ∈ Z is the z-th component of the direct Fm-transform of the time

seriesX(t) with respect to a uniform fuzzy partition {A[h, r, z] | z ∈ Z}. Let us recall
that the fuzzy partition is constructed on the basis of the bandwidth obtained by
Algorithm 2.

Let

Fm
1 [X], . . . , Fm

n [X]
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be computed components of the direct Fm-transform of the time series X(t). Our
goal is to forecast future values of the trend-cycle TC(t). To do it, we �rst forecast
the future components Fm

n+1[X], Fm
n+2[X], . . .. The future values of the trend-cycle

are then obtained by the application of (91) to the latter components.

Let us remind that the z-th (z = 1, . . . , n) component Fm
z [X] is de�ned on

[tz − h, tz + h] by the following form:

Fm
z [X](t) = Cz,0 + Cz,1(t− tz) + · · ·+ Cz,m(t− tz)m, (92)

where tz is the z-th node determined by tz = zr. One can see from (92) that
the coe�cient Cz,0 speci�es position along the vertical axis where the polynomial
Cz,1(t− tz)+ · · ·+Cz,m(t− tz)m is positioned. The coe�cient depends on the change
(increase or decrease) of the course of the time series (or the trend-cycle). Moreover,
the polynomial Cz,1(t− tz) + · · ·+Cz,m(t− tz)m indicates the behavior of the trend-
cycle in the area determined by the corresponding basic function.

Let us denote

Pz = Cz,0,

Bmz (t) = Cz,1(t− tz) + · · ·+ Cz,m(t− tz)m

and call Pz and Bmz the z-th position subcomponent and the z-th behavior sub-
component, respectively. By this analysis, the future direct Fm-transform com-
ponents Fm

n+1[X], Fm
n+2[X], . . . can be predicted on the basis of the prediction of

the corresponding position and behavior subcomponents, i.e., Pn+1,Pn+2, . . . and
Bmn+1(t),Bmn+2(t), . . ., respectively by the following expressions

Fm
n+1[X] = Pn+1 + Bmn+1, F

m
n+2[X] = Pn+2 + Bmn+2, . . . .

The position subcomponents are predicted using the techniques of fuzzy natural
logic. The technique is summarized as follows:

• Step 1: Learn a linguistic description from the known data: the variables
occurring in the course of learning are P1,P2, . . . ,Pn as well as their �rst-
and second-order di�erences:

∆Pi = Pi − Pi−1, i = 2, . . . , n,

∆2Pi = ∆Pi −∆Pi−1, i = 3, . . . , n,

respectively. There are two principal forms of fuzzy/linguistic IF-THEN rules
considered in learning:

Form 1:
IF ∆2Pi−1 is A ∆2,i−1 AND ∆Pi−1 is A ∆,i−1 AND Pi is A i

THEN Pi+1 is Bi+1,

Form 2:
IF ∆2Pi−1 is A ∆2,i−1 AND ∆Pi−1 is A ∆,i−1 AND Pi is A i

THEN Pi+` is Bi+`,

where ` ∈ Z and ` ≥ 1.
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• Step 2: Forecast the future position subcomponents: two principal models for
the prediction are given below.

Dependent model: using the rule base system learned with respect to Form
1, to �rst predict for Pn+1 then for Pn+2 and so on.

Independent model: using the rule base system learned with respect to
Form 2, to directly predict Pn+`.

For more details about this technique, we refer to [31, 49].

The prediction of the behavior subcomponents is based on the idea that cycle
components in time series are repeated in a certain order. When localizing this order,
we can guess which component(s) will be repeating in the future.

As the period of the cycle component is unknown or even un�xed, we propose
to use a pattern model for forecasting of the behavior subcomponents. More pre-
cisely, we introduce a similarity measure, using which we identify repetition of the
behavior subcomponents. The future ones are predicted according to their repeated
occurrence in the past.

Proposition 47. Let C[a, b] be a set of continuous functions on an interval [a, b].
Let E : C[a, b]× C[a, b]→ [0, 1] be a fuzzy relation de�ned by

E(f1, f2) =

(
1 +

∫ b

a

|f1(t)− f2(t)|dt
)−1

. (93)

Then, E is a fuzzy equality with respect to the product t-norm.

Proof: It is easy to see that the fuzzy relation E satis�es the reexivity and sy-
mmetry properties; namely, E(f, f) = 1 and E(f1, f2) = E(f2, f1) for any f, f1, f2 ∈
C[a, b]. Therefore, we now prove that it also satis�es the transitivity property. In-
deed, for any f1, f2, f3 ∈ C[a, b], we have

|f1(t)− f3(t)| ≤ |f1(t)− f2(t)|+ |f2(t)− f3(t)|, for any t ∈ [a, b].

It follows that∫ b

a

|f1(t)− f3(t)|dt ≤
∫ b

a

|f1(t)− f2(t)|dt+

∫ b

a

|f2(t)− f3(t)|dt.

We obtain

1 +

∫ b

a

|f1(t)− f3(t)|dt ≤ 1 +

∫ b

a

|f1(t)− f2(t)|dt+

∫ b

a

|f2(t)− f3(t)|dt+∫ b

a

|f1(t)− f2(t)|dt ·
∫ b

a

|f2(t)− f3(t)|dt.

This inequality is equivalent to the following result:

1 +

∫ b

a

|f1(t)− f3(t)|dt ≤(
1 +

∫ b

a

|f1(t)− f2(t)|dt
)
·
(

1 +

∫ b

a

|f2(t)− f3(t)|dt
)
.
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It follows that
E(f1, f2) · E(f2, f3) ≤ E(f1, f3).

Therefore, the transitivity is satis�ed with respect to the product t-norm. 2

Using the previous proposition, we introduce de�nition of the similarity measure
as follows.

De�nition 15. Let Bmz1 and Bmz2 be two behavior subcomponents. The similarity
between Bmz1 and B

m
z2

is determined by the fuzzy equality E as follows:

E(Bmz1 ,B
m
z2

) =

(
1 +

∫ h

−h
|Bmz1(tz1 + τ)− Bmz2(tz2 + τ)| dτ

)−1

. (94)

Let S = {Bmz1 , . . . ,B
m
zq} be a (�nite) set of behavior subcomponents. We additio-

nally de�ne a similarity between a behavior subcomponent Bmz and the set S by

E(Bmz ,S) = max{E(Bmz ,Bmzi ) | i = 1, . . . , q},

and a �ctitious mean subcomponent based on S by

Mean(S)(t) =
1

q

[
Bmz1(tz1 + t) + · · ·+ Bmzq(tzq+ t)

]
, t ∈ [−h, h].

Suppose that our task is to forecast the behavior subcomponent Bmn+` for some
` ≥ 1. The idea is to �nd a subcomponent Bmz that is most similar to Bmn . The
forecast of Bmn+` will then be determined by the component Bmz+`. However, there
can be more subcomponents S = {Bmz1 , . . . ,B

m
zq} with the same value of similarity to

Bmn . Moreover, we cannot be sure that the greatest similarity value assures that we
found the right subcomponents from which the future ones are well predicted and
so, it is reasonable to consider the �rst L (L ∈ N) sets S1, . . . ,SL of subcomponents
with the highest proximity values. The parameter L will be called the level of pattern
model.

On the basis of this analysis, we suggest the following procedure.

• Step 1: Set ` ≥ 1, L > 0 and put

B0,` = {Bmz | z = 1, 2, . . . , n− `} .

• Step 2: For each i = 1, . . . , L, form a set Si ⊆ B0,` of i-th closest neighbors of
the Bmn in the sense of the similarity E .

• Step 3: For each i = 1, . . . , L, determine the set

Bi = {Bmz+` | Bmz ∈ Si}.

• Step 4: Compute the future subcomponent Bmn+` as follows:

Bmn+`(t) =

∑L
i=1wi ·Mean(Bi)(t− tn+`)∑L

i=1wi
,

where wi = E(Bmn ,Si), and t ∈ [tn+` − h, tn+` + h].
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We can see that the forecasting of the behavior subcomponents depends on the
level L. Theoretically, we can set the level L as large as possible depending on the
number of behavior subcomponents known in the past. However, for a large value of
L, it means that the forecast depends on many subcomponents that are not really
repetitions of the future ones (namely, the forecast is based on the subcomponents
with very small values of the similarity to the future ones). Hence, the forecast can
contain much improper information. Therefore, it is not e�cient to choose a large
value of L. According to the experimental tests, the level of the pattern model should
be L ∈ {1, 2, 3}.

7.2.2 Seasonal component forecasting

The seasonal component S(t) of the time series X(t) is predicted based on its esti-
mation. Let p be the period of the seasonal component, and let S̃(t) be an estimation
of S(t) for t = 0, 1, . . . , N . Let us note that the estimation is obtained by the tech-
nique provided in Subsection 7.1.2. We �rst decompose S̃(t) into p sub-seasonal
components, denoted by S̃j(t), j = 0, . . . , p− 1, and determined as follows:

S̃j(t) = S̃(j + pt), t = 0, 1, . . . Nj,

where Nj = bN−j
p
c; the largest integer less than or equal to N−j

p
. By the seaso-

nal property, the p sub-seasonal components are changing their course very little
and smoothly (even they are nearly constant). Therefore, the fuzzy natural logic is
an e�cient technique for their prediction. Consequently, we propose to use it for
forecasting of the future values of the p sub-seasonal components:

S̃j(t), t = Nj + 1, Nj + 2, . . . ,

for j = 0, . . . , p − 1. The prediction procedure is analogous to the procedure of
forecasting of the position subcomponents (see the previous subsection). Finally,
the future values of the seasonal component S(t) are determined by

S(t) = S̃j(np), t = N + 1, N + 2, . . . ,

where j and n are the remainder and the quotient of the division of t by p, respecti-
vely.

7.2.3 Irregular uctuation forecasting

As we mentioned in Subsection 3.3, the irregular component R(t) is assumed to be
a realization of a stationary process. Moreover, in this statement, it is estimated by
the following expression:

R(t) = X(t)− X̂m(t)− S̃(t), t = 1, . . . , N.

We then propose to use the Box-Jenkins approach for forecasting of this compo-
nent. Namely, we �t the autoregressive and moving average (ARMA) models to
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the previous estimation, R(t), t = 0, 1, . . . , N , to �nd its �tted model ARMA(ρ, %)
represented by

R(t) = ε(t) +

ρ∑
j=1

ϕjR(t− j) +

%∑
j=1

φjε(t− j), (95)

where ϕ1, . . . , ϕρ are parameters of the autoregressive model, φ1, . . . , φ% are parame-
ters of the moving average model, ε(t), t ∈ Z is a white noise. Then, we apply this
�tted model to the forecasting of future states of R(t). For more details about the
forecasting technique using the Box-Jenkins methodology, we refer to [1, 5].

7.2.4 Experimental results

In this part, we �rst analyze an example conspicuously demonstrating how the sug-
gested forecasting method works on a real time series. Then, we compare the method
with two well-known methods: STL (Seasonal Trend decomposition based on Loess)
and ARIMA (Box-Jenkins) methods. The latter is the most general Box-Jenkins mo-
del including in di�erence operators, autoregressive terms, moving average terms,
seasonal di�erence operators, seasonal autoregressive terms, and seasonal moving
average terms (the details can be found in [5]). In addition, the forecasting of seaso-
nal time series using STL-method was introduced in [46]. The method is based on
disaggregation of time series components using the STL decomposition procedure,
extrapolation of linear combinations of the disaggregated sub-series, and the re-
aggregation of the extrapolations to obtain estimations of the global series. The
forecasting is a simple combination of four standard statistical techniques, namely
the ARIMA, Theta, Holt-Winters' and Holt's Damped Trend methods, and a Clas-
sical Decomposition forecasting method.

Example 18. We choose the time series:

TS1: Monthly number of unemployed persons in Australia (Sep 1978 { Aug 1995)19

This is a seasonal time series of dimension 204 with the seasonal period p = 12.
We cut o� the last 20 (Jan 1994 { Aug 1995) time moments that we consider as
unknown data. We �rst predict the trend-cycle by the application of the method
proposed in Subsection 7.2.1. For this task, we use the F3-transform with respect to
the uniform fuzzy partition determined by the triplet (Ktr, 20, 5)20 and the pattern
models of levels L = 1, 2, 3. Figure 22 depicts the forecasts of the trend-cycle with
L = 2. Di�erences depending on various levels L of such forecasts are showed in
Figure 23.

To predict the seasonal component and the noise, we apply the technique descri-
bed in Subsection 7.2.2 using the F0-transform with respect to the uniform fuzzy
partition determined by the triplet (Ktr, 8, 4) and the Box-Jenkins model mentioned
in Subsection 7.2.3, respectively. The forecasts are depicted in Figures 24 and 25.

19Website https : //www.comp− engine.org/
20The shift should be chosen such that it is smaller or equal to a half of the bandwidth. The shift

together with the forecast horizon decides the number of future direct fuzzy transform components
that need to predict. For this example, we need to forecast eight future components.
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Figure 22: The prediction of the trend-cycle of TS1 of dimension 20 corresponding
to L = 2 (red line). The estimated trend-cycle is the green line.

Figure 23: The trend-cycle forecasting results corresponding to the level L = 1
(dashed magenta line), L = 2 (red line), and L = 3 (blue line).

Figure 24: The prediction of the seasonal component of TS1 of dimension 20 (red
line). The estimated seasonal component is the green line.

Finally, the time series is predicted by a sum of the prediction values of the trend-
cycle, seasonal component and noise, shown in Figures 22, 24 and 25, respectively.
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Figure 25: The prediction of the irregular uctuation of TS1 of dimension 20 (red
line). The estimated irregular uctuation is the green line.

The result and its evaluations using RMSE and MAPE measures are presented below
together with the other examples.

To close this subsection, we demonstrate how good the proposed method is by
comparing it with the STL and ARIMA methods. We additionally choose three real
time series stored in Website https : //www.comp− engine.org/ as follows:

Time series
Proposed method STL ARIMA

RMSE MAPE RMSE MAPE RMSE MAPE

TS1 47807 0.0536 58662 0.0667 89893 0.0898

TS2 274.0119 0.0837 274.3940 0.0848 337.0770 0.1075

TS3 10.2888 0.2291 16.4230 0.4072 15.8181 0.3832

TS4 23.3519 0.0452 29.4644 0.0557 81.8515 0.1812

N2090 4309.0 0.3265 6544.0 0.3961 4431.5 0.6351

N912 218.5871 0.1721 158.2946 0.0968 205.8099 0.1284

N2076 65.4849 0.0150 206.1849 0.0467 171.3536 0.0391

N897 199.1772 0.0308 248.5858 0.0332 305.6985 0.0421

Table 16: The comparison of the RMSE and MAPE forecasting errors obtained by
the suggested approach, STL and ARIMA method.

TS2: Quarterly gross �xed capital expenditure - private non-dwelling construction,
Australia: millions of dollars, 1984/85 prices. Q3 1960 - Q2 1991,

TS3: Mean monthly ow, piper's hole River, Jan 1953 - Dec 1981,

TS4: Quarterly production of clay bricks: million units. Q4 1956 - Q3 1994,

and four time series: N2090, N2076, N912, N897 in the M3C Competition series
for the comparison. Let us note that these are objectively chosen according to two
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criteria: to be long enough and to contain seasonal data. The forecasting results for
various forecasting horizons H using the suggested method are depicted in Figure
26. Comparison with the two mentioned methods is demonstrated in Table 16. By

(a) TS1, H = 20 (b) TS2, H = 12

(c) TS3, H = 18 (d) TS4, H = 16

(e) N2090, H = 18 (f) N912, H = 8

(g) N2076, H = 18 (h) N897, H = 8

Figure 26: The forecasting results using proposed technique.

the comparison, we can see that the proposed method is an e�cient technique in
the prediction of time series. It defeats two chosen methods in most of cases except
the prediction of time series N912. These results demonstrate that the application of
fuzzy techniques (e.g. fuzzy transform, fuzzy natural logic,. . .) in time series analysis
is a promising contribution.
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8 Conclusions

The aim of this thesis is to investigate the theory of the fuzzy transform with a novel
representation of direct fuzzy transform components and to devote e�cient methods
based on fuzzy techniques and tools of soft computing and statistics to time series
analysis.

We generalized the theory of the higher degree fuzzy transform (Fm-transform) to
n-variate complex-valued functions. A new representation of the direct Fm-transform
components was introduced with the help of monomial bases of the approximation
spaces. The advantage of this representation consists in the fact that each direct
Fm-transform component can be determined by an explicit formula without any
orthogonalization process as in the case of the original de�nition. This contribution
helps us to overcome the inconveniences of the original that arise as a consequence
of non-trivial expressions of orthogonal bases, and makes easy to deal with the Fm-
transform even for higher degrees and for multivariate cases. Consequently, almost
essential properties of the Fm-transform were clearly proved in Section 4 (e.g., linea-
rity property, approximation properties including the approximations of the original
function and its (partial) derivatives).

We specialized the theory of the Fm-transform to univariate complex-valued
functions. In this case, we proposed a new representation of the Fm-transform of
discrete functions based on their piecewise constant representation. This helps us to
answer the technical question how to apply the Fm-transform to the discrete data
of time series. Moreover, to investigate the irregular uctuation in time series, in
Section 6 we introduced the theory of the Fm-transform of random processes that
is a generalization of the fuzzy transform applied to stationary processes, that was
proposed in [17, 18]. With the help of the novel framework of the Fm-transform, we
considered various statistical properties of the direct Fm-transform components, and
proved the important approximation theorem, which shows that a random process
can be successfully approximated by using the Fm-transform technique. It gives us
a rational arguments to investigate stochastic processes in the context of the Fm-
transform. To summarize, the theory of the fuzzy transform investigated in this
thesis shows that it is a robust technique with good mathematical backgrounds. We
can vindicate the title of [39]: \F-transforms { where fuzzy and classical mathematics
meet".

In addition to the theoretical investigations about the Fm-transform, we provided
a number of its applications to time series analysis. Indeed, we considered in Sub-
sections 5.3 and 6.2 its applications to the suppression of high frequencies and to the
reduction of noise. More speci�cally, we proved that the high frequencies formalized
by periodic functions as well as the noise generated by speci�c stationary processes
can be signi�cantly suppressed by the application of the Fm-transform with respect
to a uniform fuzzy partition adjusted such that its bandwidth is large enough. These
investigations are principles of the decomposition of time series according to the ad-
ditive decomposition model using Fm-transform technique. In fact, by application of
these fundamental results, we devoted in Subsection 7.1 mathematical justi�cation
as well as practical procedures for the application of the Fm-transform to the esti-
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mation of the trend-cycle and seasonal component of a time series; two major tasks
in time series decomposition. Finally, in Subsection 7.2 we suggested a sophisticated
method for time series forecasting based on the additive decomposition model. This
method is a combination of individual forecasting of each constituent of the latter
consisting in the forecasting of the trend-cycle, seasonal component, and irregular
uctuation, and then additively putting them together to obtain the forecasts of the
time series. In this procedure, the future course of the trend-cycle is determined by
an integration of the Fm-transform, pattern model and FNL techniques. The fore-
casts of the seasonal component are obtained by the application of FNL techniques
to its sub-seasonal components. At the same time, the noise is predicted by using
the Box-Jenkins methodology. One can see that the proposed forecasting method is
a development of the technique provided in [34, 49]. Unlike them, we used the Fm-
transform for the forecasting of the trend-cycle, and analyzed, in more details, the
seasonal component using fuzzy techniques. Additionally, the standard methodology
so-called Box-Jenkins was integrated to the forecasting of the irregular uctuation.
Last but not least, we applied the proposed method to various real time series. The
obtained results can be completely comparable with the forecasts from the well-
known methods, namely, ARIMA and STL methods. To make a long story short,
the applications of the fuzzy transform (especially, the Fm-transform), provided in
this thesis, strengthen our faith that this is a well working technique in time series
analysis.
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